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Preface

Dramatic advances in the control of physical systems at the atomic scale
have provided many new ways to manufacture devices. An important ques-
tion is how best to design these ultra-small complex systems. Access to vast
amounts of inexpensive computing power makes it possible to accurately
simulate their physical properties. Furthermore, high-performance comput-
ers allow us to explore the large number of degrees of freedom with which
to construct new device configurations. This book aims to lay the ground-
work for a methodology to exploit these emerging capabilities using optimal
device design. By combining applied mathematics, smart computation, phys-
ical modeling, and twenty-first-century engineering and fabrication tools it
is possible to find atomic and nanoscale configurations that result in com-
ponents with performance characteristics that have not been achieved using
other methods.

Imagine you want to design and build a novel nanoscale device. How would
you go about it? A conventional starting point is to look at a macroscopic
component with similar functionality, and consider ways to make it smaller.
This approach has several potential pitfalls. For one, with continued re-
duction in size, device behavior will become quantum in character where
classical concepts and models cease to be applicable. Moreover, it is limited
by ad hoc designs, typically rooted in our unwillingness to consider ape-
riodic configurations, unless absolutely mandated by physical constraints.
Most importantly this conventional approach misses the enormous opportu-
nity of exploring the full landscape of possible system responses, offered by
breaking all conceivable symmetries.

Computational resources, realistic physical models, and advanced opti-
mization algorithms now make it possible to efficiently explore the properties
of many more configurations than could be tested in a typical laboratory.
This is the new paradigm: explore the most improbable, most nonintuitive,
system configurations and you will likely be rewarded not only with unprece-
dented optimized device performance but also with new physical insights into
how these small complex systems work.

ix



Preface

This book is for those not satisfied with incremental scientific progress but
instead willing to explore a vibrant and exciting new direction that acknowl-
edges the richness inherent to small complex systems. We are particularly
eager to reach and inspire an emerging generation of computer-savvy indi-
viduals who recognize the shortcomings of conventional disciplinary thinking
and ad hoc engineering. As incomplete as this book may be in many respects,
we wish to show a possible direction out of the science-as-usual mentality.
The approach leverages computational resources and advances in control-
ling and manipulating nanoscale objects. It develops an analysis non-convex
via optimization that we believe changes the way one thinks about physical
problems.

Chapter 1 offers a statement of the set of problems considered, surveys
the mathematical and computational approaches used, and discusses specific
applications and designs. The following chapters explore these issues one by
one in greater depth, touching on topics at the forefront of our current
understanding of nanoscale devices. Of course, as we sincerely hope that
this will inspire your scientific thinking and approach towards research, the
final word, dear reader, is for you to write.

California S. H. and A. F. J. L.
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1 Frontiers in device engineering

Philip Seliger and A.F.J. Levi

1.1 Introduction

Today, nanoscience promises to provide an overwhelmingly large number of
experimentally accessible ways to configure the spatial position of atoms,
molecules, and other nanoscale components to form devices. The central
challenge of nano-technology is to find the best, most practical, configura-
tion that yields a useful device function. In the presence of what will typically
be an enormous non-convex search space, it is reasonable to assume that tra-
ditional ad hoc design methods will miss many possible solutions. One ap-
proach to solving this difficult problem is to employ machine-based searches
of configuration space that discover user-defined objective functions. Such
an optimal design methodology aims to identify the best broken-symmetry
spatial configuration of metal, semiconductor, and dielectric that produces
a desired response. Hence, by harnessing a combination of modern com-
puter power, adaptive algorithms, and realistic physical models, it should be
possible to seek robust, manufacturable designs that meet previously unob-
tainable system specifications. Ultimately one can envision a design process
that simultaneously is capable of basic scientific discovery and engineering
for technological applications.

This is the frontier of device engineering we wish to explore.

1.1.1 The past success of ad hoc design

For many years an ad hoc approach to device design has successfully con-
tributed to the development of technology. For example, after identifying
the cause of poor device performance one typically tries to create a solution
by modifying a process or fabrication step. The result is usually a series of

c© Cambridge University Press 2010
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Frontiers in device engineering

Fig. 1.1. Symmetry, typical of ad hoc device design, is illustrated by SEM micrographs
of (a) optically pumped and (b) electrically driven microdisk lasers. The image on the
left shows a field of InGaAsP quantum well microdisk lasers supported by InP posts on
an InP substrate. Lasing emission is at λ0 = 1550 nm wavelength. Disks are 2 µm in
diameter and 0.1 µm thick. Nearest-neighbor spacing is 4.7 µm and the outside diameter
of the ring of disks is 14 µm. Room temperature threshold power is sub-mW for pump
radiation at 850 nm wavelength. The image on the right is an electrically driven
6-quantum well InGaAsP microdisk laser diode that is 10 µm in diameter and 0.3 µm
thick. Electrical current is injected from the top metal contact, room temperature
threshold current is 2 mA, and lasing emission is at λ0 = 1550 nm wavelength.

innovations heavily weighted towards incremental, and hence small, changes
in previous practice. The scaling of Complementary Metal Oxide Semicon-
ductor (CMOS) transistors to minimum features sizes of a few nm is a good
example of the extraordinary power of such an approach [1, 2].

In addition to incremental improvements there are, of course, new de-
vice designs and device concepts that emerge from the research community.
Typically, these are also ad hoc in origin and, significantly, tend to have a
geometric structure that is highly symmetric. The development of radiation-
pressure-driven opto-mechanical resonators is a recent example in which the
phenomenon was first explored using highly symmetric toroidal structures
[3]. The creation of ultra-small semiconductor lasers, such as the microdisk
lasers illustrated in Fig. 1.1, is another [4–6]. The choice of symmetric ge-
ometries seems to be a human bias, often driven by ease of analysis. Put
simply, symmetric structures are easier to think about. It is symmetric ge-
ometries, along with their implicit limited functionality, that are foremost
in ad hoc design and are, in general, preferred by the research community.

1.1.2 Looking beyond ad hoc design

Rather than speculate on the reasons for the past success of an ad hoc design
methodology, it is more interesting to explore the possibility of an alternative
path to design and discovery using new and emerging capabilities such as

2



1.2 Example: Optimal design of atomic clusters

nanoscience and access to large computing resources. Part of the motivation
comes from the fact that while nanoscience has successfully developed a
large number of degrees of freedom with which to create new structures,
much of what has been proposed (with the notable exception of quantum
computing) is focused on replacing existing electronic and photonic devices
such as transistors and lasers with their nearest nanotechnology equivalent.
The shortcoming in such an approach is a failure to discover new functions,
devices, and systems specific to and only achievable using nanoscience. It
is hoped that unbiased machine-based searches for functionality will reveal
original, nonintuitive, designs characterized by broken-symmetry geometries.

The rapid and successful development of nanoscale fabrication methods
has exposed a critical gap in understanding that appears to represent a
very important barrier to fully exploiting nanoscience. Absent from largely
experimentally-driven nanoscience research is a methodology or procedure
to create new functionalities, new devices, and new system architectures.
What is needed is a systematic experimental and theoretical approach that
results in the efficient discovery of atom, molecular, and macro-molecular
based configurations that exhibit the desired, user specified, functionality.
It is the ability to provide made-to-order functions, devices, and systems
that will enable the true potential of nanoscience and ensure its adoption in
practical systems.

Two key elements of this approach to design are efficient adaptive search
algorithms and realistic physical models. Combined they form the basis for
the development of optimal design software for small quantum systems. Im-
plemented, such algorithms are capable of discovering initially nonintuitive
designs for a given functionality. Typically these designs are highly non-
symmetric and usually difficult to interpret. However, as will be illustrated
in Section 1.2, sometimes it is possible to analyze the machine-generated so-
lutions and gain new insight into the underlying physical mechanisms driving
the system to a given optimal configuration. This potential for learning is an-
other motivation to explore the possibilities of optimal design in nanoscience.

1.2 Example: Optimal design of atomic clusters

The density of electronic states in a solid is a basic attribute that plays a key
role in determining material properties. For example, a singular behavior in
the density of quasi-particle states can result in enhanced optical activity at
a specific photon energy. In fact, a periodic array of atoms in a crystal gives
rise to just such peaks in the density of states. This may be illustrated by

3
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Fig. 1.2. Optimized position of 16 atoms in a square of dimension 8 × 8 (upper left)
giving asymmetric density of states N (E) very close to the objective spectrum Nob j (E)
[7]. Energy scale is in units of t. Contour plot of interaction potential for atoms in
optimized positions is shown in lower right panel. In the calculations α = 3, periodic
boundary conditions are used, and Γ = 0.2828 × t. Convergence as a function of
modification number is shown in upper right panel.

considering a two-dimensional square lattice in the nearest-neighbor tight-
binding approximation with s-orbitals and eigenenergies Ei . Crystal sym-
metry and interaction mechanism determine the density of states spectrum.
In this case, there is a peak in the density of states at the center of the band.

What we would like to do is find configurations of atoms that are not
constrained by crystal symmetry. A key idea is that breaking the spatial
symmetry of atom positions creates a truly vast number of possibilities,
making it feasible to find configurations of atoms with essentially any desired
density of states. The ability to control the response of a material in a user-
defined way is a powerful concept which has the potential to change the way
one views materials, devices, and systems.

As a first step, consider an algorithm that seeks spatial configurations
of atoms characterized by a user-specified or objective density of electronic
states Nob j(E). The essential physics underpinning the approach is illus-
trated by considering a long-range version of the atomic tight-binding model
with Hamiltonian

Ĥ = −
∑
i,j

ti,j

(
ĉ†i ĉj + ĉi ĉ

†
j

)
, (1.1)

where c†i and ci are creation and annihilation operators respectively at the

4



1.2 Example: Optimal design of atomic clusters

Fig. 1.3. Calculated density of states N (E) for dimer, trimer, and quadrumer with
α = 3 and showing a hierarchy of non-symmetric contributions as a function of atom
separation L normalized to L0 . Energy scale is in units of t. An isolated pair of atoms
(dashed line) is symmetrically split (solid line) by a dimer. A trimer forming an
equilateral triangle (L/L0 = 1) has an asymmetric density of states (solid line),
becoming essentially symmetric when L/L0 = 3 (dashed line). Peak positions for the
quadrumer are also controlled by atom separation in the range L/L0 = 1 (solid line) to
L/L0 = 3 (dashed line) [7].

atom site ri . The overlap integrals tij between an atom at position ri and
an atom at position rj are parameterized by a power law tij = t/|ri − rj |α ,
where t sets the energy scale. The choice of exponent α depends on details
of the experimental situation. Here, the Hamiltonian matrix in the basis
of single particle states is non-sparse because interaction with all atoms is
included. For simplicity only s-orbitals are considered, so it is not necessary
to include directionality of atomic electron wave functions. The density of
states is

N(E) =
∑

i

|Γ|/π

(E − Ei)2 + (Γ/2)2
, (1.2)

and Γ is the characteristic energy broadening of each eigenenergy, Ei .
To demonstrate the power of optimal design, consider the non-symmetric

objective density of states spectrum in two dimensions, Nob j(E), indicated in
the lower left of Fig. 1.2. The optimization algorithm finds a spatial config-
uration of 16 atoms in an 8 × 8 area with periodic boundary conditions that
has a density of states, N(E), essentially identical to the desired or objective
spectrum [7]. The implication is both apparent and dramatic: a user who
requires new material with a specific quasi-particle density of states can use
optimal design software to discover configurations of atoms with the desired
behavior. The objective functionality is obtained by broken symmetry so, in
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this sense, broken symmetry is function.
It is clear from the atom positions indicated in Fig. 1.2 that one could

not have guessed the result. However, the output of the computer program
can be used to gain new insight into configurations that result in the de-
sired spectrum Nob j(E). In this particular case, and as illustrated in Fig. 1.3,
one learns that a hierarchy of primitive configurations exists that form the
building blocks for any objective density of states. Dimers can be used for
symmetric N(E), trimers and larger molecular configurations provide asym-
metry to N(E). While, in a strict sense, these heuristics only apply to the
dilute limit in which the normalized average spacing between atoms is much
greater than unity, it is apparent one may appeal to this insight to explain
the more complicated structures that occur in the dense limit.

Remarkably, some aspects of the model have been confirmed experimen-
tally using scanning tunneling microscopy (STM) to precisely position gold
atoms on the surface of a nickel-aluminum crystal. STM measurements [8]
show that the splitting in the value of eigenenergies Ei for Au dimers on
NiAl depends inversely on Au atom separation corresponding to α = 1 in
the expression tij = t/|ri − rj |α .

Chapter 2 discusses optimal design of atomic clusters in more detail.

1.3 Design in the age of quantum technology

One of the greatest achievements of semiconductor technology has been the
continuous reduction in transistor minimum feature size over the past 35
years. Often described as Moore’s Law [1] or scaling, Fig. 1.4 illustrates the
historical exponential reduction in CMOS gate length with time. Of course,
at some point physical and other limitations will force such geometric scal-
ing to end. Today there seems to be a consensus that a manufacturable
technology with minimum feature sizes below 10 nm is achievable [2]. This
confidence is based partly on improvements in lithography tools and partly
on experience overcoming previously declared limits to scaling [9]. Neverthe-
less, sometime after 2020 Moore’s Law will come to an end and new paths to
system innovation will have to be found. Our concern is not how to achieve
minimum feature size below 10 nm but rather the approach to design when
such capability is available because it is on these nm length scales that the
best opportunities to exploit quantum effects will occur.

When simple physical scaling of device geometry no longer provides a
path to increased system functionality, improved device performance and
function might be achieved by manipulating new quantum degrees of free-
dom. Examples might include controlling the single electron states of atomic

6



1.3 Design in the age of quantum technology

Fig. 1.4. Illustrating reduction in CMOS gate length with time. Gate length has been
decreasing, or scaling, consistently for the past 35 years. However, physical and other
limitations to continued scaling will impact by about the year 2020 and geometric
scaling will come to an end. As this end-point nears, fundamental changes in the
approach to system innovation are required.

and nm-sized particles via geometry [10, 11], using interacting electrons in
the presence of the coulomb interaction to exploit collective excitations such
as plasmons [12], hybridization to control bonding and chemical specificity,
using electron and orbital spin to control magnetic response [13], strong
light-matter interaction in nm-sized geometries [14, 15], and non-equilibrium
processes on fs time scales [16].

Because of the large number of variables, it seems reasonable to consider
avoiding ad hoc design and trying to apply a systematic approach to problem
solving and analysis. Such an approach is more likely to reap dividends as we
move away from devices that behave semi-classically and into a less familiar
quantum regime where our intuition might fail. However, to date, much
of what has been explored in nanoscience is the result of curiosity-driven
research with little direct connection to practical technology development.
This approach to discovery may not only be inefficient but may also be
susceptible to replacement by more effective methods.

1.3.1 High performance heterostructure bipolar transistors

An example of a high-performance electronic device designed in an ad hoc
fashion but with nm control of material composition in one dimension is the
heterostructure bipolar transistor (HBT).

7
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Strong scattering in InGaAs/InAlAs
1.5 nm period 24 nm chirped
superlattice grade minimizes L-
valley transfer

InP emitter

25 nm
InGaAs p+
dope-graded
base 170 nm InP drift collector

e-

VBmax

CBmin

20 nm InGaAs
setback layer

InP n+ sub-collector

InGaAs contact layer

Fig. 1.5. A high-performance heterostructure bipolar transistor (HBT) band profile.
The InP emitter injects electrons into the heavily doped p-type base. The collector
contains a complex chirped InGaAs/InAlAs superlattice. Designs similar to this have
achieved extrapolated characteristic frequency response in excess of 500 GHz at room
temperature [17].

The semiconductor band profile of just such an HBT is illustrated in
Fig. 1.5. As may be seen, the band profile is quite complex. It is, in fact,
the result of many years of iterative improvement in design culminating in
the demonstration of an extrapolated characteristic frequency response in
excess of 500 GHz at room temperature [17].

Despite this remarkable success, the emitter, base, and complex collector
structure has never been systematically optimized. In part this is due to the
fact that no reliable, efficient, physically realistic model of electron transport
has been developed. Today, no one knows if the designs that have been
implemented are optimal, or even close to optimal.

The next section illustrates how one might approach an optimal design
strategy for one aspect of nanoscale electronic device design.

1.3.2 Control of electron transmission through a tunnel barrier

As a prototype system, consider the semiconductor AlxGa1−xAs, which has
a lattice constant 0.5653 nm and atomic layer separation 0.2827 nm. Atom-
ically precise layer-by-layer crystal growth is possible using molecular beam
epitaxy (MBE) and the AlxGa1−xAs alloy can be used to form heterojunc-
tions with controlled conduction and valence band off-sets.

As a specific example [18], consider electron transport through a rectangu-
lar AlxGa1−xAs barrier of energy V0 = 0.3 eV and width L = 4 nm, as shown

8



1.3 Design in the age of quantum technology

Fig. 1.6. A rectangular potential barrier of energy V0 = 0.3 eV and width L = 4 nm
gives rise to rapid increase in electron transmission with increasing voltage bias, Vbias

and resonances. Effective electron mass is m = 0.07 × m0 , where m0 is the bare electron
mass. (a) Conduction band profile of the rectangular potential barrier for the indicated
values of Vbias . (b) Transmission probability as a function of Vbias for an electron of
energy E = 26 meV incident from the left.

in Fig. 1.6. The barrier is sandwiched between n-type GaAs electrodes with
carrier concentration n = 1018 cm−3 . Applying a bias voltage, Vbias , results
in a depletion region on the right side and an accumulation region on the left
side of the barrier. The form of the conduction band profile V (x) in these
regions is calculated by solving the Poisson equation. Net electron motion is
in the x direction, normal to the barrier plane and there is no confinement in
the y and z directions, thereby avoiding possible detrimental consequences
of quantized conductance [19–21]. A numerical solution to the Schrödinger
equation is obtained piecewise by discretizing the potential profile into 4,000
steps, matching boundary conditions at each interface, and implementing the
propagation matrix method [22–24]. An electron of energy E = 26 meV in-
cident from the left is partially reflected and partially transmitted, as deter-
mined by the wave function boundary conditions ψj = ψj+1 and ∂ψj/∂x =
∂ψj+1/∂x at each interface. Here ψj is a solution of Schrödinger’s equation in
region j with wave vector kj =

√
2m(E − Vj ), where Vj is the local potential

in the conduction band and m is the effective electron mass.
Exponential increase in electron transmission with bias voltage is a generic

feature of the simplest barrier profiles. Potential wells, on the other hand,
are known to produce bound-state resonances, leading to sharp transmis-
sion peaks. Hence, design of structures with linear and other power-law
transmission-voltage characteristics likely involves broken-symmetry poten-
tial barrier profiles. As an initial challenge in our exploration of this possibil-
ity we use an adaptive quantum design approach to find a potential profile
with a transmission function T (Vbias) that increases linearly with bias volt-
age in the window 0 V < Vbias < 0.25 V.

9
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Fig. 1.7. (a) and (c) are solutions from exhaustive numerical searches for conduction
band profiles V (x) that yield linear and square dependences of electron transmission as
a function of bias voltage, Vbias . V (x) is constrained to a region that is 10 nm wide and
the maximum local potential is 0.3 eV. The resulting T (Vbias ) for an electron of energy
E = 26 meV incident from the left are shown as solid lines in (b) and (d). Broken line is
the objective response.

The conduction band potential energy profile is defined on a grid
with ∆x = 2 nm (about 8 monolayers in GaAs) spatial increments and
∆V = 0.01 eV energy increments. The numerical search for optimal broken-
symmetry barrier profile is constrained to take into account physical as
well as computational limitations. Physically, varying the composition of
an AlxGa1−xAs alloy controls the conduction band potential profile. Each
alloy plane normal to the growth direction has an average local potential,
V (x). Fabrication inaccuracies of 1–2 monolayers may occur in the epitaxial
growth processes, and hence the targeted transmission functionality needs
to remain stable against such variations. Moreover, the Al concentration
can only be controlled to within a few percent. Computationally, the di-
mensionality of the search space needs to be constrained in order to match
the available computer hardware capabilities. In this example, to keep the
search space finite, we focus on nanoscale barrier structures of total width
L = 10 nm with a maximum on-site potential of 0.3 eV measured from the
GaAs conduction band minimum.

10



1.3 Design in the age of quantum technology

Figure 1.7 shows solutions from exhaustive numerical searches for con-
duction band profiles that give linear and square-law T (Vbias) characteris-
tics. For the discrete grid discussed above, the size of the search space is
305 = 2.4 × 107. The resulting broken-symmetry barrier solutions are se-
quences of rectangular steps. For the case of a linear objective function
(Fig. 1.7(a) and (b)), the quadratic deviation of the obtained solution from
the objective is χ2 = 5.1 × 10−7 . When the search is restricted to monoton-
ically decreasing potentials the reduced size of the search space allows one
to consider a finer grid in space with ∆x = 1 nm (∼ 4 monolayers in GaAs).
The size of the search space is now 40!/(10!30!) ∼ 8.5 × 108. In this case
the quadratic deviation of the obtained solution from the linear objective is
χ2 = 4.5 × 10−6 . In Fig. 1.7(c) and (d) the solution of an exhaustive search
for a barrier profile with a quadratic transmission-voltage characteristic is
shown. In this case, the square deviation between solution and objective is
χ2 = 5.6 × 10−8 .

These results show it is possible to construct semiconductor nanoscale
structures with desired linear and power-law electron transmission-voltage
characteristics. In such devices, elastic scattering limits ballistic electron
current flow and dissipative relaxation processes occur in the electrodes.
However, there is a hierarchy of objective functionalities, some are more
accessible than others using the available building blocks. For example a
square-root transmission-voltage objective response poses a much more chal-
lenging problem and the best solution identified by the exhaustive numerical
search for this functionality only has χ2 = 6.6 × 10−5 .

It seems remarkable that a linear response in a nanostructure with bal-
listic electron transport may be achieved by solely utilizing the physical
ingredient of elastic scattering and tunneling at potential steps. To better
understand the physics enabling power-law transmission as a function of
Vbias, consider the progressive evolution of solutions for the linear objective
from a simple square barrier to the multi-barrier profile of Fig. 1.7(a). As
illustrated in Fig. 1.8(a) and (b), the dominant transmission features of the
simple square well, i.e. the exponential behavior and resonances, are altered
by the addition of steps in the potential barrier profile. It is observed that the
superposition of broad resonances due to the presence of different potential
steps helps linearize the transmission-voltage curve. It is also this superposi-
tion of broad scattering resonances which renders the solution stable against
small perturbations.

Robustness of a solution to monolayer changes at each interface in the
barrier array may be explored using sensitivity analysis. Results presented in
Fig. 1.8(c) show that the slope of T (Vbias) is determined by the initial highest
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Fig. 1.8. (a) Evolution from a single potential barrier to an array of barriers. (b)
T (Vbias ) for the potentials in (a). The superposition of broad resonances enables a linear
transmission-voltage response. (i) Single rectangular barrier of 4 nm, (ii) 4 nm wide
barrier with a step, (iii) same as (ii) plus 1 nm wide small barrier, (iv) optimized
potential profile. (c) Changes of 1–2 monolayers at the initial highest barrier mainly
alter the slope of the transmission curve, i.e. the resistance. (d) Randomly selected 0, 1,
and 2 monolayer changes at all interfaces only lead to small deviations in χ2 . The
characteristic variation in χ2 is 1/α = 1.1 × 10−5 .

barrier energy, whereas its smoothness is governed by the low barrier energy
tail of the array that controls the fast spatial modulations of the electron
wave in the structure. Therefore, depending on the position of the deviations
from the original structure, different components of the response function
are affected. The effect of smoothing the edges in the conduction band profile
has also been explored. Error function rounding of interfaces on the scale
of two monolayers changes the linear transmission-voltage response of Fig.
1.7(b) only slightly, yielding a quadratic deviation of χ2 = 5.7 × 10−7 .

In Fig. 1.8(d) results are shown from a study of randomly selected 0, 1,
and 2 monolayer changes at all interfaces in the barrier structure. The effect
is relatively small, yielding an average change of 1/α ∼ 10−5 in χ2 , where α

is the parameter of the exponential fit in Fig. 1.8(d). Moreover, the sensi-
tivity of χ2 to changes in the potential energy due to random variations on
the order of 1% in the Al concentration of AlxGa1−xAs is found to be simi-
lar. Hence, the transmission characteristics enabled by the conduction band
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potential profile discussed here are stable against small random variations.
In this section we have demonstrated that adaptive design can be applied

to the synthesis of nanoscale devices with power-law transmission-voltage
characteristics. Using a constrained exhaustive numerical search, broken-
symmetry conduction band profiles of semiconductor heterostructures have
been identified which enable desired quantum transport functionality. This
custom-designed superposition of broad scattering resonances due to the
presence of an optimal potential makes it possible to emulate an Ohm’s
law transfer function within a window of bias voltages in a system that
is dominated by ballistic electron transport. In particular, one can synthe-
size a nanoscale two-terminal linear resistive element that is robust against
monolayer perturbations.

It may be shown numerically that the solution space is non-convex in
the design parameters. A global search reveals that there are multiple local
minima, but there is only one globally optimal design.

Nanoelectronic device design is discussed further in Chapter 3 and some
aspects of the mathematics associated with its optimization are given in
Chapter 7.

1.3.3 The need for improved physical models

The elementary barrier transmission problem discussed in the previous sec-
tion turned out to be quite rich in physical effects. However, it is obvious
that the ability to discover useful new functions or improved performance
will depend strongly on the realism of the physical model being used. Such
models must be capable of providing sufficient variation in types of solution
that there is opportunity to explore nonintuitive designs that might lead to
new functionality and new understanding.

There is then, a need for the device physics community to create improved
models of electron transport as well as of the interaction of light with matter.
Both present challenges that relate to many-body aspects of the problem.
For example, recently a theory that describes the non-local linear dielec-
tric response of nano-metal structures to an externally applied electric field
has been developed [25]. Unlike the conventional phenomenological classical
theory [26] for light–metal interaction, the new model is able to describe
the transition from classical to quantum response as well as the coexistence
of classical and quantum response in structures of arbitrary geometry via
the non-local response function ε(r, r′, ω). This is of some practical impor-
tance because metallic nanoclusters can now be made sufficiently small such
that non-local effects due to finite system size and cluster shape dominate
the spectral response. In particular, when the ratio between the smallest

13



Frontiers in device engineering

characteristic length scale and the Fermi wavelength is comparable to unity,
these systems can fail to fully screen external driving fields. Also, in the
quantum limit one needs to take into account discreteness of the excitation
spectrum as well as the intrinsically strong damping of collective modes.
The ability of a model to capture these single and many particle quantum
effects is a first step towards accessing new regions of design space with their
promise of new device functionality.

As another example, consider a heterostructure bipolar transistor (HBT)
in which extreme non-equilibrium electron transport occurs. Modeling the
transfer characteristics of such a transistor without including the possibility
of inelastic scattering is unrealistic because the existence of base current re-
quires such processes. However, elastic quantum mechanical reflections from
an abrupt change in potential at a heterostructure interface strongly influ-
ence inelastic scattering rates [27] and so the wave nature of the electron
must be included in any model of electron transport. In fact, it has been
known for some time that under these conditions base and collector regions
may no longer be treated separately [28] and one should model the struc-
ture as a single inhomogeneous anisotropic scatterer. Within linear response
this requires evaluation of the non-local dielectric response ε(r, r′, ω) for the
entire transistor structure. Unfortunately, not only can elastic quantum me-
chanical reflections strongly influence inelastic scattering rates, dissipative
processes can in turn modify quantum reflection and transmission rates.
This type of feedback can be driven by unitarity [29, 30] and is beyond
the self-consistent perturbation theory used so far to calculate non-local
dielectric response. An additional difficulty is creating a theory capable of
self-consistently including the contribution of non-equilibrium electron dis-
tributions to scattering rates. Ultimately, what is needed is a new approach
to describing quantum electron transport in modern devices to replace the
old semi-classical methods that are no longer either adequate or valid.

Even if a physically realistic model exists that exhibits a suitably rich
functionality in its solution space, it is essential that the model be computa-
tionally efficient. This is because optimal design will typically require many
evaluations of the forward problem.

1.4 Exploring nonintuitive design space

By now it should be clear that there are three categories of design space that
can be explored. These are illustrated in Fig. 1.9. Intuitive design space
typically consists of elements with spatial symmetry arranged symmetri-
cally and with a low amount of physical connectivity between elements. The
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Inaccessible

Nonintuitive
Multiply connected
Complex geometry

Intuitive
Simply connected
Simple geometry 

Increasing
complexity

Fig. 1.9. Intuitive and nonintuitive design space. Intuitive design is characterized by
elements with simple geometry arranged symmetrically and with low connectivity. This
illustration shows a highly symmetric microdisk laser. Nonintuitive design exhibits high
spatial complexity and high connectivity. The illustration shows a nano-photonic device
with a nonintuitive design that consists of 300 nm diameter cylindrical holes placed in a
silicon dielectric slab waveguide. The position of the holes is aperiodic and the device
function cannot easily be guessed by looking at the geometry. At the boundary between
intuitive and nonintuitive design there is overlap where, for example, a simply
connected geometry might exhibit nonintuitive complex collective behavior. The
illustration also shows that there are regions of device response that are inaccessible.

illustration shows a microdisk laser that satisfies this criterion. On the other
hand, nonintuitive design exhibits high spatial complexity and high con-
nectivity. The illustration shows a nano-photonic device with nonintuitive
design that consists of 300 nm diameter cylindrical holes placed in a silicon
dielectric slab waveguide. The position of the holes is aperiodic and the de-
vice function cannot easily be guessed by looking at the geometry. It is an
example of nonintuitive design.

There is an intersection between intuitive and nonintuitive design. This
occurs when simply connected symmetric geometries exhibit complex be-
havior. In the illustration, this might occur when coupling between adjacent
microdisks exhibits collective behavior.

There are also regions of device response that are inaccessible. For example
a designer might want to have a laser with performance that is impossible
to achieve using the physical model and design parameters available.

To systematically explore a design space it is necessary to formalize the
problem. In the next section we address this by starting to develop a math-
ematical formulation of the optimal device design problem.

1.5 Mathematical formulation of optimal device design

As a starting point, we assume that device performance can be predicted
using a physical model and that the design parameters of this physical model
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are p. The objective is to choose design parameters p that control a measur-
able quantity s of device performance in a desired manner. To quantify the
difference between the desired device performance and the predicted behav-
ior for a given set of design parameter values we define a cost functional J .
A better performing design is associated with a lower cost so that design op-
timization is formulated as a minimization problem. A typical cost function
is the least squares performance measure given by

J =
M∑
i=1

|sob j,i − ssim ,i|2 . (1.3)

Often s is a real measurable scalar quantity. However, it can also be a vec-
tor. The choice of a least squares cost function has the advantage that it
guarantees parabolic, convex, local minima. The least squares performance
measure calculates the cumulative difference between the desired objective
device response sob j,i and the simulated device response ssim ,i at M points.
The predicted ssim ,i is rarely given as an explicit function of p and the eval-
uation of ssim ,i often involves a computationally costly forward solve of the
physical model. During the forward solve ssim ,i is computed as the solution
of a partial differential equation (PDE) that models the dynamics of the
device. An appropriate numerical method such as finite difference, finite ele-
ment, or a more specialized scheme is chosen to numerically approximate the
solution of the given initial-value or boundary-value problem. Usually, the
greatest computational burden arises during the forward solve. Typically
the computational cost also increases with the accuracy of the numerical
approximation of the physical system. Because optimization requires that
many forward solves be evaluated, an accurate but efficient forward solver
must be used. Most numerical schemes result in one or multiple linear sys-
tems that must be solved to evaluate ssim ,i . Mathematically, the physical
system is modeled by solving the linear system

L(p) · x = b, (1.4)

where L(p) contains the device dynamics, the vector x is a physical unknown,
and b contains the boundary conditions or other terms driving the system.
The matrix L(p) is an explicit function of the design parameters. Generally,
the quantity of interest is derived from the physical unknown x

ssim ,i = Wi(x), (1.5)

and the row-vector W can be a simple operator or even the identity oper-
ator in which case ssim ,i = xj for some element j of the vector x. The opti-
mal design problem can now be formulated as a mathematical minimization
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Fig. 1.10. Conventional optimization flowchart.

problem:

min
p

J, (1.6)

subject to

p ∈ Ω

L(p) · x = b

ssim ,i = Wi(x),

and Ω represents the feasible (accessible) design parameter space. After each
forward solve the cost functional J is evaluated and it can then be deter-
mined if the design objectives are met. This occurs if the cost function is
sufficiently small and if any additional auxiliary optimality conditions are
met. Optimal parameter settings are therefore given by a local minimum
of the cost function. The sufficient conditions for locally optimal parameter
settings p∗ are given by the first and second order conditions

∇p(J)|
p∗ = 0, (1.7)

and

Hp(J)|
p∗ > 0, (1.8)

if no constraints are active and H denotes the Hessian operator. Appropriate
variations of these conditions are satisfied if there are active constraints at
local minimum p∗.

To find locally optimal design parameters an iterative optimization scheme
is used as is illustrated in the flowchart shown in Fig. 1.10. The sequence
of steps for finding a locally optimal design starts with an initial parameter
setting. The device response is calculated using a forward solve. Once ssim ,i
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is computed the cost function J can be evaluated and finally the termina-
tion conditions are checked. If the termination conditions are satisfied the
optimal design is returned to the user, otherwise the current design param-
eters are changed and the iterative process continues with the next forward
solve.

In many engineering applications the cost function J is a continuously dif-
ferentiable function of the design parameters p. Efficient local optimization
hinges on the choice of a local perturbation of pl at iteration l and the choice
of pl+1. The gradient ∇p(J) is the direction that locally causes the greatest
decrease of J when pl is varied. Even though J is an implicit function of
p the gradient can be evaluated with extreme efficiency using the adjoint
method.

1.6 Local optimization using the adjoint method

To evaluate the gradient of the cost functional J with minimal additional
computational cost the adjoint method is used. The N -dimensional gradi-
ent ∇pJ = (∂p1 J, . . . , ∂pN

J) can be computed directly by first applying the
standard chain rule to (1.3) yielding

∂pk
J = −

M∑
i=1

2 (sob j,i − ssim ,i) (∂xWi) (∂pk
x) , (1.9)

where the derivative ∂xWi is usually simple and explicit. Using the identity
−L · ∂pk

x = (∂pk
L) · x − ∂pk

b and the solution h to the adjoint equation

LT · h =
M∑
i=1

2 (sob j,i − ssim ,i)
(
∂xW

T
i

)
, (1.10)

the derivative is given directly by

∂pk
J = −hT · L · (∂pk

x) = hT · ((∂pk
L) · x − ∂pk

b) . (1.11)

Here, N is the dimensionality of the design parameter space and LT and W T
i

are the transpose of L and Wi, respectively. The adjoint variable h must be
computed by solving the linear system Eq. (1.10) at the computational cost
of one additional forward solve. This is in contrast to N additional forward
solves that would be required to approximate the gradient by first-order
finite differences. It is remarkable that the efficiency of this method of eval-
uating the gradient remains practically constant with increasing dimension-
ality of parameter space Ω, as long as the computational cost is dominated
by the forward solve.
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It is worth noting that for a compact design parameter space Ω and con-
tinuous cost function the Weierstrass theorem guarantees the existence of a
global minimum [31]. However, the uniqueness or even cardinality of the set
of globally optimal points is generally not known.

As discussed in Chapter 7, local optimization methods, in particular meth-
ods using the gradient information, have been well studied and are very effi-
cient even in high dimensions. Finding a global optimum on the other hand
is the real challenge of optimal device design. The topology of the device
performance over Ω is in general highly nonlinear and non-convex. An exam-
ple of a smooth, non-convex, two-dimensional function is illustrated in Fig.
1.11(a). The image shows the function values of a sum of multiple exponen-
tial functions given by

∑M

k=1 mk exp (−(x − xk)2 − (y − yk )2) for uniformly
distributed seed-points (xk , yk) and normally distributed peaks mk . The gra-
dient information, which is essential to efficient local optimization, is shown
in Fig. 1.11(b). Figure 1.11(b) illustrates how most of the features of the
smooth cost function in (a) can be reconstructed from the function values
and gradients evaluated at only a few points.

Fig. 1.11. (a) A highly non-convex two-dimensional function illustrated using linear
gray scale. (b) The gradient of the function displayed in (a) at uniform grid points. The
direction of steepest descent is the most efficient direction for local perturbations of the
design parameters x and y while seeking a local minimum.

An example of a highly nonlinear cost function in RF design concerns
the scattering of an electromagnetic wave by dielectric cylinders. The design
objective in this particular case is to scatter an incident electromagnetic
beam by a fixed angle. The cost function measures the difference between
the achieved and objective power profiles along a predefined path. Figure
1.12 shows a two-dimensional cut through the four-dimensional cost function
space. The image is computed by fixing the location of one scattering cylin-
der while moving the second scattering cylinder on a uniform grid through
the search space. In Fig. 1.12 it is observed that the nonlinearity of the
objective function is in this case dominated by the interference patterns
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Fig. 1.12. (a) Non-convex cost function for a system similar to that described in [32].
Two dielectric cylinders each are located in the scattering domain to achieve a design
objective along the dashed semicircular line. Each cylinder has diameter 6 mm and
relative permittivity 3.7. Electromagnetic radiation at frequency 37.5 GHz scatters from
the dielectric cylinders. The dark circle located near the center of the parameter space is
the location of one dielectric cylinder with fixed position. The grey scale represents the
cost function at the position of the second cylinder on a logarithmic (log10 ) scale. (b)
The gradient of the cost function displayed in (a) at uniform grid points. At the given
sampling density the information gained by evaluating the gradient is not very helpful in
reconstructing the interference pattern shown in (a) nor for locating the global optimum.

associated with the two scattering cylinders. Nevertheless, it is apparent
that this cost function has many local minima of similar performance with
only a few local minima that perform markedly better than all others. This
type of multiple local minima global optimization problem is computation-
ally intensive, a fact that becomes increasingly problematic when the design
involves a large number of scattering cylinders [32].

Despite an enormous amount of effort that has been put into solving con-
tinuous global optimization problems, it remains an unresolved issue. In the
worst case the difficulty of approximating a global minimum increases expo-
nentially with the dimensionality of Ω. An additional challenge of this type
of distributed parameter optimization is that the capability of the design is
unknown. Unlike inverse problems where parameters for a measured scatter-
ing profile need to be determined, the objective for optimal design problems
in engineering is often not attainable. Even though no algorithm can solve
this problem in finite time there are theoretical results about the existence of
a global optimum. The Weierstrass theorem states that any continuous func-
tion attains its global minimum on a compact set where the cost function is
defined. Because most search spaces in engineering can be approximated as
closely as desired by a compact set interior to the search space, the existence
of the global optimum is guaranteed. We note that nothing is said about the
number of global optima. Many algorithms have been devised to locate a
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global optimum and it can be said that no single algorithm performs exceed-
ingly well on all continuous global optimization problems. Depending on the
nature of the problem, one algorithm or a hybrid of multiple algorithms and
techniques can perform better than others. In the following section some
aspects of global optimization are discussed.

1.7 Global optimization

The literature on optimization algorithms is varied and broad. See Appendix
A. For any reasonably large search space Ω the consensus is that stochastic
algorithms outperform deterministic algorithms unless additional informa-
tion about the cost function and its domain is given. To see why, consider
the pure random search which generates random points over the feasible set
and stores the lowest achieved cost function value up to that point. The
expected number of function evaluations required by such an algorithm to
locate a global optimum grows exponentially with the number of dimensions
in the problem. A deterministic, exhaustive search of this size will quickly
become impossible to complete with increased dimensionality and conven-
tional computers. Heuristics and additional knowledge are needed to achieve
improvement from this baseline performance.

Global optimization algorithms can be classified in terms of their degree
of rigor. The classifications are rigorous, complete, asymptotically complete,
and incomplete. Rigorous methods reach a global optimum with certainty
but give no limit on their run-time. Complete methods are rigorous and pro-
vide an approximate global optimum after finite time. Asymptotically com-
plete methods locate the global optimum with probability one after infinite
time but provide no approximation after finite time. Incomplete algorithms
are search heuristics that work in practice but provide few guarantees about
the quality of their solution. Because of time constraints typically imposed
on engineering design studies most algorithms are implemented in a manner
that renders them incomplete.

1.7.1 Example: Genetic algorithm

The genetic algorithm (GA) is a popular global optimization method. It is
extremely flexible with respect to the types of problem it can be applied to.
The original GA was designed for binary optimization problems but vari-
ations have been applied to continuous as well as mixed global optimiza-
tion problems and the form that exists today was popularized by Holland
[33]. Continuous parameter values can be represented in binary form and a

21



Frontiers in device engineering

discrete GA applied or the binary GA can be adapted to handle continuous
variables directly.

GA is a population-based search algorithm which uses a current set of
sample points called a generation for the creation of the next generation of
sample points. The most common form of GA has a constant population
size for all generations. Various operators mimicking the evolution of biolog-
ical organisms serve to select new sample points in the hope of improving
the design performance and locating a global optimum. The GA operators
are selection, recombination, and mutation. While selection is required to
introduce competition between sample points for limited computational re-
sources, recombination can be considered an approximation of the gradient
descent method, and the mutation phase serves the global exploration of
the parameter space. The initial selection phase is followed by a recombi-
nation phase and a mutation phase to form the next generation at which
point the process is repeated on the new generation of sample points. In the
global optimization literature GAs are mostly heuristic algorithms and are
considered slow to converge. Even though evolution in biological systems
can be viewed as a form of optimization, the actual criteria under which
evolution operates in nature might not be as clear and focused as it is for
narrowly outlined engineering problems. Nevertheless, GAs enjoy enduring
popularity by practitioners and benefit from the growth and availability of
large-scale computing clusters. GAs are considered asymptotically complete
due to their stochastic components, mainly mutation. The three operators
selection, recombination, and mutation are briefly described in the following,
starting with selection.

Selection describes the manner in which members of the current gener-
ation are selected for the creation of the next generation. After the cost
function of the current set of trial points is evaluated, the selection phase
selects a subset of the current generation for the recombination phase. The
selection process ensures that relatively good designs are selected but also
that sufficient variation of sample designs is present in the selected subset.
Certain trial points that are deemed unfit are excluded from the selected
subset while the best performers are assigned higher probability of selec-
tion. The methods of selection are based on the cost function value J itself
or some function of J , for example rank within the current set of cost func-
tion values. It is common to assign a probability of survival to a trial point
xi given by pi = 1

J (xi )
/
∑M

j
1

J (xj ) for positive and finite J . Favoring good per-
formers aggressively is also referred to as elitism. Sometimes a super-point
with extremely low objective function values dominates the selection proba-
bilities. This limits variation in the selected sample of candidate designs and
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causes premature convergence of the optimization algorithm. To prevent a
super-point from dominating selection, the rank of cost function values in-
stead of the cost function values themselves can be used, or the number of
times a candidate can be selected is limited explicitly. More detail about
selection probabilities pi and alternative selection schemes is given in [34].
Intuitively, high performing members of the population contain design pa-
rameter elements of good designs. It also assumes that the mixing of good
designs can yield further improved designs, an idea that works for convex
objective functions in particular. Once the selection is complete the new
generation is generated in the recombination phase.

Recombination and, in particular, various forms of crossover are the main
evolutionary component of GA. After the selection process, M parents are
recombined and modified to form the next generation of sample points. For
binary vectors the most popular recombination methods are single-point
and multi-point crossover. The crossover uses two parent trial points and
generates two offspring for the next generation so that the population size
remains constant. Simple crossover is the generation of a random cut between
the index 2 and the length of the binary vector. This cut is used as the
crossover point. Both parents are severed at the same crossover point to
maintain the length of the binary vectors. After making the cut, the head
of one parent is combined with the tail of the other parent and vice versa as
shown in the following illustration with parents on the left and offspring on
the right:

(0 1 0 0 1 | 1 1 0 1)
(0 0 1 1 1 | 0 1 0 0)

→ (0 1 0 0 1 | 0 1 0 0)
(0 0 1 1 1 | 1 1 0 1).

Adoption of this crossover method for continuous search parameters is not
obvious. This is troublesome because the recombination step is crucial to
the performance of GA. One simple possibility is to cut a vector in Rk in
the same manner and recombine them as above by switching “tails” of the
parents

(x1 x2 . . . xl | xl+1 . . . xk)
(y1 y2 . . . yl | yl+1 . . . yk)

→ (x1 x2 . . . xl | yl+1 . . . yk)
(y1 y2 . . . yl | xl+1 . . . xk).

The recombination operators must be tailored to a specific problem. One ex-
tension to the simple crossover is the multi-point crossover. For multi-point
crossover, multiple and possibly a random number of cuts are generated
and the parents are recombined in a similar fashion as shown above. There
are other algorithms that combine more than two parents as well as other
heuristic recombination methods, too many to be listed here. Recombina-
tion, followed by a purely stochastic element called mutation, can be used
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to guarantee sufficient variation in the population.
Mutation adds a stochastic aspect to GA that is independent of the cur-

rent generation and their objective function values. With a small probability
the parameter vector is perturbed in some manner. For binary vectors the
mutation corresponds to flipping a bit with a small probability. The muta-
tion can be adapted for real-valued vectors but again the choice of frequency
and scale of the perturbation must be made by the user. It is difficult to
determine a priori what kind of perturbations increase efficiency of the al-
gorithm. We note that mutation adds an entirely random element to GA. It
is mutation that ensures that eventually the entire search space is surveyed.

Most theoretical work on GA has been done for binary vectors. Analysis
is concentrated around the concept of schema or hyper-planes [33, 35]. A
schema for binary vectors is of the type 101#0## where the wild card #
represents either 0 or 1 and the other values are fixed. In this example there
are eight vectors that agree with the schema on the fixed elements and so
belong to the same schema. Optimization is therefore a search for a schema
with zero wild card symbols. In his original work Holland [33] was able
to show that a population with µ individuals is able to effectively process
O(µ3) schemata. Much of the GA’s usefulness is attributed to this property.
This result is called the Schema Theorem and more details are given in [36].
Similar results are lacking for continuous optimizations.

There are many versions of selection, recombination, and mutation as well
as various mixes. With each option usually comes an associated parameter
that must be selected by the user. This parameter is usually obscured by
the biological analog for GA and hence nonintuitive. Recent versions of
GA remedy this drawback by automatically adjusting parameters to avoid
overwhelming the user.

1.7.2 Constraints

Constraints usually present a significant challenge in optimization problems.
In linear as well as quadratic programming for instance it is usually the case
that the optimal solution is on the boundary of the feasible set. For contin-
uous global optimization problems it is usually not possible to determine a
priori which constraints will be active at the global optimum. Nevertheless
it is crucial to handle active constraints correctly during the local as well as
the global search. For example, in the electron tunneling problem discussed
in Section 1.3.2 the upper bounds on the barrier values were determined by
approximate physical constraints. It is likely that these constraints describ-
ing the boundary of Ω become active as the device performance demands
are increased.
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It is noteworthy that the ratio of the boundary to the interior of Ω in-
creases with the dimensionality n of the search space. To see why, consider
a hypercube [0, 1]n of dimension n. Numerically, constraint i is active if
min(xi − 0, 1 − xi) < ε for a given ε > 0. The volume of the hypercube is
then 1n = 1 while the measure of the numerical interior of a hypercube is
given by (1 − 2ε)n . The ratio of interior of Ω to the entire search space Ω
is given by (1 − 2ε)n → 0 as n → ∞. The space near the boundary grows
relative to the entire search space with increasing n and it becomes increas-
ingly important to carefully treat and explore the boundary. For the local
search a gradient projection method such as LBFGS-B [37] does account for
active constraints. Therefore LBFGS-B or similar methods are preferred to
an unconstrained local optimizer despite the additional computational cost.

1.7.2.1 Interior point method

Interior point methods are a natural way to incorporate inequality con-
straints into the objective function and transform a constrained optimiza-
tion problem into an unconstrained one. The idea is to add barrier functions
to the original objective function as in the Lagrange multiplier method

J̃(x, λ) = J(x) + λiΘ(x), (1.12)

where Θ is the barrier function for a constraint. For example, consider sim-
ple box constraints on x, li ≤ x ≤ ui. The monotone barrier functions have
the property that Θ(x) → ∞ as xi → li or xi → ui. The method is called an
interior point method because for each λi > 0 the search will remain strictly
in the interior of the feasible set with respect to the box constraints. This
is important for constraints where it is not possible to evaluate the objec-
tive function when the constraints are violated. Examples of cost functions
where constraint violation has to be suppressed are parameters where val-
ues must remain non-negative. For negative parameter values the physical
model and the corresponding mathematical formulation may not be valid.
The interior point algorithm consists of a sequence of optimization problems
with a decreasing sequence of λi → 0 as i → ∞. For each optimization in-
stance i the optimization problem is only solved approximately before λi is
decreased and the iterative current state of the optimization remains near
an interior path, away from the constraints addressed by the barrier func-
tions. Popular barrier functions are logarithms because they diverge to ∞
slowly and therefore are unlikely to impact the original objective function
such that local minima are removed. The barrier function adds little compu-
tational effort to the optimization algorithm because it is known explicitly
including all of its derivatives. It can be shown that under mild assumptions
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the minimizers of the modified interior point problems converge to the min-
imizers of the original minimization problem as λi → 0 [34]. One problem
is that the constraints are always represented in the objective function via
global barrier functions, even when they are not violated. The decreasing
sequence {λi} nevertheless has the nice property that it makes the weighting
between original objective function and added barrier term negligible in the
long run. It is usually best to let the sequence decrease slowly during the
implementation.

1.7.2.2 Exterior point method

Exterior point methods allow the constraints of the problem to be violated at
intermittent points during the optimization. As for interior point methods,
constraints are moved into the objective function formulation resulting in
an unconstrained minimization problem. For exterior point methods penalty
functions are added to the cost function instead of barrier functions

J̃(x, λ) = J(x) + λiΛ(x), (1.13)

where Λ is now a penalty function. This type of algorithm may be used for
inequality as well as equality constraints. In general Λ may be chosen in
a manner such that J̃(x) = J(x), x ∈ Ω so that for x ∈ Ω the minimization
problem remains unchanged if no constraints are violated. Depending on
the distance from the feasible set, Λ increases the value of J̃ in order to
increasingly penalize the constraint violation. The greater the distance, the
bigger the penalty. Note that Λ(d) should be monotone increasing on R+

and identically zero for d < 0. Janka suggests penalty functions of the form
• Λ(d) = 1

p
dp , p > 1,

• Λ(d) = cosh(d) − 1,
where d is some measure of the distance from the feasible set ([36], p. 19).
Penalty terms should be continuously differentiable and convex, Λ(0) = 0,
and Λ(d) → ∞ monotonically as d → ∞. The exterior point method is again
a sequence of minimization problems where λi is now a monotonically in-
creasing sequence ∈ R. As λi increases, constraint violations are increasingly
penalized, forcing the solution onto the feasible set Ω. An advantage of ex-
terior point methods is that no initially feasible point must be chosen. A
disadvantage is that for many constraints such as in PDE-constrained op-
timization the final solution might not be feasible. This can happen if J

decreases much faster outside of Ω than the chosen penalty function Λ in-
creases. In general, interior and exterior point methods can be mixed in a
problem with different types of constraint.
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1.7.3 Advanced optimization

The core task of optimal design is the numerical search of configurations
resulting in global minima (or maxima) in solution space with respect to a
user-defined objective function. Typically, a non-convex solution space might
consist of a shallow landscape with many local minima. Local measures of
curvature around the minima can give an indication of robustness of a given
solution with respect to small variations in control parameters. Applying
these basic ideas to synthesize a device design, one might program according
to the flowchart shown on the left in Fig. 1.13.

The input to the flowchart in Fig. 1.13 is the objective function and a set
of initial parameter values. One might think that it is easy to specify the
objective function, however, the fact of the matter is this is usually neither
the case nor desirable. For example, one does not want to specify a partic-
ular transistor transfer characteristic that is inaccessible, rather one would
prefer to be presented with a family of characteristics that are both acces-
sible and insensitive to small variations in design parameters. As indicated
on the right-hand side of Fig. 1.13, advanced optimization specifies a set-
valued objective instead of a single objective. In addition, one will usually
be concerned with the robustness of the solutions. The subject of robust op-
timization in a non-convex solution space is today a focus of much research
activity [38].

Measures of distance can have a dramatic influence on the convexity of
the cost function. For example, it makes a difference if the cost function
is evaluated using the magnitude of differences or the quadratic deviation.
Typically a forward solve of the physical model is relatively computationally
expensive while evaluation of the cost function is not. Hence, calculating
and comparing the performance of, and choosing between, different cost
functions can be an effective strategy to improve efficiency.

Because, at least initially, the user probably does not know the best ob-
jective function to request, a feature of advanced optimization should also
be its adaptivity. As indicated on the right-hand side of Fig. 1.13, inclusion
of on-the-fly modification of the cost function, model, and related decision-
making tools has the potential to create an adaptive optimization paradigm
in which at the end of the calculation both the problem and the algorithm
have changed [39]!
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Fig. 1.13. Conventional optimization flowchart (left) and areas where additional
adaptivity might assist in the exploration of solution space (right). On-the-fly
modification of the cost function, model, and related decision-making tools has the
potential to create an adaptive optimization paradigm in which at the end of the
calculation both the problem and the algorithm have changed.

1.8 Summary

Control of material composition at the nanometer and atomic scale has po-
tential to dramatically increase electronic and photonic device design space,
in part due to quantum effects that provide vast new degrees of design free-
dom. As a step towards quantum engineering, realistic physical models and
synthesis tools based on optimal design should be developed to efficiently
explore the nonintuitive parts of this space to learn about and discover the
best possible device designs for electronic and photonic systems. Ultimately
one can envision a methodology that is capable of basic scientific discovery
while simultaneously engineering technological applications. The merging of
these two traditionally distinct activities into a unified effort is an opportu-
nity for increased efficiency in twenty-first-century science and technology.

The remaining chapters of this book explore elements of these ideas that
represent a new frontier for device engineering.
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2 Atoms-up design

Stephan Haas

2.1 Manmade nanostructures

In recent years, it has become possible to detect and control the spatial
positions of individual atoms and molecules within nanoclusters, using ex-
perimental techniques such as scanning tunneling microscopy. Consider for
example the structures shown in Fig. 2.1, made of silver atoms, deposited on
a NiAl(110) surface. By bringing a scanning tunneling microscope (STM)
sufficiently close to the surface of the substrate, Ag atoms can be moved by
following the trajectory of its tip. This capability makes it possible to build
one- and two-dimensional atomic and molecular clusters of arbitrary shape
on the Ni atom sublattice defined by the NiAl(110) surface.

Fig. 2.1. (a) Structure model of a Ag chain (pentamer) on the NiAl(110) surface.
Individual Ag atoms are also shown. (b), (c) Three-dimensional representations of STM
topography images, taken during the assembly of the Ag chain. Ag atoms and chains
appear as round and elongated protrusions correspondingly. The scan size is
8.3 nm × 8.3 nm, Vbias = 3 V, I = 1 nA. (b) An assembled Ag tetramer with five single
atoms around it. (c) The atom closest to the tetramer was manipulated along the Ni
trough to join it with the tetramer and create a pentamer. Figure from [1].

c© Cambridge University Press 2010
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To complement such emerging capabilities it is clear that a new set of
theoretical tools should be developed to assist in the exploration of a po-
tentially vast number of atom configurations and a corresponding enormous
range of physical properties. In contrast to classical systems, atomic scale
devices exhibit quantum fluctuations and collective quantum phenomena
caused by particle interactions. Besides offering an excellent testing ground
for models of correlated electrons, they also force us to reconsider conven-
tional paradigms of condensed matter physics, such as crystal symmetries
that are imposed by nature. In some instances, such symmetries need to be
explicitly broken in order to enable or optimize a desired system response.
Consider for example the quasiparticle density of states in tight-binding
systems, which is the subject of this chapter. In translationally invariant
structures, i.e. crystals, it is well known that the spectral response func-
tion exhibits van-Hove singularities at positions of low dispersion, such as
the band edges in a one-dimensional chain or the band center in a two-
dimensional square lattice. These enhancements of the density of states can
be very useful in amplifying system responses such as optical conductivity
at specific incident energies. To create new quantum devices, it is therefore
important to be able to control the positions and shapes of such features,
i.e. by using adaptive design techniques applied to models which capture the
essential degrees of freedom of interacting atomic clusters.

Traditional ad hoc methods for the design of nanoscale devices will likely
miss many possible configurations. At the same time, it seems unreasonable
to expect individuals to manually explore the vast phase space of possibilities
for a particular device function. The proposed solution to this difficult design
problem is to employ computers to search configuration spaces that enable
user-defined target functions. Adaptive quantum design solves an optimal
design problem by numerically identifying the best broken-symmetry spatial
configuration of atoms and molecules that produces a desired target function
response.

The two major ingredients of adaptive quantum design are the physical
model, which in the examples given in this chapter evaluates the electronic
density of states for a particular spatial arrangement of atoms, and the search
algorithm that finds the global minimum in the parameter space of all pos-
sible configurations. This problem is typically highly underdetermined and
non-convex in the sense that there can be several atomic configurations that
yield a system response very close to the desired target function. Often, the
associated landscape of solutions is shallow and has many nearly degenerate
local minima.
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The particular example of a long-range tight-binding model is chosen here
because it captures essential features of correlated quantum mechanical sys-
tems, and yet permits fast numerical diagonalization of relatively large clus-
ters with broken translational symmetry. In a typical optimization run, these
“function calls” occur 100–10,000 times. This model is therefore suitable for
developing and testing adaptive design algorithms, and should be viewed
as an initial step towards the design of atomic clusters. The goal is to test
the applicability and limits of adaptive design techniques on a simple but
non-trivial quantum system.

Fig. 2.2. Experimental energy splitting (•) of resonances in Au dimers IIV on
NiAl(110) as a function of inter-atomic distance. Error bars reflect the distribution in
energy splitting obtained from 200 dimers. Calculated splittings for free (�) and
NiAl-supported Au dimers (�) are shown for comparison. The dashed line is an
exponential fit through the calculated splittings in free dimers. Figure from Ref. [2].

The deposition and manipulation of atoms on metallic substrates using
scanning tunneling microscopes [1, 2, 3, 4, 5] is a motivation for this model.
The dependence of the tight-binding parameter on the inter-atomic sep-
aration is reflected in the electronic densities of states measured in these
experiments. More specifically, in a recent set of measurements [1] Nazin et
al. deposited two gold atoms on a NiAl substrate and monitored the energy
split between the bonding and anti-bonding peak in the conductance as a
function of how the atoms were positioned with respect to each other. As
shown in Fig. 2.2, these measurements clearly indicate a power-law depen-
dence of the effective tight-binding hopping matrix elements on the inter-
atomic separation [1, 2]. Thus, within this model description the effects of
the substrate are simply absorbed in the matrix elements.
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2.2 Long-range tight-binding model

The tight-binding approach is known as an effective tool to describe the
band structure of electronic systems. In bulk solids, it is commonly used
to model the relevant bands close to the Fermi level, obtained from com-
plex density functional theory calculations. Since in this chapter symmetry-
breaking, non-periodic configurations are considered, a long-range variant
of the tight-binding model has to be used, in which the overlap integrals
depend explicitly on the variable inter-atomic distance. The Hamiltonian
then takes the form

Ĥ = −
∑
i,j

ti,j

(
ĉ†i ĉj + ĉi ĉ

†
j

)
, (2.1)

where c†i and ci are electron creation and annihilation operators at a site ri ,
and the spatial decay of the overlap integral ti,j is given by a power-law,

ti,j =
t

|ri − rj |α
. (2.2)

In the following, the exponent α is taken to be 3.0 unless mentioned other-
wise [6]. This parameterization reflects an algebraic variation of the overlap
integral with inter-atomic separation, consistent with recent experiments
[1, 2]. The choice of sign in the Hamiltonian follows the convention for s-
orbitals. However, this simple implementation of the tight-binding model
does not account for the orbital directionality of realistic Au, Ag, or Pd
atomic wave functions. More sophisticated and numerically expensive tech-
niques, such as the local density approximation, would be needed to make
quantitative predictions for these systems.

The Hamiltonian matrix of the long-range tight-binding model in the ba-
sis of single-particle states is non-sparse, and only its diagonal matrix ele-
ments vanish. In order to obtain the spectrum, the matrix is diagonalized
numerically for finite clusters. In Fig. 2.3, the resulting densities of states of
translationally invariant chains and square lattices are shown for the nearest-
neighbor tight-binding model with ti,j = tδi,j in Fig. 2.3(a) and (c), and for
the case of long-range overlap integrals in Fig. 2.3(b) and (d). Characteris-
tic van-Hove singularities are observed, in one dimension at the band edges,
and in two dimensions at the band center. For the long-range model, the
particle-hole symmetry is broken because of frustration introduced by the
competing overlaps, leading to asymmetries in the density of states. While
the system sizes in Fig. 2.3 are chosen to be rather large in order to make
contact with the familiar thermodynamic limit, there are still some visible
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Fig. 2.3. Density of states in spatially invariant tight-binding systems with periodic
boundary conditions. (a) Nearest-neighbor chain (no long-range overlap integral) with
30 atoms. (b) Same as (a), but with long-range overlaps according to Eq. (2.2). (c)
Nearest-neighbor square lattice with 400 atoms. (d) Same as (c), but with long-range
overlaps.

finite-size remnants, i.e. a faint pole structure due to the discreteness of the
system. These features become much more pronounced for the few-atom
clusters that are studied in the next sections.

2.3 Target functions and convergence criterion

While “nature” gives us densities of states that are constrained by the di-
mensionality and symmetry of the underlying lattice, our objective here is
to engineer specific spectral responses that are useful in designing nanoscale
devices. For example, we may wish to produce a quasi-two-dimensional spec-
trum within a one-dimensional system or to concentrate spectral weight in
particular energy windows. These goals are achieved by placing the atomic
constituents into optimized symmetry-breaking configurations which are de-
termined by numerical searches.

The specific target functions we wish to consider here are shown in Fig. 2.4.
They are (a) a flat top hat density of states centered at E = 0,

N(E)target = θ(E − Ec)θ(E + Ec), (2.3)
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Fig. 2.4. Target densities of states used in this work: (a) particle–hole symmetric top
hat function, centered at E = 0, (b) particle-hole symmetric two-peak function, and (c)
asymmetric two-peak function. For systems with finite numbers of particles these shapes
are approximated by quasiparticle peaks.

where θ(x) is the Heavyside function, and Ec is an energy cut-off, (b) a
symmetric two-peak function, centered at E = 0,

N(E)target = θ(E − Ec2)θ(E + Ec2)

+ θ(E − Ec1)θ(E + Ec2), (2.4)

and (c) a particle–hole-symmetry-breaking function with two unequal peaks,
i.e. more spectral weight on the quasi-hole side (E < 0) than on the quasi-
electron side (E > 0) of the spectrum,

N(E)target = θ(E − Ec2)θ(E + Ec1)

+ θ(E − Ec4)θ(E + Ec3). (2.5)

In systems with finite numbers of tight-binding atoms, these continuous
shapes are approximated by equally spaced poles within the energy windows
where N(E)target is a non-vanishing constant. Here, the delta-functions are
given a finite width of 0.02 × t. As more atoms are added to the system,
these peaks merge together, approaching the bulk result. For other non-flat
target functions the quasiparticle peak spacing can be varied, e.g. following
a gaussian or Lorentzian shape. Naturally, not all targets can be achieved
equally well. Factors that influence the achievable distance to a target in-
clude the number of available atoms and, as will be shown, a continuous
or discrete number of accessible spatial positions. The dimensionality of
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the system poses additional constraints. In particular, there are fewer avail-
able configurations in lower dimensions. In the following, we focus on three
prototype spectral responses which are targeted by numerically optimizing
configurations of clusters with up to 48 atoms in two spatial dimensions.

The optimization algorithms seek to minimize the deviation from a given
target density of states, defined by the error function

∆ =
∫ ∞

−∞
dE[N(E) − N(E)target ]2 , (2.6)

which is the least-square difference between the system response for a given
configuration and the target response function. We have explored a number
of numerical techniques, including the Newton–Raphson steepest descent
method, simple downhill random walk, simulated and triggered annealing,
and genetic algorithms. The advantages and disadvantages of these tech-
niques are briefly discussed in the last section of this chapter. In general,
it is found that hybrids of these methods tend to work best. In the next
section, we focus on adaptive design of atomic clusters in continuous config-
uration space without any restrictions to underlying discrete lattices. In this
case, the search space is infinite which generally allows better convergence
to a given target response than in finite configuration space. However, some
experimental realizations of such structures require deposition of atoms on
substrates with discrete lattice structures. Therefore, this case is addressed
separately in the subsequent section.

2.4 Atoms-up design of tight-binding clusters in continuous
configuration space

The first target density of states we would like to study in detail is the
particle–hole symmetric top hat function, centered at energy E = 0, shown
in Fig. 2.4(a). This function represents a constant density of states for a bulk
solid between the energy cut-offs ±Ec , giving a bandwidth W = 2Ec . Here,
we choose Ec = 3 × t. However, it should be noted that with the adaptive
quantum design approach we are not restricted to this choice, and target
densities of states with quite different bandwidths can be matched, although
often to a lesser degree of accuracy.

In Fig. 2.5, the solution for a system with 16 atoms confined to a box with
periodic boundary conditions is shown. The guided random walk method is
applied to optimize the configuration of atoms by iterative local updates
of their positions in order to match the top hat density of states. As ob-
served in Fig. 2.5(a) and (c), good convergence to the target function can be
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Fig. 2.5. Adaptive quantum design applied to 16 atoms in a two-dimensional box with
periodic boundary conditions. The target density of states is a symmetric top hat
function with bandwidth 6t. The atomic configurations are optimized by applying a
guided random walk algorithm to the long-range tight-binding model. (a) The best
matching solution. (b) Contour plot of the potential of the resulting spatial
configuration. (c) Convergence to the target function, log10 (∆), with the number of
updates.
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Fig. 2.6. Same as Fig. 2.5, but for a symmetric two-peak target function with peaks of
bandwidth 2t centered at −3 × t and 3 × t.

achieved for this case after fewer than 2,000 updates. A contour plot of the
potential

∑
ij −tij /|ri − rj |α for the resulting spatial configuration is shown

in Fig. 2.5(b). Here, equipotential lines are used to denote the positions and
overlapping wave functions of the atomic constituents in the system. For this
target function one discovers the formation of dimers with a wide range of
inter- and intra-dimer spacings. These self-assembled building blocks have
variable directional orientation, and are closely packed.

To explore the generic aspects of this result, let us now turn to the two-
peak target function shown in Fig. 2.4(b). This density of states has a gap
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in the center of the spectrum, as may be desired for the construction of two-
state systems such as q-bits. As shown in Fig. (2.6) (a) and (c), the conver-
gence to this target function is not quite as good as for the top hat function,
but saturation occurs already at half the number of iterations compared to
the previous example. Interestingly, the optimized spatial configuration that
is found in Fig. 2.6(b) also displays a preference for dimer formation.

In the long-range tight-binding system we are studying it is, at least at
first sight, not obvious why these target functions prefer dimer building
blocks. Let us address this question by examining the individual spectra
of the molecular building blocks which were already discussed in Chapter
1 and shown in Fig. 1.3. Each dimer molecule contributes to the density
of states a positive and negative pole with energies E = ±t12, where t12 is
the hopping integral between the two participating atoms. The zero-energy
quasiparticle peaks of two isolated atoms are split into bonding and anti-
bonding combinations once they form dimer molecules. Therefore, isolated
dimers are ideal building blocks for particle–hole symmetric densities of
states, such as the top hat and the two-peak target function. The intra-dimer
spacing determines the positions of the E = ±t12 poles via Eq. (2.2). With an
appropriate distribution of these distances the full target spectrum of the top
hat function can be covered. The poles close to the band center (E = 0) are
provided by the less tightly bound dimers. For the two-peak target function
the dimer building blocks required to realize the target spectrum are more
tightly bound, and the intra-dimer spacings need to vary less to achieve this
target.

The idea that dimers can be used as building blocks for the particle–hole
symmetric target functions only applies to isolated dimers, i.e. the dilute
limit, or when potential gradients across dimer pairs from the presence of
adjacent atoms do not break particle–hole symmetry. The absence of such
gradients, even for relatively high atom densities in a long-range interacting
system, accounts for the success of dimers in satisfying the target function.

Lower symmetry building blocks, such as trimers and quadrumers, can
achieve more complex target functions, in particular those with broken
particle–hole symmetry. Due to frustration, trimer molecules intrinsically
have asymmetric densities of states with unequal spectral weights on the
electron and the hole side of their spectra. Quadrumers have a symmetric
spectral response in the absence of longer-range frustrating interactions. As
an example of how these building blocks enable more complex target func-
tions, let us consider the asymmetric two-peak density of states given by
Eq. (2.5) and shown in Fig. 2.4(c), which has a narrow upper peak and a
wider lower peak, separated by a gap. In Fig. 2.7 it is observed that an
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Fig. 2.7. Asymmetric two-peak quasiparticle density of states. The solution contains
dimer, trimer, and quadrumer building blocks.

approximate match can be achieved by the adaptive method. As expected,
the building blocks for this particle–hole-asymmetric target function are
combinations of dimers, trimers, and quadrumers, which partially recom-
bine into larger clusters. Obviously, in order to achieve asymmetric target
functions more complex building blocks are required. Especially for systems
which contain only a small number of atoms it is important whether the re-
quired building blocks are available, and whether there are non-participating
unbound atoms that may deteriorate convergence and match to the target
function.

Let us finish this section by addressing the convergence properties of the
three cases that were discussed. So far, only the simplest guided random
walk optimization method was considered in which every “downhill step”
is accepted. These “downhill steps” are local updates of individual atomic
position that lead to a better match of the spectrum to the target density of
states. Especially for the most symmetric target function, this algorithm con-
verges efficiently, with a small remaining error. For the symmetric two-peak
function, convergence occurs even faster because the required dimer building
blocks are more uniform than for the first case. However, the remaining error
is slightly larger, indicating that this may be a metastable solution which
could be improved by global updates in which whole subclusters are simulta-
neously updated. Finally, the convergence plot for the asymmetric two-peak
target function (Fig. 2.7(c)) shows several plateaus, indicating metastable
configurations that exhibit a high resistance against local updates. For this
case, a much larger number of local updates is required to achieve an ac-
ceptable match. Hence, more complex target functions clearly call for more
sophisticated numerical search tools, including annealing steps, paralleliza-
tion, and global updating schemes when available.
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2.5 Optimal design in discrete configuration space

In the previous section local updates were considered which allow atomic
positions to change continuously within a given radius. However, for the
case of atoms deposited on a substrate with a given lattice structure, the set
of available positions is usually discrete, although it may be very large. This
has significant consequences for the adaptive design approach. The search
space of solutions is finite in this case, which makes it feasible to study more
atoms for similar computational effort relative to the continuous case. At
the same time, the discreteness of the lattice can prohibit favorable config-
urations that are available in the continuous case, thus deteriorating con-
vergence properties of the optimization procedure. In practice, we find that
the feasibility of computations for larger numbers of atoms in the discrete
case helps to achieve better matches, as long as the lattice spacings remain
sufficiently small. In this section, we explore the effects of an underlying grid
on the adaptive design procedure. Also, more advanced techniques are im-
plemented for the numerical optimization, including hybrids of the genetic
algorithm, simulated annealing, and the guided random walk method.
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Fig. 2.8. Adaptive design of clusters with 48 atoms on a discrete lattice. The (a) flat,
(b) symmetric two-peak, and (c) asymmetric two-peak densities of states are the same
as discussed in the previous section. The corresponding atomic configurations are shown
in (d), (e), and (f).

In Fig. 2.8, optimal design results are shown for systems with 48 atoms on
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2.5 Optimal design in discrete configuration space

a square lattice with spacing 0.01. The length scale is set by the linear size
of the two-dimensional box (48 × 48) to which the particles are confined.
These systems are in the dilute limit, and hence the convergence to the
target functions, chosen to be the same as in the previous section, is good.
Also, because of the larger number of particles, there are fewer finite size
effects. For the top hat target function one obtains a small matching error of
∆ = 0.000643, for the symmetric two-peak function one finds ∆ = 0.000605,
and for the asymmetric two-peak function the error is ∆ = 0.150347. Thus,
analogous to the continuous case, the more symmetric targets are easier to
achieve. Again, clustering into dimers is observed for the particle–hole sym-
metric target functions, whereas trimers are the preferred building blocks
for the asymmetric target. Since atomic densities in these examples were
chosen to be in the dilute limit, boundary effects and interactions between
the building blocks are small. The resulting configurations have the charac-
ter of liquids, governed by weak interactions between the molecular building
blocks, and relatively strong confining forces that lead to the formation of
dimers and trimers.
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Fig. 2.9. Effect of the coarseness of the underlying lattice on the formation of building
blocks. 32 atoms are confined to a 32 × 32 square box. The target function is the top
hat density of states. The grid spacing is varied: (a) 0.01, (b) 0.3, (c) 0.7, and (d) 1.0.

Next, let us explore the dependence of these solutions on the coarseness
of the underlying lattice. In Fig. 2.9, the grid spacing is varied over two
orders of magnitude from 0.01 up to 1.0. As expected, the convergence to
the target top hat function deteriorates dramatically as the substrate is made
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Fig. 2.10. Effect of the density of atoms and the power-law dependence of the
tight-binding overlap integral on the convergence of adaptive quantum design.

coarser. For the smallest spacing of 0.01 one converges to a final error of ∆ =
0.28457, for a spacing of 0.3 the error is ∆ = 2.45047, for a spacing of 0.7 the
error becomes ∆ = 3.81779, and for the coarsest case with spacing 1.0 the
error is ∆ = 36.3721, indicating failure of convergence. The corresponding
configurations in Fig. 2.9 show a strong dependence of the clustering sizes
as the system is trying to cope with less available phase space to match
the target function. For the finest grid spacing (Fig. 2.9(a)) one observes
almost entirely isolated dimers. As the spacing is increased (Fig. 2.9(b)), a
few small strings and groups are formed. At grid spacing 0.7 (Fig. 2.9(c)),
the solution is made up mostly of long strings and dimers in close proximity
to each other. Ultimately, for the coarsest grid spacing of 1.0 (Fig. 2.9(d)),
the final configuration consists of square and rectangular blocks of atoms.
This result demonstrates that there is a hierarchy of building blocks. The
most suitable building blocks for the given target function are dimers. When
these become less available due to lattice constraints, the adaptive method
selects higher order solutions, i.e. larger size clusters, in order to cope with
the more restricted phase space of possible configurations. Hence, for each
level of coarseness, adaptive design discovers solutions that enable – up to
a given degree of accuracy – a targeted system response.

By widening the grid spacings and keeping the box size constant, the den-
sity of atoms in the system is effectively increased, and simultaneously the
available energy levels are spaced further apart. Let us examine these depen-
dencies by varying the power law governing the atomic overlaps (Eq. (2.2)),
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and by increasing the number of atoms, i.e. the filling fraction, on a fixed
lattice. Results for the achieved convergence are shown in Fig. 2.10. These
demonstrate that excellent target matches can be achieved in the dilute limit
with filling densities of a few percent. For larger coverages, the numerical
search becomes exponentially less effective, indicating increasing frustration
effects that need to be addressed by global updating schemes. Higher power
laws imply effective shorter-range atomic overlaps, thus rendering the sys-
tem more dilute. This is reflected in Fig. 2.10, where the departure from the
regime of negligible matching errors is pushed toward higher filling percent-
ages as α in Eq. (2.2) is increased.

Some aspects of the long-range tight-binding model on a substrate have
already been confirmed experimentally using scanning tunneling microscopy
(STM) to precisely position gold atoms on the surface of a nickel-aluminum
crystal. In the studies mentioned above, which were performed at the Univer-
sity of California at Irvine by Wilson Ho’s group [3, 4], STM measurements
show that the splitting in the value of eigenenergies for Au dimers on NiAl
depends inversely on Au atom separation corresponding to α = 1. Here, the
grid spacings are dictated by the 0.29 nm lattice periodicity of available add-
atom sites on the NiAl substrate. Surprisingly, the power-law dependence
of the effective overlaps tij between the deposited atoms takes into account
interactions with the substrate which are typically difficult to model by first
principle computations.

2.6 Optimization and search algorithms

The optimization algorithms used here were based on local updates of atomic
positions in order to minimize the error ∆ defined in Eq. (2.6). Each atom
in the system is visited periodically, and a trial change of its position is
attempted. Depending on the response in ∆ and on the specific algorithm,
this trial step is either accepted or rejected. For the case of continuous
configuration space, these local updates are random shifts of positions within
a given radius. A hard core constraint is implemented which forbids atoms to
be placed on top of each other. For discrete configuration space, a stochastic
distribution function is used to decide which sites in the neighborhood of
the original position of an atom should be visited in a trial step. While this
function is naturally peaked at nearest-neighbor sites, it has to include a
finite probability of longer range updates in order to avoid getting stuck
in local minima of search space. The particular results discussed in this
appendix are obtained for the continuous case.

The Newton–Raphson and Broydn methods are multi-dimensional
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generalizations of the one-dimensional secant method [7]. Unfortunately,
their global convergence is rather poor for more than 20 variable param-
eters. Therefore, they are only applicable to the smallest system sizes, and
are not useful for the nonlinear multi-parameter searches required for adap-
tive quantum design.

In the guided random walk or “downhill method”, each random step that
results in a smaller target error ∆ is accepted [8]. Random steps are trial
spatial variations about a particle’s position. This guided random walk tech-
nique is a quickly implemented power horse. However, especially for shallow
landscapes of solutions it gets easily stuck in local minima.

Simulated annealing uses an effective temperature representing the likeli-
hood of accepting a step that does not minimize the function. This temper-
ature is lowered slowly – at a rate of 10% – with each iteration. The initial
temperature is taken as Tinit = 5t. This method is better at avoiding local
minima than the previous techniques. However, it takes a relatively long
time to converge.

The triggered annealing method is a hybrid of the downhill and the sim-
ulated annealing method. It implements the downhill method until mini-
mizing steps become hard to find, at which point the simulated annealing
method is used to escape from local minima. Parameters are chosen the
same as for the simulated annealing method. Triggered annealing tends to
converge relatively quickly if there are only a few local minima.

The particle replacement method uses the simple downhill method for
guided random updates. In addition, it identifies particles that have not
been updated for an extended period, because of being stuck in a local
minimum, and assigns them to a new random position within the lattice
boundaries. In our implementation, a particle is replaced if there are ten idle
iterations without a successful downhill update for that particular particle.
Note that this particle replacement update is different from random step
updates because it is independent of the previous position of the particle.

In genetic algorithms a population of possible solutions is created. Those
that best minimize the function are allowed to take part in creating a new
generation of possible solutions [9]. These methods are generally good at
avoiding local minima, and are also easily implemented on parallel comput-
ers. They typically require more function calls than other search algorithms.

In order to illustrate the efficiency of these various approaches, each
method is used to match a flat top hat target function on a one-dimensional
lattice with 24 tight-binding atoms and a box size of 96 × 96. Particles ex-
iting the box on one end enter it from the other side via periodic boundary
conditions. The target function (discussed more extensively in the following
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Fig. 2.11. Comparison of the convergence of several optimization algorithms. The error
∆ is shown as a function of computer run time. The inset uses a logarithmic scale for ∆.

section) is chosen to be symmetric about E = 0, with poles evenly spaced
between E = −4t and 4t. All of these benchmark runs are started with atoms
placed randomly along the chain. The computer is a Pentium III 1 GHz with
2 GB pc133 memory, and the additional seven nodes used by the genetic
algorithm method are Pentium III 850 MHz processors with 1 GB memory.
Each method is run for 600 seconds.

As shown in Fig. 2.11, all methods, with the exception of the genetic algo-
rithm, converge rapidly within the first minute of run time, and show only
relatively small corrections afterwards. The two techniques with the fastest
convergence (inset of Fig. 2.11) are the downhill and the simulated anneal-
ing methods. However, their asymptotic error functions remain relatively
large, indicating that they are easily trapped in local minima. In contrast,
the triggered annealing and particle replacement methods yield much bet-
ter matches to the target function, while still converging relatively fast. As
shown in the inset, the annealing methods sometimes accept trial steps in
the “wrong” direction in order to avoid local minima. Finally, the genetic
algorithm takes a relatively long time to converge. However, it yields by far
the best match to the target density of states after about 7 minutes run time.
In order to ensure best matches to the target, this last method is therefore
used whenever the computational effort allows it.

For more information on global optimization methods see Appendix A.
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2.7 Summary

In this chapter, it was shown how adaptive quantum design techniques can
be applied to tailor the quasiparticle density of states of atomic clusters,
modeled by the long-range tight-binding Hamiltonian. Broken symmetry
spatial configurations of atoms were optimized to match target spectra. By
applying adaptive search algorithms, it was shown that matches to target re-
sponses can be achieved by forming hierarchies of molecular building blocks
that depend on system constraints. For example, symmetric top hat and
two-peak target densities of states can be achieved by forming lattices of
weakly interacting dimers. While these are the elementary building blocks
for particle–hole symmetric case target functions, more complex molecules,
such as trimers and quadrumers, are found to dominate the solutions for
asymmetric target functions.

Fig. 2.12. Broken-symmetry isospectral quantum corral structures, used to detect the
phases of electronic wave functions. Figure from [10].

From an experimental point of view, it is obvious that broken-symmetry
nanostructures can enable quantum responses and functionalities far beyond
our imagination. For example, in a series of recent scanning tunneling micro-
scope experiments aperiodic corral structures of carbon monoxide molecules
were positioned on a Cu(111) surface [10]. The wave functions of trapped
electrons in these structures are reminiscent of standing waves on the surface
of a drum (see Fig. 2.12). Making use of the isospectral properties of these
corrals, it is possible to extract phase information about the wave functions.

The central task of optimal quantum design is the numerical search for
global minima in typically shallow landscapes of configurations with many
local minima. Since this procedure typically requires many function calls, an
efficient implementation on parallel computers is necessary. In this chapter
the complexity of the physical model was minimized in order to limit the
computational expense. While the long-range tight-binding model can be
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viewed as a semi-realistic testing ground for adaptive quantum design tech-
niques, it is crucial to apply these algorithms to more sophisticated models
that include, among other ingredients, orbital directionality, spin degrees
of freedom, and electronic correlations. Furthermore, as we will see in later
chapters, adaptive design is applicable to related areas in nanotechnology,
including in Chapter 3 the design of nano-electronic components [11] and in
Chapter 4 nano-photonic components [12–14], and RF systems [15].
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3 Electron devices and electron
transport

K. Magruder, P. Seliger, and A.F.J. Levi

3.1 Introduction

The ability to control the geometry and composition of metal, dielectric and
semiconductor materials at the nanoscale has created a significant oppor-
tunity for new designs of electronic devices. It is this frontier of electronic
device design that we would like to explore in this chapter. An important
conclusion we will draw is that technologically significant applications are
most likely to be confined to those material systems and fabrication tech-
niques that exhibit the greatest control at the atomic level.

Figure 3.1 categorizes some of the basic geometries commonly consid-
ered. Nanodots or quantum dots can be designed to confine the electron
wave function in all three dimensions. In this case electron motion on or
off the dot is determined either by tunneling, by thermionic emission, or,
particularly in the case of a direct band gap semiconductor, by optical tran-
sitions. Because of the three-dimensional confinement, it is common to think
about quantum dots as artificial atoms. However, the electronic properties
of quantum dots are very sensitive to their exact dimensions. In the simplest

Quantum dot Quantum wire Quantum well

Fig. 3.1. Illustrating the geometry of a semiconductor heterostructure quantum dot,
quantum wire, and quantum well. Notice that control of radial and longitudinal
material composition allows a quantum dot structure to be embedded in a quantum
wire heterostructure.

c© Cambridge University Press 2010
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of models the eigenenergy of a semiconductor conduction band electron in
a quantum dot of size L scales nonlinearly as 1/L2 . Typically, small differ-
ences in dot size can give rise to significant variation in, for example, optical
absorption. Multiple dots tend to have behavior that reflects the existence of
inhomogeneities in size and shape. This lack of control in fabrication makes
the analogy to atoms somewhat misleading. It also limits some, but by no
means all, potential applications until a time when more precise control over
geometry can be achieved.

Nanowires confine electrons in two dimensions. Heterostructures in the
nanowire can be used to form quantum dot and shell structures along the
length of the wire. While progress in synthesis of semiconductor nanowire
shell structures has been rapid in recent years [1–3], charge transport proper-
ties, such as electron mobility, remain less than bulk materials. This is most
likely due to the presence of impurities and defects incorporated into the
structures during growth. Surfaces are particularly prone to defects which,
in turn, can dramatically alter electron transport properties. Embedding
the semiconductor wire to form a heterostructure shell can mitigate the is-
sue, so long as defects do not exist at the heterointerface and the electron
wave function contributing to transport does not penetrate through to the
exposed surface of the shell.

In contrast to the challenges facing synthesis of quantum dots and quan-
tum wires, layered semiconductor heterostructures or quantum wells can be
designed to confine electrons in one dimension to form a two-dimensional
electron gas. Extremely high purity single crystal AlξGa1−ξAs/GaAs

(a) (b) (c)

Fig. 3.2. (a) Monolayer control of semiconductor crystal growth illustrated in a
transmission electron micrograph (TEM) of an In0 .53Ga0 .47As quantum well in
cross-section that is three monolayers thick and is sandwiched between InP barrier
layers. The spots in the image represent tunnels between pairs of atoms. The minimum
separation between tunnels in InP is 0.34 nm. (b) High-resolution scanning electron
microscope image of the cross-section of a heterostructure nanowire [3] consisting of an
InP core and a 1.5 nm thickness InAs tube surrounded by an InP shell. The complete
structure is about 125 nm in diameter. Preferential crystal growth on (111) and (110)
planes results in a polygonal cross-section. (c) Ball-and-stick model of a single-walled
carbon nanotube about 1.2 nm in diameter.
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heterostructures have been grown that exhibit remarkably high electron mo-
bility. In what is undoubtedly a triumph of material science, the measured
low-temperature electron mobility can be 1,000 times greater than that in
the corresponding bulk material [4, 5].

Of the geometries illustrated in Fig. 3.1, the synthesis and fabrication of
one-dimensional heterojunction nanowires [1–3], as well as more established
techniques such as molecular beam epitaxy (MBE) that allows semiconduc-
tor quantum well materials to be controlled with atomic-layer precision in
the crystal growth direction [4], have potential to impact future applications.

To illustrate atomic-layer precision in crystal growth, Fig. 3.2(a) shows
an In0.53Ga0.47As quantum well in cross-section that is three monolayers
thick and is sandwiched between InP barrier-layers. Figure 3.2(b) shows a
high-resolution scanning electron microscope image of the cross-section of a
heterostructure nanowire [3] about 125 nm in diameter consisting of an InP
core and a 1.5 nm thickness InAs tube surrounded by an InP shell.

By way of contrast, Fig. 3.2(c) shows a ball-and-stick model of a single-
walled carbon nanotube about 1.2 nm in diameter. Carbon nanotubes were
discovered in 1991 by Iijima [6]. They are large macromolecules with the
structure of a seamless cylindrical sheet of graphite capped by hemispheri-
cal ends. Electrical measurements of individual metallic single-wall carbon
nanotubes have revealed remarkable properties. Estimates of low-field room-
temperature acoustic-phonon-limited mean-free-path give lap ∼ 300 nm and
a high-field optic-phonon-limited mean-free-path of lop ∼ 15 nm [7–9]. These
results were obtained by fitting measured current-voltage data from 1.5 nm
to 2.5 nm diameter metallic carbon nanotubes as a function of nanotube
length and gate voltage to classical Monte Carlo calculations of electron
transport. Also of note, extraordinarily high current densities, in some cases
estimated to be in excess of 109 A cm−2, have been reported [9]. These, and
other astonishing claims, have contributed to great excitement surrounding
electron transport phenomena in carbon nanotubes. However, some out-
standing issues remain to be resolved before the properties of carbon nan-
otubes can be used in a practical nanoelectronic technology.

Metallic single-wall carbon nanotubes are believed to have two one-
dimensional subbands crossing the Fermi energy so that quantum con-
ductance is limited to 2e2/(�π) = 6.45 kΩ−1 . The resulting resistance im-
pacts potential high-frequency performance. For example, assuming that
it is possible to design devices with total capacitance of C = 0.2 fF [10]
then the RC time constant suggests an operating frequency of less than
f = 1/(2πRC) = 122 GHz. This is significantly smaller than the cut-off fre-
quency of conventional CMOS with a minimum feature size of 32 nm.
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It is worth mentioning that the intrinsic cut-off frequency of a carbon
nanotube transistor is believed to be about 50% greater than the equiva-
lent CMOS device [11]. However, long before such a theoretical limit can
be approached, there are many practical issues to be resolved. For exam-
ple, the resistance between a metallic nanotube and bulk metal must be
reduced. Typical values for contact resistance are around 40 kΩ which is far
greater than the intrinsic nanowire resistance of 6.45 kΩ. Beyond this there
are uncertainties relating to manufacturability and reproducibility. So far,
carbon nanotubes cannot be fabricated with atomic precision. This means
that their exact physical properties are not well controlled. For example,
it is not possible to guarantee metallic or semiconducting behavior. Failure
to address this as well as other synthesis issues has limited use of carbon
nanotubes for device applications.

Rather than dwell on material science challenges facing a specific physical
system such as carbon nanotubes, we would like to focus on device design at
the nano- and atomic scale in those material growth systems that have suc-
cessfully shown exquisite control over geometry and material composition.
It is this control that creates the opportunity to realize new device designs.
We are interested in creating devices with new types of functionality whose
operation is determined by new principles. To illustrate the idea that new
devices can be created, in the next section we consider the example of a
transistor that requires ballistic electron transport to operate.

3.1.1 Example: A transistor that requires ballistic electron transport to
operate

The atomic layer-by-layer control of established crystal growth techniques
such as MBE can be used to create electronic devices with new principles
of operation. This is possible because semiconductor heterostructures with
large built-in electric fields can be designed with atomic-layer precision to ex-
ploit thermionic emission, electron tunneling, and extreme non-equilibrium
electron transport. In fact, nonlinear devices such as transistors can be cre-
ated that make use of these transport phenomena. The ballistic electron
transistor illustrated in Fig. 3.3 is an example of an electronic semiconduc-
tor heterostructure device that requires ballistic electron transport for its
operation [12]. Remarkably, by using an active region that is only 10 nm (33
atomic layers) thick and injecting electrons at high energy, it is possible to
create such a transistor that operates satisfactorily at room temperature.

Key features are high-energy electron injection from the emitter into the
base region. As illustrated in Fig. 3.3(b), injection energy near 1.3 eV is
achieved by using the large conduction band heterojunction offset energy
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Fig. 3.3. (a) A double heterojunction unipolar transistor. Indicated in the figure are the
emitter current IE , base current IB , collector current IC , and voltages VBE and VCE for
the transistor biased in the common emitter configuration. The solid dots indicate
electrical contacts between the transistor and the leads that connect to the batteries.
(b) The conduction band of an AlSb0 .92As0 .08 /InAs/GaSb double heterojunction
unipolar ballistic electron transistor under bias. The conduction-band minimum CBm in

is indicated, as are the confinement energy E0 and the Fermi energy EF of the occupied
two-dimensional electron states in the InAs base. Electrons indicated by e− are injected
from the forward-biased AlSb0 .92As0 .08 emitter into the InAs base region with a large
excess kinetic energy [12].

between AlSb and InAs. Because thermal energy at room temperature is
near kBT = 0.025 eV, the energy distribution of ballistically injected non-
equilibrium injected electrons is well separated from ambient n-type major-
ity carriers in the base. The very thin base and matching of electron velocity
across the InAs/GaSb base-collector heterostructure enables more than 90%
of the ballistically injected electrons to traverse the base and arrive at the
collector terminal of the device. The electron velocity matching condition
is illustrated in Fig. 3.4. In the figure electron states used in transmission
of an electron of energy E through (100)-oriented semiconductor layers are
near the points where the dashed line intersects the solid curves. The group
velocity vInAs of ballistic electrons in InAs and vGaSb in GaSb is given by
the gradient of the dispersion curve at energy E for InAs and GaSb re-
spectively. Quantum mechanical reflection is determined in part by electron
velocity mismatch across the abrupt InAs/GaSb heterointerface. For elec-
tron velocities vInAs in InAs and vGaSb in GaSb, quantum mechanical re-
flection is proportional to (vInAs − vGaSb)2/(vInAs + vGaSb)2. There is also a
contribution to quantum mechanical reflection from the overlap integral of
the cell-periodic part of the electron wave function at the InAs/GaSb het-
erointerface. In this simplified example, we only consider the envelope wave
function and so assume that there is no contribution to quantum mechanical
reflection from a mismatch in the character (symmetry) of the electron wave
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Fig. 3.4. Dispersion curves for electron motion through the three materials forming the
AlSb/InAs/GaSb double heterostructure unipolar ballistic electron transistor. The
horizontal dashed line indicates the approximate value of energy for an electron moving
through the device in the (100) direction. The group velocity of ballistic electrons is
given by the gradient of the dispersion curve at energy E. Quantum mechanical
reflection of electrons impinging on the InAs/GaSb interface is minimized when the
group velocity is matched [12].
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Fig. 3.5. (a) Measured room-temperature (T = 300 K) common base current gain
characteristics of the device shown schematically in Fig. 3.3(b). Curves were taken in
steps beginning with an injected emitter current of zero. The emitter area is 7.8 × 10−5

cm2 , IC is collector current, and VCB is collector base voltage bias. (b) Measured
room-temperature common emitter current gain characteristics of the device in (a).
Curves were taken in steps of IB = 0.1 mA, beginning with an injected base current of
zero. VCE is collector emitter voltage bias and current gain β ∼ 10 [12].

function across the interface.
The design shown in Fig. 3.3(b) works as a transistor. Figure 3.5(a)

shows measured room-temperature (T = 300 K) common base current gain
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characteristics [12]. Figure 3.5(b) shows measured room-temperature com-
mon emitter current gain characteristics of the same device. The measured
current gain for this prototype device is β ∼ 10.

The demonstration of a ballistic electron transistor that operates at room
temperature is an example of a device that requires nanoscale dimensions
to operate. The design shown in Fig. 3.3(b) and the experimental results
shown in Fig. 3.5 are, however, the result of an ad hoc design process. No
systematic design study or search for an optimal design was undertaken and
so it is not known if, for example, significantly better designs exist.

There are, of course, a large number of degrees of freedom available that
could be used for future designs. It would obviously be helpful to adopt an
optimal design strategy to explore the available design space. As a starting
point, and very much in the spirit of a prototype problem, in the next section
we introduce the physics of electron tunneling and the calculation of tunnel
current in a layered semiconductor heterostructure.

3.2 Elastic electron transport and tunnel current

Consider the MBE-grown heterostructure tunnel barrier illustrated in Fig.
3.6(a). The figure shows the local conduction band potential profile, U(x),
of an AlξGa1−ξ heterostructure tunnel barrier in GaAs configured as an
n − i − n diode. The average value of U(x) for each atomic monolayer in the
(100) crystal growth direction is controlled by the layer’s Al concentration, ξ.

In Fig. 3.6(b) an electron of energy E and wave vector k is shown incident
from the left. The undoped AlξGa1−ξAs barrier is 8 nm thick and has a 0.25
eV conduction band offset energy relative to GaAs corresponding to ξ = 0.3.
The n-type carrier concentration in the GaAs electrodes is n = 1018 cm−3 .
In the figure a bias voltage of Vbias = 0.125 V is applied between the left
and right electrodes of the device and a solution to the Poisson equation in
the depletion approximation [13] is used to calculate the resulting potential
profile.

We would like to calculate the current that flows through the device as
a function of Vbias. To do this we need to make some approximations that
simplify the problem. This will get us some early results and, at the same
time, help us make choices on how to improve the model later.

Because we will be considering relatively low-energy electrons near a band
minimum, we use an effective electron mass, m. A detailed model might use a
more realistic band structure such as the tight-binding model that is popular
with some engineers. However, this adds considerable complexity for very
little new insight into the problem at hand and so, for now, we choose to
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ignore it and use effective electron mass and plane-wave envelope states [14].
If current densities are low, we can assume that self-consistency between

solutions of the Schrödinger equation and the Poisson equation gives rise
to a small correction and so can be ignored. Inelastic processes are also ig-
nored, further justifying the use of the depletion approximation to calculate
the conduction band potential profile. Electrons are assumed independent
and noninteracting and so the current may be calculated as a sum over
independent channels.

Given the electron wave function, the current due to each of these inde-
pendent channels can be calculated through the use of the current operator

J = −i
e�

2m
(Ψ∗(x, t)∇Ψ(x, t) − Ψ(x, t)∇Ψ∗(x, t)) . (3.1)

Since we are only concerned with potentials that vary in the x direction, the
Hamiltonian can be separated into components perpendicular and parallel to
the interface between the electrode and device region. This yields a separable
wave function

Ψ(x, y, z, t) = ψ‖(y, z)ψ⊥(x)e−iω t , (3.2)

with energy

E = E‖ + E⊥ =
�

2k2
‖

2m
+
(

�
2k⊥(x)2

2m
+ V (x)

)
= �ω, (3.3)
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Fig. 3.6. (a) Conduction band potential profile U (x) of an Alξ Ga1−ξ As/GaAs
heterostructure n − i − n tunnel barrier diode. (b) Conduction band potential profile of
the heterostructure tunnel barrier diode in (a) showing an electron of energy E and
wave vector k incident from the left. The undoped Alξ Ga1−ξ As barrier is 8 nm thickness
and has a 0.25 eV conduction band offset energy relative to GaAs corresponding to
ξ = 0.3. The n-type carrier concentration in the GaAs is n = 1018 cm−3 and the diagram
shows a bias voltage of Vbias = 0.125 V applied between the left and right electrodes.
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where

k⊥(x) =

√
2m(E⊥ − V (x))

�
. (3.4)

We assume that the current density in the x direction is dependent only
on k⊥ so that Eq. (3.2) through Eq. (3.4) allow us to use the propagation
matrix method to calculate the transmission probability [15, 16].

The single electron current density is evaluated at the right-hand side of
the system, where it is assumed that no waves are traveling to the left. If
the wave function amplitude in this region is c,

ψ⊥(x, t) = cei(k⊥x−ωt), (3.5)

and the current density in the x direction is

J = −i
e�

2m
(ψ∗

⊥(x, t)∇ψ⊥(x, t) − ψ⊥(x, t)∇ψ∗
⊥(x, t)) = e

�k⊥

m
|c|2 . (3.6)

This is the product of the electron charge, the velocity of the electron, and
the transmission probability, |c|2.

To extend the result to a three-dimensional current density, we need to
multiply by the number of electrons in state |k⊥〉 and then integrate over all
|k〉 that can contribute to the current. The number of electrons with energy
Ek is given by the product of the Fermi occupation factor

f(Ek) =
1

1 + e((Ek −µ)/(kB T ))
, (3.7)

and the three-dimensional density of states, which in k-space is

D3(k)d3k =
d3k

(2π)3
. (3.8)

The system is assumed to be in thermal equilibrium and characterized by
temperature T and chemical potential µ.

Since the Hamiltonian has been separated into parallel and perpendicular
components, the total current density becomes

J = e

∫
dk⊥

2π

∫
d2k‖

(2π)2

�k⊥

m
|c|2f(Ek). (3.9)

Evaluation of the integrals is greatly simplified by converting to energy.
However, the vector nature of the current is lost in the process. Therefore we
will denote current direction by an arrow superscript. The two-dimensional
density of states is a constant in energy, allowing the k‖ integral to be eval-
uated analytically as
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Fig. 3.7. (a) Calculated room-temperature (T = 300 K) current–voltage characteristic
for the n−i−n tunnel barrier diode illustrated in Fig. 3.6. The 8 nm thickness
Alξ Ga1−ξ As undoped barrier has a 0.25 eV conduction band offset energy relative to
GaAs corresponding to ξ = 0.3. The n-type carrier concentration in the GaAs is
n = 1018 cm−3 and a bias voltage of Vbias is applied between the left and right
electrodes. The effective electron mass is m = 0.07 × m0 . (b) Same as (a) but with
current density plotted using a natural logarithm scale.

N(k⊥) = 2
∫ ∞

0

2πk2
‖dk‖

(2π)2
f(Ek) =

m

π�2

∫ ∞

0

dE‖

1 + e((Ek −µ)/(kB T ))

=
mkBT

π�2
ln
(
1 + e((µ−E⊥)/(kB T ))

)
, (3.10)

where we have multiplied by 2 to account for electron spin. N(k⊥) is called
the supply function.

Converting the one-dimensional density of states to energy cancels the
velocity term in Eq. (3.9) so that the final expression for the current density
in one direction is

J→ =
emkBT

2π2�3

∫ ∞

0
|c|2 ln

(
1 + e((E⊥−µ)/(kB T ))

)
dE⊥, (3.11)

where E = 0 eV is chosen as the conduction band minimum.
To drive current through a device a voltage Vbias is applied across the

terminals, lowering the chemical potential of one of the electrodes by eVbias .
Under these circumstances, the supply functions of the electrodes are no
longer equal to each other. A greater number of electrons enter the system
from the higher potential and the net current that flows is the difference
between the left-to-right current and the right-to-left current. Due to time-
reversal symmetry for elastic scattering, the transmission probability is the
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same in both directions so that the total current density is

J =
emkBT

2π2�3

∫ ∞

0
|c|2 ln

(
1 + e((µ−E⊥)/(kB T ))

1 + e((µ−E⊥−Vb ia s )/(kB T ))

)
dE⊥. (3.12)

The current through the n − i − n tunnel-barrier diode potential of Fig.
3.6 as a function of bias voltage is shown in Fig. 3.7. As expected for a
tunnel-barrier diode, current increases exponentially with bias voltage, Vbias .

3.3 Local optimal device design using elastic electron transport and
tunnel current

In the next few sections we wish to develop methods that enable us to
design diodes with desired current–voltage characteristics. Specifically, we
are interested in non-exponential behavior. To do this we need to control
the design parameters which include the local potential profile, U(x).

3.3.1 Parameterization of the design space

Consider the problem of finding the optimal local potential profile U(x) for
an intrinsic region of semiconductor that results in a desired current voltage
characteristic in an n−i−n diode. A generic potential profile is illustrated
in Fig. 3.8.

The most important design parameters for this optimization problem are
the values of the local potential U(x). Each atomic monolayer contains a
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Fig. 3.8. Local conduction band potential profile U (x) in region of thickness L. In this
particular case L = 40 nm and U (x) consists of 8 layers of equal thickness.
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fixed barrier strength, U(x) =
N∑

l=1

χl(x)Ul , where Ul is the barrier potential

energy of the lth barrier-layer and χl(x) is the indicator function of the
lth barrier-layer. The width of each barrier-layer is an integer multiple of
one atomic monolayer. The spacing between adjacent atomic monolayers is
material dependent. For (001)-oriented AlξGa1−ξAs the atomic monolayer
thickness is 0.2827 nm. Average local barrier potential energy is determined
by the fraction ξ of Al in any particular layer. At room temperature, the
value of U for ξ < 0.42 is approximately U(ξ) = 0.8355 × ξ eV. The limi-
tation that ξ < 0.42 means that the barrier energy Ul is subject to simple
box constraints 0.00 eV ≤ Ul ≤ 0.35 eV and the dimensions are independent
from one another. The number of barrier-layers can be considered an addi-
tional aspect of the design problem. Other design parameters include the
width L of the region in which U(x) varies and the carrier concentration n

in the electrodes.

3.3.2 Mathematical formulation of the design problem

The design problem consists of finding the local potential profile U(x) such
that the desired current–voltage characteristic is obtained. The objective
current–voltage characteristic is given by Job j and can be any accessible
function of voltage bias, Vbias. As a specific example, we will consider linear,
quadratic, and square root Job j(Vbias). The cost function is formulated in
the standard way as a measure of the distance between the desired and the
modeled current–voltage behavior

J(U) =
ν∑

j=1

∣∣Job j(V
j

bias) − Jsim(V j
bias, U)

∣∣2 , (3.13)

subject to the constraints that

Jsim(V j
bias , U) =

R∑
r=1

emkBT

2π2�3
ln
(

1 + exp((µ − Er)/kBT )
1 + exp((µ − Er − Vbias)/kBT )

)
T r

sim∆Er, (3.14)

T r
sim(V j

bias, U) =
∣∣∣∣ 1
Ar

0

∣∣∣∣2 , (3.15)

and

αj,r
l = P j,r

l (Ul)α
j,r
l+1 , l = 0, . . . , NM + 1, (3.16)

62



3.3 Local optimal device design using elastic electron transport and tunnel current

where P is the propagation matrix (see Chapter 7) for electron wave function
of the form ψ(x) = Aeikx + Be−ikx with terminal condition given by(

AM,r
N M +1

BM,r
N M +1

)
=

(
1
0

)
. (3.17)

This corresponds to a wave function with unity amplitude traveling to +∞
and zero amplitude arriving from +∞, i.e., the electron is not reflected after
passing through the device. The vector α in Eq. (3.16) is defined by

αj,r
l =

(
AM,r

l

BM,r
l

)
=

(
AM,r

l (V j
bias, Ul)

BM,r
l (V j

bias , Ul)

)
. (3.18)

Even though it may be more intuitive to state the problem as a bound-
ary value problem with a defined incident wave amplitude, the formulation
as a terminal value problem significantly speeds up the forward solver. Al-
though the bias voltage and therefore the transmission profile is a continuous
function, the objective function is discretized into ν steps. The design pa-
rameters are the barrier terms combined into the vector U . The optimal
design problem is formulated as a minimization problem

min
U

J, (3.19)

subject to the constraints Eq. (3.14), Eq. (3.15), Eq. (3.16), and Eq. (3.17).
We note that the computation of Ar

0 using Eq. (3.16) is achieved by repeated
multiplication so that the computation of Ar

0 consists of forming the prop-
agation matrices P j,r

l (Ul, V
j

bias), l = 0, . . . , NM + 1 followed by the matrix
multiplication

(
AM,r

l

BM,r
l

)
=

0∏
l=N M +1

P j,r
l ·

(
AM,r

N M +1

BM,r
N M +1

)

= P j,r
0 · P j,r

1 · . . . · P j,r
N M +1 ·

(
1
0

)
, (3.20)

where j is the index of the applied voltage bias V j
bias and r is the index for the

electron energy Er . An adjoint based method can be applied to efficiently
compute the derivative of the objective function with respect to the design
parameters as is shown in the following section.

3.3.3 Derivative of objective function with respect to design parameters

It is possible to compute the derivative of the objective function given in
Eq. (3.13) with respect to the design parameters ∂J

∂Ul
without resorting to
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computationally costly finite difference approximations. We make use of the
adjoint method. The objective function can be reformulated as follows

J(U) =
ν∑

j=1

∣∣Job j(V
j

bias) − Jsim(V j
bias, U)

∣∣2 =
ν∑

j=1

∣∣∣∣∣Jj
ob j −

R∑
r=1

(
constj,rT r

sim

)∣∣∣∣∣
2

=
ν∑

j=1

∣∣∣∣∣Jj,r
ob j −

R∑
r=1

(
constj,r

∣∣∣∣ 1
Ar

0

∣∣∣∣2
)∣∣∣∣∣

2

=
ν∑

j=1

∣∣∣∣∣Jj
ob j −

R∑
r=1

(
constj,r 1

(ᾱj,r
0 )T Qαj,r

0

)∣∣∣∣∣
2

, (3.21)

where (ᾱj,r
0 )T is the complex conjugate transpose of αj,r

0 and

Q =
(

1 0
0 0

)
.

We compute the derivative

∂J

∂Ul

=
ν∑

j=1

2

(
Jj

ob j −
R∑

s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

)
. . .

R∑
r=1

(
constj,r

2Re
[
(ᾱj,r

0 )T Q∂Ul
αj,r

0

]
((ᾱj,r

0 )T Qαj,r
0 )2

)

=
ν∑

j=1

Re

[
4

(
Jj

ob j −
R∑

s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

)
. . .

R∑
r=1

(
constj,r (ᾱj,r

0 )T Q

((ᾱj,r
0 )T Qαj,r

0 )2

∂αj,r
0

∂Ul

)]

= Re

[
ν∑

j=1

N M∑
i=0

δi,04

(
Jj

ob j −
R∑

s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

)
. . .

R∑
r=1

(
constj,r (ᾱj,r

0 )T Q

((ᾱj,r
0 )T Qαj,r

0 )2

∂αj,r
i

∂Ul

)]

= Re

[
ν∑

j=1

R∑
r=1

N M∑
i=0

δi,04

(
Jj

ob j −
(

R∑
s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

))
. . .

constj,r (ᾱj,r
0 )T Q

((ᾱj,r
0 )T Qαj,r

0 )2

∂αj,r
i

∂Ul

]
, (3.22)

where an artificial summation over i has been introduced and in particular
the subscript in the partial derivative has been changed from αj,r

0 to αj,r
i .
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We formulate an initial value problem by

βj,r
i+1 = (P j,r

i−1)
T βj,r

i + δi04

(
Jj

ob j −
R∑

s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

)
. . .

constj,r Qᾱj,r
0

((ᾱj,r
0 )T Qαj,r

0 )2
, (3.23)

for i = 0, . . . , NM with initial condition βj,r
0 = (0 0 )T and r = 1, . . . , R. We

recognize the second term on the right-hand side of Eq. (3.23) as a major
part of the summand in Eq. (3.22). We continue computing the derivative
by substituting Eq. (3.23) in Eq. (3.22) to find

∂J

∂Ul

= Re

[
ν∑

j=1

R∑
r=1

N M∑
i=0

{
δi,04

(
Jj

ob j −
(

R∑
s=1

constj,s 1
(ᾱj,s

0 )T Qαj,s
0

))
. . .

constj,r (ᾱj,r
0 )T Q

((ᾱj,r
0 )T Qαj,r

0 )2

}
∂αj,r

i

∂Ul

]
= Re

[
ν∑

j=1

R∑
r=1

N M∑
i=0

{
βj,r

i+1 − (P j,r
i−1)

T βj,r
i

}T ∂αj,r
i

∂Ul

]

= Re

[
ν∑

j=1

R∑
r=1

(
N M∑
i=0

(βj,r
i+1)

T ∂αj,r
0

∂Ul

−
N M∑
i=0

(βj,r
i )T P j,r

i−1
∂αj,r

i

∂Ul

)]
. (3.24)

We now take the derivative of Eq. (3.16) to yield

∂αj,r
i

∂Ul

=
∂P j,r

i

∂Ul

αj,r
i+1 + P j,r

i

∂αj,r
i+1

∂Ul

, (3.25)

which we in turn substitute into Eq. (3.24)

∂J

∂Ul

= Re

[
ν∑

j=1

R∑
r=1

(
N M∑
i=0

(βj,r
i+1)

T ∂αj,r
0

∂Ul

−
N M∑
i=0

(βj,r
i )T P j,r

i−1
∂αj,r

i

∂Ul

)]

= Re

[
ν∑

j=1

R∑
r=1

. . .(
N M∑
i=0

(βj,r
i+1)

T

(
∂P j,r

i

∂Ul

αj,r
i+1 + P j,r

i

∂αj,r
i+1

∂Ul

)
−

N M∑
i=0

(βj,r
i )T P j,r

i−1
∂αj,r

i

∂Ul

)]

= Re

[
ν∑

j=1

R∑
r=1

N M∑
i=0

(βj,r
i+1)

T ∂P j,r
i

∂Ul

αj,r
i+1

]
, (3.26)
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where the second sum over index i forms a telescoping series with the second
term in the first sum over i. We also used the fact that ∂αj , r

N M + 1

∂Ul
= 0 for all j

as it is given as the terminal condition in Eq. (3.17).
In summary, the gradient of J can be obtained by solving the origi-

nal terminal value problem Eq. (3.20) to compute the αj,r
i s, the initial

value problem Eq. (3.23) to obtain βj,r
i s, and the partial derivatives of the

transmission matrices ∂P j , r
i

∂Ul
for j = 1, . . . , ν and each of the barrier-layers

Ul, l = 1, . . . , N as well as r = 1, . . . , R. These derivatives are usually ex-
tremely fast to compute because they are simple functions and most of the
partial derivatives will be zero. The additional computational cost of obtain-
ing the gradient then consists of solving the initial value problem which takes
the same amount of time as solving the terminal value problem from the de-
vice simulation. The gradient ∇J is then given by Eq. (3.26) without the
rounding errors that would occur in a finite difference approximation of the
gradient.

To demonstrate control using the layered semiconductor device illustrated
in Fig. 3.8 we first attempt to create a current that varies linearly with
the applied Vbias. To achieve this, Job j is changed to Job j(Vbias) = slVbias

where the value sl is, to a certain degree, arbitrary. It is possible and even
likely that the achievable device performance varies for different choices of
sl . Unless sl is fixed by other system constraints the optimization should
include the search for an optimal slope parameter sl , which we consider
an auxiliary optimization parameter. Incorporating sl directly into the sin-
gle objective function search is not trivial because the values of Job j tend
to be smaller for smaller sl . The minimization would inevitably result in
the minimum allowable sl and the corresponding optimal design parame-
ters instead of the slope at which the device performance is optimal. We
therefore fix sl to a value that seems reasonable based on a few simula-
tions. For a fixed auxiliary parameter we proceed with the design optimiza-
tion by choosing random initial conditions for U(x) followed by a sequen-
tial local optimization procedure. If there are multiple active parameter
constraints after the optimization we observe that given the chosen aux-
iliary parameter, sl is not natural to the device. This suggests that opti-
mal auxiliary parameters yield a design that has the least number of active
constraints.

3.3.4 Local optimization

For local optimization and in the absence of any additional knowledge, the
initial parameter setting may be randomly chosen from the feasible set. For
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the local optimization algorithm we use a variant of the BFGS method which
is a quasi-Newton method. The three test problems we consider are a linear,
a quadratic, and a square root current current–voltage characteristic.
1. J(Vbias) = sl

Vb ia s
V m a x

b ia s

2. J(Vbias) = sq

(
Vb ia s
V m a x

b ia s

)2

3. J(Vbias) = ssqrt

√
Vb ia s
V m a x

b ia s

Note that sl, sq , and ssqrt are coefficients of the linear, quadratic, and square-
root characteristics, respectively. These coefficients are of engineering inter-
est themselves, as their value influences the accessibility of the objective
current–voltage characteristics under given constraints. The constraints for
this problem are of the simple box type, where each potential barrier energy
can be varied continuously from 0.00 eV to 0.35 eV. For this example we
consider 11 potential barriers, each 4 monolayers thick. The initial potential
profile U(x) for each local optimization was randomly chosen. The resulting
locally optimal potential barrier profiles with corresponding current profile
for the linear case are shown in Fig. 3.9.
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Fig. 3.9. (a) Potential profile with optimized barrier terms for linear current–voltage
characteristic at several values of Vbias . The optimized potential profile was obtained
after a significant number of function and gradient evaluations (>500). (b) The linear
current density as a function of Vbias . The linear current–voltage characteristic (broken
line) does not deviate noticeably from the desired behavior (solid line). In the
calculation maximum applied bias is 0.4 V, temperature is T = 300 K, carrier density is
n = 1018 cm−3 , effective electron mass is m∗ = 0.07 × m0 , relative permittivity is
ε = 13.1, monolayer thickness is 0.2826 × 10−9 m, each barrier is 4 monolayers thick,
there are 11 barriers for a total thickness of 44 monolayers (12.4 nm), minimum barrier
energy is 0.0 eV, and maximum possible barrier energy is 0.3 eV.

We see that there are only a few active constraints which could be
eliminated for changed sl . The next design objective included finding a
quadratic current–voltage characteristic. The resulting behavior is shown in
Fig. 3.10(b) for optimized barrier potentials shown in Fig. 3.10(a). Again the
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Fig. 3.10. (a) Potential profile with optimized barrier terms for quadratic
current–voltage characteristics at several values of Vbias . The optimized potential profile
was obtained after a significant number of function and gradient evaluations (>500). (b)
The quadratic current density as a function of Vbias . The quadratic current–voltage
characteristic (broken line) does not deviate noticeably from the desired behavior (solid
line). The local optimization took about 400 objective function and gradient evaluations.
In the calculation maximum applied bias is 0.4 V, temperature is T = 300 K, carrier
density is n = 1018 cm−3 , effective electron mass is m∗ = 0.07 × m0 , relative
permittivity is ε = 13.1, monolayer thickness is 0.2826 × 10−9 m, each barrier is 4
monolayers thick, there are 11 barriers for a total thickness of 44 monolayers (12.4 nm),
minimum barrier energy is 0.0 eV, and maximum possible barrier energy is 0.3 eV.

local optimization works fairly well in obtaining the desired current–voltage
behavior.

A significant increase in difficulty is posed by the square root current–
voltage characteristic shown in Fig. 3.11(b). The corresponding optimized
barrier potentials are shown in Fig. 3.11(a). The local optimization took 514
function and gradient evaluations until convergence starting at a random
parameter setting. We can see that a few constraints are active, i.e. the
first two barrier-layers on the left are at their allowed maximum value and
three of the barrier-layers in the middle are at their allowed minimum value.
Nevertheless the square-root potential is achieved by local optimization only.

Such nonintuitive locally optimal designs are often, at least initially, be-
yond the engineers’ intuition and solely based on optimization by simulation.
The locally optimal designs at this point come without a guarantee of global
optimality. Hence, there might very well be comparable or even superior de-
signs within the design specifications.

3.3.5 Convergence

We may check the numerical convergence of the forward solver by compar-
ison of the computed current profile for multiple resolutions in space and
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Fig. 3.11. (a) Potential profile with optimized barrier terms for square-root
current–voltage characteristics shown at several values of Vbias . The optimized potential
profile was obtained after a significant number of function and gradient evaluations
(>500). (b) Current density as a function of Vbias . The square-root current–voltage
characteristic (broken line) deviates noticeably from the desired behavior (solid line).
The square-root behavior is only approximately achieved in comparison to the linear or
squared behavior. In the calculation maximum applied bias is 0.4 V, temperature is
T = 300 K, carrier density is n = 1018 cm−3 , effective electron mass is m∗ = 0.07 × m0 ,
relative permittivity is ε = 13.1, monolayer thickness is 0.2826 × 10−9 m, each barrier is
4 monolayers thick, there are 11 barriers for a total thickness of 44 monolayers
(12.4 nm), minimum barrier energy is 0.0 eV, and maximum possible barrier energy is
0.5 eV.

energy. Figure 3.12 plots the relative error between the simulated quadratic
current profile computed for the highest resolution and the simulated cur-
rent at lower resolutions. The highest spatial resolution used was nx = 32
grid points per monolayer (0.2826 nm) and the highest energy resolution
was n∆E = 32 grid points per energy interval ∆E ≈ kBT/4. The legend
in the plot lists the increasing number of grid points in the two dimen-
sions from nx = n∆E = 1 to nx = n∆E = 16. The plot shows the relative
error between the current profile computed at the indicated resolution and
the maximum resolution (C(nx = n∆E = 32) − C(nx, n∆E )) /C(nx = n∆E =
32). With nx = n∆E = 4 the error is essentially negligible on a linear scale
and the convergence of the numerical forward solver is apparent.

3.3.6 Natural objective functions and efficient parallel search

Alternatives to the least squares performance measure can be considered.
For the linear current–voltage characteristic a measure of linearity can be
used. In the electron-tunneling problem we may be more interested in current
for Vbias near 0 V rather than the maximum V max

bias . In this case simple bias
voltage dependent weights can be added to the cost function.
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Fig. 3.12. Convergence of the simulated current profile with increasing number of grid
points in both the spatial dimension (dxn) as well as number of grid points in energy
dimension (dEn). The relative error between 16 grid points per spatial monolayer (dxn
= 16) and 16 grid points per energy unit (dEn = 16) compared to the highest resolution
computation (dxn = 32, dEn = 32) is not noticeable on a linear scale.

We may be interested in a linear current–voltage characteristic without
fixing auxiliary parameters such as the slope and other coefficients before-
hand. This would reduce the amount of engineering intuition in the design
process and allow a computer to take on more of the design process. A
computer could automatically determine the particular slope of the linear
current–voltage characteristic that most naturally fits the given device. Find-
ing such a natural auxiliary parameter is also necessary to determine the
capabilities of a given design. It is easy to evaluate the objective function
for many different auxiliary parameters once the forward problem has been
solved. Therefore the parallel search does not add significantly to the com-
putational effort. For a linear current–voltage characteristic the objective
function can be evaluated for multiple slopes simultaneously without sacri-
ficing additional compute time. To implement a parallel search and find a
natural auxiliary parameter value several cost functions with different aux-
iliary parameter values need to be compared. We have found that the least
number of active constraints is a characteristic of a natural design. An active
constraint represents a maximum or minimum possible parameter value and
indicates that device performance could be improved by relieving this active
limitation. If there are no active constraints no such simple improvement can
be made, suggesting a natural state or natural design for the given auxiliary
parameters.
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3.4 Inelastic electron transport

3.4 Inelastic electron transport

Beyond elastic scattering of electrons from a static potential profile, we are
interested in inelastic electron transport in which electrons can gain or lose
energy by collisions with other electrons or lattice vibrations. With this
in mind, we now turn our attention to the calculation of current in the
presence of inelastic scattering. Consider the inelastic system shown in Fig.
3.13, where the potential barrier is an inelastic “black box”. We will only
consider one-dimensional inelastic systems, so that an electron in initial state
|k〉 with energy Ek enters from the left and inelastically scatters into a final
state |k′〉 with energy E′

k ′ . When the inelastic collision occurs, the electron
may either emit a phonon or absorb a phonon of energy �ω0 and momentum
�q, provided the system is not at absolute zero. If temperature T = 0 K then
there will not be any real phonons present for the electron to absorb, and
phonons may only be emitted.

To conserve energy and momentum, the electron’s final energy is E′ =
E − n�ω0 , where n is the number of phonons that have been excited, and
its final momentum is �k′ = �k −

∑
j �qj , where the sum is over all phonons

the electron has interacted with. We choose the conventions for n and q such
that positive n denotes a net phonon emission and −�qj is the momentum
that the jth phonon carries away.

To determine the current through this system we must first decide how we
will approach the inelastic scattering problem. If the inelastic scattering is
coherent, we could assume that the electrons exist in independent plane wave
states and that these states can be solved using an appropriate Schrödinger

n = −2
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Fig. 3.13. Reflection and transmission due to an inelastic system. An electron initially
in state |k〉 with energy E inelastically scatters into final state |k′〉 with energy
E ′ = E − n�ω0 . Positive n denotes net phonon emission. If T = 0 K, the electron may
only lose energy.
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equation. Once we have the wave functions, the transmission probability for
each channel can be calculated and used to find the current.

In this picture we have assumed that the electron states at all times and
positions have a definite phase with respect to the incident electron. In other
words, it is assumed that there are no scattering mechanisms unaccounted
for that could decohere the electrons and inhibit our ability to predict the
behavior of the system. This is the coherent scattering regime which will be
explored in Section 3.4.2.

Conversely, we could consider a situation in which there is so much scatter-
ing that the electron’s motion through the potential is not dependent upon
its phase. This is called the incoherent, or sequential, tunneling regime, in
which the electrons are treated as localized particles. We explore this regime
in the next section.

3.4.1 Incoherent transport and rate equations

Incoherent sequential resonant tunneling and the application of classical rate
equations to the transport properties of weakly coupled quantum systems
were considered by Luryi in 1985 [17] and have since been studied by many
[18–20]. A typical system, shown schematically in Fig. 3.14(a), contains a
quantum dot (QD) or a single electronic level of a molecule weakly coupled
to two electrodes. A ball-and-stick model of copper phthalocyanine (CuPc,
chemical formula C32H16CuN8), a molecule that has been used in experi-
ments [21], is shown in the inset. One can envisage a metal electrode, for
example a scanning tunneling microscope (STM) tip, placed in proximity to
a molecule that is on the surface of a metal. The molecule is held against
this surface by van der Waals forces, so that when a potential is applied
across the tip and metal, current flows through the molecule. When set up
in such a fashion, the molecule acts as a QD.

Electron tunneling rates ΓL and ΓR describe the process in which elec-
trons are able to hop on or off the QD from the left and right electrodes,
respectively. It is assumed that the electron tunneling to the QD through
the vacuum occurs at a much slower rate than any other rate in the system,
making the QD weakly coupled and justifying the scattering rate approach.
This also justifies two important assumptions. First, the electrodes remain
in thermal equilibrium at all times, allowing the use of Fermi distribution
functions. Second, the electron’s lifetime on the QD is long enough that it is
able to excite the number of phonons required to reach the electronic level
of the QD. The long average time between tunneling events allows the QD
to dissipate these phonons before the next electron arrives.

Electron transport across the QD is limited by both the coulomb blockade
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3.4 Inelastic electron transport

effect associated with the electronic level and a low tunneling rate. This
allows one to think of the electrons with energy E0 ± n�ω0 in the electrodes
as particles with a high scattering rate in the electrodes waiting for their turn
to hop on to the QD and the battery as a voltage source. With increasing
applied voltage bias, additional phonon assisted pathways begin to open by
which electrons can flow as current. Figure 3.14(b) shows two such pathways.
An electron with energy E0 may hop directly on to the electronic level of
the QD while an electron with energy E0 + �ω0 may hop on to the QD
and subsequently emit a phonon in order to reach the same electronic level.
Due to the low rate at which electrons are able to tunnel on to the QD,
it is assumed that the opening of additional channels does not change the
tunneling rates of already open channels. This lack of feedback between
inelastic channels means that the total tunneling rate on to the QD is the
sum of the tunneling rates of all open channels, and we expect that each
time a new inelastic channel opens the current will increase in a step-like
fashion.

The transport equations can be simplified provided that the QD vibrations
are decoupled from the surrounding environment. This assumption will not
alter the qualitative nature of the calculation, as the primary effects of the
environmental coupling are usually small changes to the current amplitude
and phonon frequencies. Additionally it does not prevent the phonons from
dissipating between scattering events. The total current through the weakly

MetalMolecule

Metal

(a)
(b) Γ L Γ R

Lµ

0 0E ω+

0E

∆VL ∆VR

Rµ

Fig. 3.14. (a) A quantum dot (QD) device consisting of a molecule sandwiched between
a metal tip electrode and a planar metal electrode. Shown in the inset is a ball-and-stick
model of a CuPc (C32H16CuN8) molecule that has been used in single molecule
experiments [21]. (b) Energy diagram of device shown in (a). The electron may either
hop directly on to the molecular electronic state with eigenenergy E0 or may first hop
on to the dot with energy E0 + �ω0 and then emit a phonon to reach the electronic
level. Coupling rates Γα and chemical potentials µα are shown where α is L for the left
electrode and R for the right electrode. There is no change in potential across the QD
so that eVbias = ∆VL + ∆VR .
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coupled system is given by

I =
2eΓLΓR ñR ñL

(
exp

(
E0 −µL

kB T

)
− exp

(
E0 −µR

kB T

))
ΓL ñL

(
2 + exp

(
E0 −µL

kB T

))
+ ΓR ñR

(
2 + exp

(
E0 −µR

kB T

)) , (3.27)

where the 2 in the numerator accounts for spin and

ñL,R =
∞∑

n=−∞
Pn(g)f(E0 + n�ω0 − µL,R), (3.28)

is a weighted sum of Fermi distribution functions, f(E), that when multi-
plied by the tunneling rates ΓL,R gives the tunneling rate due to all open
inelastic channels. The function

Pn(g) = enb−g coth(b)In

(
g

sinh(b)

)
, (3.29)

is a Franck–Condon factor where b = �ω0
2kB T

, In is the modified Bessel func-
tion of the first kind, and g is the coupling strength. This function is related
to the overlap between initial and final wave functions and gives the proba-
bility that an electron is able to excite n phonons and scatter into the QD
electronic state.

The step-like behavior predicted for the current can be clearly seen in
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Fig. 3.15. (a) Current through a quantum dot system calculated using the rate equation
method with E0 = 0 (solid), E0 = 2 × �ω0 (dashed), and ΓL = ΓR . Increasing the QD
electronic level prevents current from flowing until the chemical potential is greater than
E0 . (b) Current through same system as (a) but with asymmetric scattering rates
ΓL = 0.05 × ΓR . The total current is attenuated by the slower scattering rate and is no
longer symmetric about Vbias = 0. The remaining model parameters are g = 1 and
kB T = 0.02 × �ω0 .

74



3.4 Inelastic electron transport

Energy diagram Channel diagram

RL

RL

RL
tot 2

2

R tot L,If 2

L

R

L R
on L2 off R

:

:

L R
tot

L R

2

2

R tot L,If

R

L

L R on R2of Lf

:

RL :

>> ~-

>> ~-

L

L

Fig. 3.16. Simplified picture of transport through a QD. The electrode with the higher
chemical potential supplies electrons to the QD via two channels due to electron spin.
Only one electron may occupy the QD at a time, so that there is only one channel
available to leave the QD to the electrode with the lower chemical potential. More
current will flow when the slower tunneling rate has more channels available, leading to
current asymmetry with respect to bias polarity.

Fig. 3.15. When the electronic energy level of the QD is increased above
zero, current may not flow until the chemical potential of one of the leads
surpasses E0 . Once it does, electrons from filled states are able to begin
hopping on to the QD and current flows. By the time the chemical potential
passes E0 , several inelastic channels may already be able to contribute to
current, resulting in fewer steps when E0 	= 0.

In Fig. 3.15(b) the effects of asymmetry in the scattering rates can be
seen. In this case ΓL = 0.05 × ΓR, causing the magnitude of the current to
be attenuated and dependent upon the sign of the bias. To see why the
current is asymmetric we can use the simplified model of the QD system
that is shown in Fig. 3.16. We ignore for the moment the inelastic scattering,
temperature and other effects, and consider only electrons and rates.

We assume that the flow of electrons is restricted to one direction which
is determined by the polarity of the bias and that only an elastic channel is
available for current flow. The two parallel paths through which an electron
can hop on to the QD are for the two electron spin states. Each of these
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paths has the same tunneling rate Γin, so that the total tunneling rate on to
the quantum dot is Γon = 2Γin. Since there is only one path out of the QD,
the total tunneling rate off is Γoff = Γout. The tunneling rates Γin and Γout

are set equal to either ΓL or ΓR, depending on the polarity of the bias.
The total time required for an electron to transit the QD system and

contribute to current is the sum of the time spent waiting to tunnel on
to the QD, τon , and the time spent waiting to tunnel off of the QD, τoff .
Expressing τtot = τon + τoff in terms of tunneling rates,

Γtot =
1

1
Γo n

+ 1
Γo f f

=
2ΓinΓout

2Γin + Γout
. (3.30)

This equation is remarkably similar to (3.27).
As an example of how asymmetric tunneling rates can affect the current

we consider the case where ΓR >> ΓL, similar to what is shown in Fig.
3.15. If the potential forces µL > µR, Γon = 2ΓL and Γoff = ΓR. This gives
Γtot ≈ 2ΓL, as shown in the top of Fig. 3.16. Conversely, when µR > µL,
Γon = 2ΓR, Γoff = ΓL, and Γtot ≈ ΓL. This case is shown in the bottom half
of Fig. 3.16. Since the current through the QD is limited by the slower of the
two rates, more current flows when the slower rate has access to multiple
channels.

This description, where a quantum system is reduced to a set of scattering
rates, has been developed to model the step changes in current that are seen
in single molecule experiments [22]. By adding varying levels of sophistica-
tion, simulations have been able to reproduce the qualitative, and to some
extent quantitative, behavior of the current–voltage characteristic [21]. This
model however requires that thermal equilibrium be reached in the weakly
coupled resonant state.

As an example of a practical device that requires non-equilibrium condi-
tions, consider the tunnel emitter ballistic electron transistor shown in Fig.
3.17(a) [23]. There is almost no collector current for emitter electron injec-
tion energies less than the conduction band heterojunction potential barrier
energy between the InAs base and GaSb collector. For base-emitter voltage
bias VBE ≥ 0.8 V, ballistically injected electrons that traverse the base are
collected and flow as collector current, IC. Emitter current IE that does not
contribute to collector current appears as base current. At a base-emitter
voltage bias VBE ∼ 1.7 V almost 90% of injected electrons are collected. The
energy of the ballistically injected electrons is E ∼ eVBE. The measured ratio
α = IC/IE as a function of VBE is shown in Fig. 3.17(b). As may be seen, α

varies with electron injection energy due to the electron velocity mismatch
at the base-collector heterointerface.

This device cannot be modeled by using the rate equations of Eq. (3.27)
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through Eq. (3.29) due to the non-equilibrium carrier distribution in the
base. If this distribution were to reach equilibrium, the only current flowing
into the collector would be the reverse bias current between the base and
collector and the device would cease to function as a transistor. We can,
however, still use rates to model the performance of this device. By esti-
mating the rates with which electrons are able to hop into and out of the
base region, a Monte Carlo calculation can be performed to simulate the
non-equilibrium electron transport that determines behavior of this device.

If, instead of a single QD electronic level, electrons can tunnel incoher-
ently from a continuum of occupied left-hand metal electrode states into
unoccupied right-hand electrode states via emission of molecular vibrations
or tunnel barrier phonons then the number of available states determines the
inelastic contribution to total current. In this case there is a step change in
conductance as electron energy increases above the threshold to excite the
vibrational mode. The derivative of conductance, d2I/dV 2

bias, as a function
of applied voltage bias, Vbias , gives a measure of the vibrational spectrum of
molecules [24, 25] and tunnel barrier phonons [26, 27].

Before moving on to the coherent regime, it seems reasonable to ask why
we can treat this system in such a classical way. For a QD experiment
utilizing gold electrodes, the mobility-derived mean free path for an electron
in the metal is lk ∼ 40 nm. The de Broglie wavelength at the Fermi energy
λF = 0.5 nm corresponding to a Fermi wave vector kF = 1.2 × 1010 m−1 .
Clearly we can treat these electrons as quantum mechanical waves inside
the conductor bulk because they satisfy kF lk � 1. However, between the

Fig. 3.17. (a) Energy diagram of a tunnel emitter hot electron transistor. Electrons
must tunnel through the barrier between emitter and base before attempting to transit
the base. (b) Measured α = IC /IE through device shown in (a) as a function of
base-emitter voltage, VBE . Current through the device is controlled by the impedance
mismatch and conduction band offset between the collector and base [23].
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metal conductor surface and the QD is a large potential barrier that restricts
the flow of the electrons. Since the scattering rate within the electrode is
assumed to be much larger than the tunneling rate, the conductor electrons
may be viewed as repeatedly attempting to tunnel through the vacuum. A
majority of the time the electrons are scattered back into the bulk electrode.
Those few electrons that are transmitted rapidly decohere and contribute to
an incoherent tunnel current.

3.4.2 Coherent inelastic electron transport

Suppose we are able to completely describe the motion of an electron through
a quantum system in a coherent manner. This would allow a wave-like de-
scription of the electron in which it is able to interfere with itself and inter-
act with its surroundings quantum mechanically. Preserving the wave nature
when considering inelastic scattering leads to drastically different behavior
than the sequential tunneling regime described in Section 3.4.1. In the fol-
lowing sections we consider the transport properties of an inelastic system
in terms of coherent plane wave electron states.

The time-independent Hamiltonian [28, 29] we consider for an electron in
one-dimension is

H = − �
2

2m

∂2

∂x2
+ �ω0 b̂

†b̂ + V (x) + δ(x)
(
W0 + W1

(
b̂† + b̂

))
, (3.31)

where δ(x) couples the localized phonon and the incident electron at x = 0,
�ω0 is the phonon energy, and b̂† and b̂ are the phonon creation and annihi-
lation operators, respectively. In this expression, W0 is the static magnitude
of the delta and W1 is the electron–phonon coupling constant, both hav-
ing units of energy times length. Note that V (x) is the surrounding static
potential the electron experiences.

We consider the case when the potential V (x) is a step at x = 0, so that
the potential is Vj for negative x and Vj+1 for positive x, as shown in Fig.
3.18. The system is at temperature T = 0 K. This prevents the electron from
absorbing a phonon and having energy greater than its injection energy. The
electron can, however, excite a phonon at the delta barrier and lose energy.
The fact that the electron can exit the system with different energy levels
along with the requirement for unitarity creates very rich and intriguing
transmission spectra as a function of system parameters.

To solve the Schrödinger equation we expand the wave function in terms
of the oscillator basis

〈x|Ψ〉 =
n=∞∑
n=0

ψn(x)|n〉, (3.32)
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with the number of excited phonons given by n. We assume that the electrons
are made up of plane wave states so that the wave functions in regions j

and j + 1 are

ψj
n(x) = aneikj

n x + bne−ik j
n x , (3.33)

ψj+1
n (x) = cneikj + 1

n x + dne−ik j + 1
n x , (3.34)

where

kj
n =

√
2m (E − n�ω0 − Vj )

�
. (3.35)

Integrating the Schrödinger equation about x = 0 and ensuring continuity
of the wave function, the solutions for an and bn are

an = i
mW1

�2kj
n

√
n(cn−1 + dn−1) +

(
1
2

(
1 +

kj+1
n

kj
n

)
+ i

mW0

�2kj
n

)
cn

+
(
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and
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Fig. 3.18. Electron wave of amplitude a0 incident on static potential step (thick solid
line) in the presence of an Einstein phonon located at x = 0 (dashed line). The
subscript indicates how many phonons have been excited by the electron. W0 is the
static delta-potential amplitude, W1 is the dynamic delta-potential amplitude. The
system is at temperature T = 0 K, so that there are no excited phonons present before
the electron enters the system.
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Note that W1 couples the inelastic channels and each channel is directly
dependent on those channels that have one more or one less phonon. Thus,
this system can only excite one phonon of energy �ω0 at a time, forbidding
the excitation of phonons with energy that is a multiple of �ω0 .

The expressions for an and bn can be combined into a matrix equation of
the form



a0

b0

a1

b1
...

aN

bN


= Pinelastic



c0

d0

c1

d1
...

cN

dN ,


, (3.38)

which can be solved using the propagation matrix method. The boundary
conditions for the system are dn = 0, since we assume that no waves enter
from the right, and an = δ0,n since the temperature is T = 0 K. Once the cn

are obtained, the total transmission for the system may be calculated by

T (E) =
(E−eV r i g h t )/(�ω0 )∑

n=0

kright
n

kleft
0

|cn |2 , (3.39)

where the left and right indicate that the variable should be evaluated at the
left or right edge of the system. The term above the summation ensures that
only those modes that are able to propagate out of the right-hand side of
the system can contribute to the total transmission, and the k normalization
guarantees unitarity.

3.4.3 Coherent current continuity

To ensure current is conserved, we must determine the current density at
the left and right sides of the system and verify that they are equal. To
calculate the current density we use Eq. (3.1)

J = −i
e�

2m
(Ψ∗(x, t)∇Ψ(x, t) − Ψ(x, t)∇Ψ∗(x, t)) . (3.40)

This time, however, the total wave function is more complicated since we
must, at least in principle, include an infinite number of inelastic channels.
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A generic inelastic wave function is

Ψ(x, t) =
N∑

n=0

(
anei(kn x−ωn t) + bne−i(kn x+ωn t)

)
(3.41)

+
∞∑

n=N +1

(
ane−κn xe−iωn t + bneκn xe−iωn t

)
, (3.42)

where N is the number of phonons excited by the lowest energy propagating
state, kn = iκn is given by Eq. (3.35), and

ωn =
E − n�ω0

�
. (3.43)

Although the wave numbers and coefficients are dependent on x through
V (x), we will restrict ourselves to evaluating the current density far enough
away from the device region that the potential is constant.

Substituting Eq. (3.42) into Eq. (3.40) will yield many cross terms with a
time dependence of ei(ωn −ωm )t . These terms will average to zero over time,
and therefore do not contribute to the total current density. The remaining
terms are

J =
e�

m

N∑
n=0

kn

(
|an |2 − |bn |2

)
. (3.44)

Since all of the cross-channel terms average out to zero the inelastic channels
are completely independent of each other. The only location where they are
not independent is at the inelastic delta barrier.

In addition to the current due to propagating states, Eq. (3.44) could
have another term containing the current due to decaying states. However,
we have assumed that the current is measured far away from the device
region containing the localized phonon and the potential is constant. Thus,
these terms will never contribute to the current and are omitted.

The current densities at the left- and right-hand sides of the system are

Jleft = e
�kleft

0

m
− e�

m

N∑
n=0

kleft
n |bn |2 , (3.45)

and

Jright =
e�

m

N∑
n=0

kright
n |cn |2 , (3.46)

where we have used the boundary conditions an = δ0,n and dn = 0. Setting
these two equations equal to each other gives the unitarity condition
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1 =
N∑

n=0

(
kleft

n

kleft
0

|bn |2 +
kright

n

kleft
0

|cn |2
)

. (3.47)

One may now see why the inelastic transmission expression contains the k

normalization term and is unitary. With this in hand we now look at a few
examples of inelastic systems.

3.4.4 Examples of calculating coherent inelastic electron transmission

The addition of electron–phonon interactions creates a fascinating array
of phenomena that can provide insight into inelastic transport. As a first
example, we look at a system composed of a dynamic delta barrier with
a constant background potential. We choose �ω0 = 0.5 eV, W0 = 1 eV nm,
and W1 = 0.6 eV nm. Figure 3.19 shows the transmission of this system
compared to the elastic case along with the transmission due to each inelastic
channel.

In Fig. 3.19(a) the dramatic effect that inelastic processes have on the
transmission spectrum is evident. The cusps are a classic sign of a unitary
system [28, 30], and Fig. 3.19(b) clearly shows that the cusps are due to the
opening of a new inelastic channel.

As a new channel opens, unitarity requires that the amplitudes of the
higher energy states be reduced in order to feed into the new state. At
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Fig. 3.19. (a) Calculated total coherent electron transmission in the presence of inelastic
phonon scattering (solid) and total elastic transmission in the absence of any phonon
scattering (dashed). (b) Transmission of total (solid), zero phonon channel (dashed),
one phonon channel (dash-dotted), and two phonon channel (dotted). The background
potential is constant, and the model parameters are m = 0.07 × m0 , �ω0 = 0.5 eV,
W0 = 1 eV nm, W1 = 0.6 eV nm, and T = 0 K.
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3.4 Inelastic electron transport

E/(�ω0) = 1 in the figure, we can see that the n = 1 channel is beginning
to propagate. The amplitude of the high-velocity elastic channel decreases
as the amplitude of the slower velocity inelastic channel increases, and the
result is a lower total transmission. This creates the cusp-like appearance.

Near E/(�ω0) = 2 there is an increase in total transmission as the n = 2
channel opens up. This reduces the amplitude of the n = 1 channel, which
in turn increases the amplitude of the elastic channel, increasing the overall
transmission and creating an “S” shape in the total transmission. This effect
was described by Breit [30], whereby the opening of a new inelastic channel
alternates between either an “S” shape or a cusp.

To explain all of the features of Fig. 3.19, consider the oscillatory nature
of the localized phonon in addition to the unitarity of the system. The
oscillating phonon creates a variation in the amplitude of the delta barrier,
which in turn perturbs electron transmission. Since tunneling exponentially
increases with decreasing potential barrier energy, the electron feels a delta
barrier that is effectively lower than the true amplitude of the barrier. The
result is the enhanced transmission seen in Fig. 3.19 that occurs before the
excitation of the first real phonon.

As a second example consider Fig. 3.20. The phonon energy is �ω0 = 36
meV, corresponding to the LO phonon in GaAs. The static component of
the delta barrier is zero in this case, so that elastic transmission is unity for
all E > 0. The dynamic component is W1 = 0.6 eV nm. With this particular
set of parameters, the first inelastic threshold displays an “S” behavior.
This causes the inelastic transmission to continue increasing past the first
threshold until it reaches the second, where a cusp occurs.

Next, consider the wave functions of the inelastic channels. This time a
potential barrier with an applied bias is considered. We take the same barrier
used in Fig. 3.6(a) but use a doping concentration of 1017 cm−3 so that the
depletion region is more pronounced. Using the same delta parameters as
Fig. 3.19, a phonon energy of �ω0 = 36 meV, and an injection energy of
E = 25 meV, we get the probability densities shown in Fig. 3.21.

Figure 3.21(b) shows detail of the potential of Fig. 3.21(a) along with the
normalized electron probability densities up to the fourth inelastic channel.
The delta potential is located on the left edge of the tunnel barrier and
we can see that inelastic scattering causes charge density to accumulate in
the depletion region. Below the potential, the decaying states are localized
around the delta and are able to tunnel out of the system due to the applied
bias.

One might now ask why one may treat the electron as a delocalized wave
and why these coherent inelastic effects do not have a strong effect on current
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in most semiconductor devices. To answer the first question one could again
turn to the electron wavelength and mean free path. The wavelength of an
electron in the conduction band of GaAs with carrier concentration 1018

cm−3 at the Fermi level EF = 52 meV is λF = 20 nm and the Fermi wave
vector is kF = 3 × 108 m−1. The room temperature mobility-derived mean-
free-path is lk ∼ 40 nm and because kF lk � 1 electrons have wave character
in the electrodes. Since the electron wavelength is on the order of the physical
dimensions of the quantum device, the electron can be treated quantum
mechanically provided the scattering rate is low enough to retain coherence.

Inelastic scattering in semiconductors has been measured in resonant tun-
nel diodes [31]. This effect shows up as an additional current peak that
is shifted in energy by �ω0 . This is possible because electrons moving via
a resonant state experience an enhanced probability of inelastic scattering
compared to electron motion via a non-resonant state.

The coherent inelastic transmission spectra we have described cause cur-
rent flowing through the system to decrease when real phonons are excited.
This behavior is caused by coherent interference between elastic and inelastic
scattering.

However, experiments involving inelastic scattering have shown that the
excitation of phonons causes the transmission to increase. This behavior is
seen in both the single molecule experiments [21] and in inelastic electron
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Fig. 3.20. (a) Calculated inelastic (solid) and elastic (dashed) coherent transmission
through a dynamic delta barrier. Since there is no static delta, elastic transmission in
the absence of phonons is unity. (b) Transmission of total (solid), zero phonon channel
(dashed), one phonon channel (dash-dotted) and two phonon channel (dotted), and four
phonon channel (lower solid). The three phonon channel cannot be seen on this scale.
The background potential is constant, and the model parameters are m = 0.07 × m0 ,
�ω0 = 36 meV, W0 = 0 eV nm, W1 = 0.6 eV nm, and T = 0 K.
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Fig. 3.21. (a) 8 nm thick tunnel barrier of energy 0.25 eV with an Einstein phonon
located at x = 0 (dotted line) and a 0.125 V bias applied. The electron carrier
concentration is 1017 cm−3 on either side of the undoped barrier. The potential profile
is calculated by solving the Poisson equation. (b) Potential (thick solid line) from (a)
with normalized elastic and inelastic modulus of wave function squared. The horizontal
lines indicate the energy of each channel. The electron effective mass is m = 0.07 × m0 ,
injected electron energy is E = 25 meV, and temperature T = 0 K. The incident
electron interacts with 36 meV energy Einstein phonons with delta-potential parameters
of W0 = 1 eV nm and W1 = 0.6 eV nm at position x = 0.

tunneling spectroscopy (IETS) experiments [24–27]. In the experiments, any
number of electrons can be supplied by the source so that when an inelastic
channel opens more electrons are able to flow through the system. Calcula-
tion of current flow in this incoherent semi-classical system typically involves
the use of perturbative methods.

A theory capable of properly describing the transition from the coherent
quantum transport regime to the incoherent semi-classical behavior has yet
to be developed. In any such theory, the role of electron scattering in the
electrodes will be critical in distinguishing between the two behaviors.

3.5 Summary

Progress in material science has enabled fabrication of electronic devices
with nanoscale and sometimes atomically precise dimensions. Ad hoc de-
signs have exploited these new degrees of freedom to create devices, such as
the ballistic electron transistor, that operate using physical processes that
require nanoscale active regions. An efficient optimal device design strat-
egy in combination with development of realistic physical models holds the
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promise of creating a vast number of device configurations with customized
functionality. These new configurations are, at least initially, likely to be
nonintuitive in nature and so not explored by a conventional ad hoc de-
sign methodology. Expanded opportunities in device design exist if better,
physically realistic, models of electron transport in nanoscale structures can
be developed. Of particular interest is the ability to correctly describe the
transition from coherent inelastic electron transport to the incoherent semi-
classical regime.
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4 Aperiodic dielectric design

Philip Seliger

4.1 Introduction

The spatial arrangement of nanoscale dielectric scattering centers embedded
in an otherwise uniform medium can strongly influence propagation of an in-
cident electromagnetic (EM) wave. Exploiting this fact, one may iteratively
solve a parameter optimization problem [1] to find a spatial arrangement
of identical, non-overlapping scattering cylinders so that the scattered EM-
wave closely matches a desired target-response.* Of course, the efficiency
of adaptive algorithms used to find solutions may become an increasingly
critical issue as the number of design parameters such as scattering centers
increases. However, even for modest numbers of scattering cylinders this
method holds the promise of creating nano-photonic device designs that
outperform conventional approaches based on spatially periodic photonic
crystal (PC) structures.

The configurations considered here consist of either lossless dielectric rods
in air or circular holes in a dielectric similar to the majority of quasi two-
dimensional (2D) PCs reported in the literature by, for example, [2, 3]. To
confirm the validity of the 2D simulations they are compared to full three-
dimensional (3D) simulations as well as measurements.

In Section 4.2 the forward problem and a semi-analytic method to com-
pute the electromagnetic field distribution is introduced. The semi-analytic
Fourier-Bessel series solutions and a guided random walk routine can be
used for electromagnetic device design and the optimization algorithm is
described in Section 4.3. The results of these design problems are presented
in Section 4.4. The inefficiencies of the optimization routine in conjunction

* The problem considered here differs somewhat from conventional inverse problems which usu-
ally involve calculations on experimentally measured data.

c© Cambridge University Press 2010
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4.2 Calculation of the scattered field

with the particular implementation of the forward solver soon became appar-
ent. The presented types of aperiodic design demand highly efficient forward
solvers as well as optimization routines. A second, finite-difference (FD) for-
ward solver modeling a specific experimental setup is introduced in Section
4.6. The advantage of the FD-solver is two-fold. Firstly, the time it takes to
compute one EM-field distribution is nearly independent of the number of
scattering centers. Secondly, a local optimization method for finding locally
optimal design parameters was partially built into the forward solver using
the adjoint method, which is described in Section 4.8. Verification of the sec-
ond forward solver and optimal aperiodic designs are presented in Section
4.9. The performance of other aperiodic structures is also given at the end
of Section 4.9.

4.2 Calculation of the scattered field

The optimization process is an iterative procedure, in which the scattered
field from a trial configuration of cylindrical rods or circular holes is com-
pared with that of the target or objective function. Computation of the scat-
tered field is commonly referred to as the forward problem. A well-known
method to compute 2D EM-field distributions uses Bessel function Fourier
series and is introduced first in this section. With the capability to simulate
the behavior of a device one may continue to define a measure of device
performance for a desired electromagnetic response. Next, an optimization
scheme that can be used for the device design is introduced.

The electromagnetic field solver is based on the analytic solution of the
Helmholtz equation by separation of variables in polar coordinates. A typi-
cal problem is a set of N long, parallel, lossless circular dielectric rods dis-
tributed in a uniform medium and illuminated by an electromagnetic wave
perpendicular to the axis of the cylinders. The natural geometry of the sys-
tem and efficiency considerations lead one to use a 2D electromagnetic field
solver. When analyzing scattering from one cylinder, the solution, expressed
as a Fourier–Bessel series, is found by imposing the continuity of the electric
and magnetic field components at the rod surface. However, when study-
ing scattering from two or more cylinders, multiple scattering results in an
additional linear system that has to be solved in order to find the Fourier–
Bessel coefficients [4]. For a given number of Bessel functions included in
the truncated Fourier series, this linear system has a reduced form which
is conveniently described using the scattering matrix method [5–9]. The in-
put wave can, in principle, be of arbitrary shape so long as it is expressed
as a Fourier–Bessel series. In our simulations the input beam is a gaussian
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and both TE and TM polarizations were considered. The calculated Fourier–
Bessel coefficients for the gaussian beam conform [10, 11]. Additional details
on the electromagnetic solver may be found in the following section.

4.2.1 Fourier–Bessel based electromagnetic solver

For brevity, only TM polarized electromagnetic waves are presented. For
the TE case the equations are similar with H replacing E. The total field is
written as the sum of the incident field Einc and the field scattered from the
N cylinders Esc .

E = Einc +
N∑

i=1

Ei
sc . (4.1)

The actual incident field on a cylinder labeled with index j is

Ej
inc = Einc +

N∑
i �=j

Ei
sc , (4.2)

[4, 9]. The Helmholtz equation must be solved for the total field, ∇2E +
k2E = 0, where k = k0 in the region outside the cylinders and k = k1 in-
side the cylinders. A method used to solve this equation is separation of
variables in polar coordinates. All field quantities should be expressed in
the form of Fourier–Bessel series with the coefficients αm and βm deter-
mined from the boundary conditions. Hence, E =

∑∞
m=−∞ αmZm (kρ)eimθ +∑∞

m=−∞ βmZ̃m (kρ)eimθ , where Zm and Z̃m are two conjugate cylindrical
functions. These functions are either the first-order Bessel functions Jm and
Ym or the second-order Bessel functions (Hankel functions) H (1)

m and H (2)
m .

The valid pair of functions depends on the boundary conditions. Outside
the cylinders the asymptotic behavior determines which functions are used.
Since only the H (2)

m functions behave as an outward-propagating, cylindrical
wave, the field of the scattered wave Esc has to be written using only Hankel
functions of the second kind, H (2)

m of the {H (1)
m , H (2)

m } pair. Hence the scat-
tered field is Esc =

∑∞
m=−∞ bmH (2)

m (k0ρ)eimθ . Inside the cylinders the {Jm ,
Ym} pair of functions is chosen because both Hankel functions are singular
at the origin and are therefore unphysical. The singularities stem from the
Ym part of the Hankel function (H (1)

m = Jm + iYm , H (2)
m = Jm − iYm ) and

thus only the Jm functions are kept for the Fourier series inside a cylinder.
In this case the total internal field is E int

tot =
∑∞

m=−∞ amJm (k1ρ)eimθ .
After expressing the incident field as a Fourier–Bessel series in polar co-

ordinates, the electric and magnetic field continuity conditions must be sat-
isfied on the boundary of each cylinder. These boundary conditions yield
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4.3 Optimization

a system of equations for the unknown Fourier–Bessel coefficients of the
scattered field outside the cylinders and total field inside the cylinders. The
linear system of equations can be simplified by using the relationship be-
tween the Fourier–Bessel coefficients of a field incident on a cylinder and
the coefficients for the scattered and internal fields [5–8].

4.3 Optimization

As a measure of the quality of a given design a cost function also referred to
as an error is defined. The cost function measures the difference between the
desired Poynting vector and simulated Poynting vector. The cost function
is defined by

D∗ =
Np∑
i=0

∣∣∣∣Sn(αi)
Ns

− T (αi)
Nt

∣∣∣∣γ , (4.3)

and discussed in detail in Section 4.3.1. The real part of the simulated Poynt-
ing vector Sn(α) normal to a given observation line at angle α is compared to
the desired value T (α). Note that Ns and Nt are appropriate normalization
values. A simple yet effective optimization method is the guided random
walk. The positions of individual cylinders are randomly changed by a small
amount, the scattered fields in the modified configuration are calculated. If
the resulting simulated Poynting vectors are closer to the target values the
difference Eq. (4.3) is decreased and the new configuration is accepted, oth-
erwise the modified configuration is rejected. Next, another random change
is attempted unless the optimization is terminated. The implementation of
the adaptive algorithm also includes various types of collective motion such
as moving more than one cylinder per iteration, and moving or rotating all
the cylinders.

It is observed that for starting configurations in which cylinders are ran-
domly positioned the convergence rate towards the target is approximately
the same. On the other hand, if one starts with a quasi-optimal configuration
the number of iterations needed can be small.

In general the cost function Eq. (4.3) may be computed for any desired
function of the electromagnetic field distribution that can be expressed as
an objective or target function T . A typical target function may involve
redirecting and reshaping the input beam. However, more complex systems
involving mode converters could also be considered.

The adaptive algorithm described above always results in an electromag-
netic field distribution that approximates the target function. The closeness
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of an achieved design to the desired field distribution depends on the num-
ber of scatterers N as well as their refractive index. The reason for this may
be found by considering an analogy with the multipole expansion of fields
where using higher order multipole moments assures a better approximation
at the expense of increased computational effort.

4.3.1 Cost function

Optimization is based on the minimization of the functional Eq. (4.3). This
is defined as the residual error between the calculated angular distribution of
the normal component of the Poynting vector S and a distribution expressed
as a target function T . The cost or error function is computed starting
from the difference in intensity between the target and the result. The cost
function is calculated along an observation line (often a circle around the
group of cylinders). This line is divided into small portions and the normal
component of the S vector is calculated in the center of each segment.

Consider the target function T (α) to be the angular distribution of in-
tensity exiting the circular observation region and Sn(α) the simulated nor-
mal component of the real part of the Poynting vector Sn(α) = S(α) · n(α),
where n is the unit vector normal to the observation surface. In this space
of functions defined on α ∈ [0◦, 360◦] and having real values a difference D

between the modeled Sn(α) and the desired target T (α) is defined by

D =
1
2π

∫ 2π

0
|Sn(α) − T (α)|γ dα. (4.4)

To properly evaluate the difference between the target and simulation the
functions T and S must be similarly normalized.

In general, the exponent γ in Eq. (4.4) can take any value. Choosing γ = 1
assures that each improvement is considered with the same weight. When
choosing γ > 1, improvements made in regions where the target and the
results are very different influence the integral D more than a few smaller
improvements in other regions. This means that γ = 1 tends to ensure a uni-
form convergence while γ > 1 favors reduction of major differences between
target and result. The greater the numerical value of γ, the more important
this effect becomes, while for 0 < γ < 1 the effect is reversed. And finally, a
negative exponent γ tends to push the solution further away from the tar-
get, in a manner which depends on the numerical value of γ. The standard
choice is γ = 2 yielding the D to equal the L2-norm. When γ = 1 Eq. (4.4)
is equal to the L1-norm. This compromises the differentiability of the cost
functional but can improve the convergence of the optimization algorithm
in particular near a locally optimal design. If γ(α) is angle dependent the
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cost function can be used to weight the error control differently with α. If
the derivative is used in the optimization scheme, γ > 1 is recommended to
maintain differentiability.

One can use different exponents for different stages of the iterative pro-
cess. For example γ = 1 could be used at the beginning of the convergence
procedure to avoid local minima. Later, the value of γ could be increased
to accelerate convergence towards a minimum. Furthermore, if one decides
that this minimum is not sufficiently close to the target function, application
of a negative exponent would repel the iterations from this local minimum
to some intermediate point where γ > 1 iterations can be restarted in the
search for a better local minimum.

To compute Sn(α) the real part of the Poynting vector is used. For most
scattering directions, Sn(α) is computed using the total field. The exception
is the region where the input beam enters the scattering region. In the first
example (the top hat target function) only the scattered field is used to
compute Sn(α). In the second example (the cos2 target function) the dif-
ference between the Poynting vector of the incident field and the Poynting
vector of the total field is used. The latter is the general expression for the
backscattered power, which is valid even when evanescent fields or lossy me-
dia are present. When the medium is not lossy and the observation contour is
far enough from the evanescent near-field the two approaches give identical
results.

The differences D∗ are computed numerically by dividing the observation
line into small and equal subintervals and the integral is replaced by a sum
over these portions as shown in Eq. (4.3). Different normalization methods
can be used such as normalization to the maximum value (which is non-
linear), normalization to the sum of all values, or normalization to the sum
of the squares. Since in this case the functions involve intensity, it is preferred
to normalize the sum, i.e. normalize the total power.

It is worth mentioning that when optimizing for a modal shape distri-
bution both amplitude and phase can be controlled in a similar fashion. A
better choice for cost function would be the overlap integral between the
actual field distribution and the target modal field distribution. In this case
the fitness function would be maximized.

4.4 Results

To illustrate the design approach, consider an input beam of gaussian profile
scattered by an angle of 45◦. The scattering angle is defined with respect
to the original direction of propagation of the wave, so that backscatter
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corresponds to a scattering angle of 180◦. The target functions that are
considered are a top hat distribution of the optical intensity with respect to
the scattering angle and a cosine squared (cos2) distribution of the intensity.
We note that a modal field distribution target function requires amplitude
as well as phase to be specified.

As an initial demonstration the top hat intensity function is chosen as a
target because it is difficult to achieve (even approximately) in conventional
optical systems and serves as a good test for the optimal design approach.
Applications of such an intensity distribution include guaranteeing the uni-
form illumination of the active area of a photodetector. On the other hand,
the cos2 target intensity distribution approximates the transverse spatial
mode intensity typically found in a waveguide and so could be considered a
step in the design of a waveguide coupler.

4.4.1 Top hat objective function

Optimization of a top hat intensity distribution target function is performed
starting from a configuration of N = 56 dielectric rods (represented in Fig.
4.1(a) by the small circles), each having refractive index nr = 1.5, and diam-
eter d = 0.4 µm. The medium surrounding the rods is air and the structure is
illuminated by a TM polarized (electric field along the z direction) gaussian
beam of width 2σ = 4 µm, wavelength λ = 1 µm, and propagating along the
positive x direction (from left to right in Fig. 4.1(a)). The initial configu-
ration of the rods and intensity distribution are illustrated in Fig. 4.1(a),
where the arrows represent (in arbitrary units) the real part of the Poynting
vectors. The target function window (represented in Fig. 4.1(a) by a missing
arc in the 7 µm radius observation circle) extends from 30◦ to 60◦. Figure
4.1(b) shows normalized intensity (real part of the normal component of
total field Poynting vectors directed outwards) as a function of angle on a
radius of 7 µm from the center of the symmetric array. Clearly, for the initial
configuration, the overlap with the top hat target function (broken line) is
poor.

Figure 4.2(a) shows the spatial distribution of the N = 56 rods with the
real part of Poynting vectors after 9,700 iterations of the adaptive search
algorithm. Figure 4.2(b) shows the corresponding angular distribution of
the intensity. In Fig. 4.2(c) the distribution of the electric field (relative
magnitude, with 1 corresponding to the maximum magnitude in the incident
gaussian beam) is displayed and Fig. 4.2(d) shows the relative error versus
the number of iterations (the errors are normalized with respect to the initial
value). Note that for this system with 2 × N positional degrees of freedom,
the error is not saturated even after 9,700 iterations (Fig. 4.2(d)) and the
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Fig. 4.1. Starting configuration for the top hat target function example. 56 dielectric
rods with diameter d = 0.4 µm, index nr = 1.5, in air. The incident beam, which
propagates along the x axis (left to right), is a TM polarized gaussian beam with
beamwidth 2σ = 4 µm, and wavelength λ = 1 µm. (a) Positions of the cylinders and
distribution of the Poynting vector field. The observation circle has a radius of 7 µm
and it is represented without the target window between 30◦ and 60◦. (b) Computed
angular intensity distribution (continuous line) at radius 7 µm compared with the
target distribution (dashed line).

structure can be further optimized by performing additional iterations. The
error is computed using the method described in Section 4.3.1 with exponent
γ = 2 on the observation circle of radius 7 µm.

For comparison, Fig. 4.3 shows the results of using a PC with the same
number of dielectric rods, N = 56. Clearly, the number of rods is not suf-
ficient to redirect the entire beam in the 45◦ (±15◦) direction. Much of
the scattered field falls outside the target area, and the error with re-
spect to the target function is unacceptably large. The spatial symmetry
of the PC excludes the realization of something similar to the top hat tar-
get function. Only by breaking this symmetry may one come close to the
desired device response. In general, broken symmetry enables and increases
functionality.

4.4.2 Cosine squared objective function

For a cos2 objective or target function a different setup is used. In this case
N = 26 cylinders with lower refractive index (SiO2 , nr = 1.45) are embed-
ded in a higher refractive index material (Si, nr = 3.5). The 3D equivalent of
the modeled situation is a Si slab with cylindrical perforations embedded in
SiO2. The incident wave is a TE polarized (magnetic field along the z direc-
tion) gaussian beam of width 2σ = 1.5 µm and wavelength λ = 1.5 µm. In a
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Fig. 4.2. Optimized configuration for the top hat function example. 56 dielectric rods
with diameter, d = 0.4 µm, index nr = 1.5, in air. TM polarization gaussian beam with
incident beamwidth 2σ = 4 µm, and wavelength λ = 1 µm. (a) Positions of the
cylinders and distribution of the Poynting vector field after 9,700 iterations. The
observation circle has a radius of 7 µm and it is represented without the target window
between 30◦ and 60◦. (b) Computed angular intensity distribution after 9,700 iterations
(continuous line) at radius 7 µm compared with the target distribution (dashed line).
(c) Contour plot of the electric field magnitude in relative units after 9,700 iterations.
(d) Evolution of the error.

similar manner to the previous example, the initial configuration and inten-
sity distribution are illustrated in Fig. 4.4. Figure 4.5 shows the optimized
configuration, Poynting vectors, relative error versus number of iterations,
and relative magnitude of the magnetic field (with 1 corresponding to the
maximum magnitude in the original gaussian beam). This time the diameter
d can vary in addition to the positions of the N = 26 cylinders. This design
therefore has 3N degrees of freedom. The values of the diameters are con-
strained to the range 0.2 ≤ d ≤ 0.5 µm. The error function D is computed
using the metric from Section 4.3.1 with exponent γ = 1 on a 6 µm radius
circle. Notice that due to the small number of cylinders the actual number
of degrees of freedom is smaller (78) relative to the previous calculations
with a top hat target function (112) and the optimization saturates after a
relatively small number of iterations.
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Fig. 4.3. Comparison with a periodic structure (PC) with 56 dielectric rods (nr = 1.5)
in air. The lattice constant and the angle are chosen so that for the incident wavelength
λ = 1 µm the Bragg diffraction condition is satisfied for 45◦. (a) Positions of the
cylinders and distribution of the Poynting vector field. The incident beam is
propagating along the x axis (left to right). The observation circle has a radius of 7 µm
and it is represented without the target window between 30◦ and 60◦. (b) Computed
angular intensity distribution (continuous line) at radius 7 µm compared with the
target distribution (dashed line).

Fig. 4.4. Initial configuration for the cosine squared target function example. Si
(nr = 3.5) with 26 cylindrical holes filled with SiO2 , TM gaussian beam incidence,
beamwidth 2σ = 1.5 µm, and wavelength λ = 1.5 µm. (a) Positions of the cylinders and
distribution of the Poynting vector field. The incident beam is propagating along the x

axis (left to right). The observation circle has a radius of 6 µm and it is represented
without the target window between 30◦ and 60◦. (b) Computed angular intensity
distribution (continuous line) at radius 6 µm compared with the target distribution
(dashed line).

4.4.3 Computing resources

Optimization work on 1D problems [12] requires relatively insignificant com-
putational resources. Optimization algorithms using 2D electromagnetic
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Fig. 4.5. Optimized configuration for the cosine squared target function example. Si
(nr = 3.5) having 26 cylindrical holes filled with SiO2 , TM gaussian beam incidence,
beamwidth 2σ = 1.5 µm, and wavelength λ = 1.5 µm. (a) Positions of the cylinders and
distribution of the Poynting vector field. The incident beam is propagating along the x

axis (left to right) after 7,000 iterations. The observation circle has a radius of 6 µm and
it is represented without the target window between 30◦ and 60◦. (b) Computed
angular intensity distribution after 7,000 iterations (continuous line) at radius 6 µm
compared with the target distribution (dashed line). (c) Contour plot of the magnetic
field magnitude in relative units after 7,000 iterations. (d) Evolution of the error as a
function of iteration number.

solvers are computationally more intensive than those for 1D structures.
Realistic simulations in 3D are even more compute intensive and often re-
quire parallel computing. Each of the simulations (top hat and cos2 target)
discussed here took 4 days to complete (9,700 iterations in the first case
and 7,600 in the second) using a Pentium IV processor with a 3 GHz clock
frequency, 533 MHz memory bus, and 1 GB RDRAM.

The compute time for the forward problem solver is dominated by the
solution of a linear system with a full matrix of complex numbers and thus
is strongly dependent on the number of cylinders N in the design and the
number of Bessel function terms Nb retained in the Bessel–Fourier series. The
size of the system is Nm = N(2Nb + 1) and the solver routine (iteratively
refined LU decomposition [13]) time is proportional to the cube of the matrix
size (O(N 3

m )). When using an incident plane wave or a cylindrical wave the
number of Bessel functions needed is very small, however, an appropriately

98



4.4 Results

accurate approximation of the gaussian beam shape requires a large number
of Bessel function terms in the series expression causing a corresponding
increase in compute time.

4.4.4 Comparison with 3D Simulation

A comparison with 3D electromagnetic simulations serves to confirm the
accuracy of solutions obtained with the 2D simulator. Also, because 3D sim-
ulations are much more time consuming than 2D computations, one might
adopt the 2D optimization result as a starting point for a limited number
of 3D iterations which are then used to refine the optimal design.

Comparisons were made between our 2D electromagnetic simulations and
3D Finite Integration Technique (FIT) simulations obtained using a com-
mercially available package, CST Microwave Studio [14].

In a realistic structure one might anticipate the infinitely long cylindrical
hole structure used in the cos2 target simulation to be replaced with SiO2

filled holes in a Si slab itself embedded in SiO2. The input beam might
be launched into this slab from a ridge waveguide. In our simulations, the
wavelength of the light is λ = 1.5 µm and the polarization is TE. The Si
slab is 0.6 µm thick and the effective index of the fundamental mode of this
slab waveguide is the same as the index of the material surrounding the
cylinders in the 2D simulation. The diameter of the holes is d = 0.4 µm and
the mode size of the ridge waveguide (Fig. 4.6) is approximately 1.5 µm and
so the same as the width of the gaussian beam used for the 2D simulations.
The differences between the two simulations (Fig. 4.6(b) for the 3D and Fig.
4.6(d) for the 2D simulation results) are primarily due to the nonuniformity
of the field and structure in the z direction but also because of the difference
between the gaussian beam and the ridge mode and the fundamentally 3D
discontinuity between the ridge waveguide and the slab. These differences
translate into a 30% decrease in peak intensity and 25% decrease in the total
power directed in the desired direction for the 3D simulation compared to
the 2D computation (Fig. 4.6(c)).

4.4.5 Sensitivity analysis

The influence of small changes in the wavelength of the incident beam on
error is analyzed. Using the optimized configuration from the cos2 target
example (Fig. 4.5(a)) the effect of changing the frequency of the input light
is simulated. The relative deviation from the minimum error function value
is plotted in Fig. 4.7 versus the electromagnetic wave frequency shift. Fre-
quency variations of ∆f = 200 GHz only change the error by 0.3% of its
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Fig. 4.6. Comparison between 3D and 2D simulations. (a) The simulated 3D structure
and the modal field of the input ridge waveguide. The thickness of the Si slab in the 3D
simulation is 0.6 µm and the horizontal mode size of the ridge waveguide is
approximately w = 1.5 µm; the diameter of the holes is d = 0.4 µm. The incident light
is TE polarized and has wavelength λ = 1.5 µm. (b) 3D Simulation results showing the
Poynting vector field in the middle, horizontal plane of the Si slab. (c) Comparison
between the angular intensity distribution for the 3D and 2D simulations. (d) 2D
simulation results of the Poynting vector field.

minimum value. Thus an optical beam centered at wavelength λ = 1.5 µm
modulated at very high speed will behave essentially as the simulated
monochromatic wave at λ = 1.5 µm (200 THz). Even a 1 THz deviation
in frequency changes the error by only 6–7%.

Another important issue is the sensitivity of the aperiodic nano-photonic
design to slight misplacements and variations introduced by the fabrication
process. As an initial study the sensitivity of the design to changes in the
position of the cylinders is explored. Other parameters that are influenced
by fabrication processes such as the diameter and detailed shape of the
cylinders, index of refraction, direction of the input ridge waveguide with
respect to the cylinders were not analyzed.

To estimate the sensitivity to position, for the same cos2 target function
example, the following method is used. First, one by one the cylinders are
displaced by a small fixed distance ∆ in the positive and negative x and y di-
rections and the change in error is evaluated for each cylinder (the maximum
error created out of the four displacements). The displacement values are
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Fig. 4.7. Sensitivity analysis with respect to the frequency of the incident light for the
optimized structure from Fig. 4.5. The percentage change in error function is shown
when the frequency of the light is modified from the original value f0 = 200 THz .

small compared to the initial diameters of the cylinders (d = 400 nm). Five
values for the displacement ∆ are considered: 10, 20, 30, 40, and 50 nm.
Next the ten displaced cylinders with the greatest influence on the error
function are selected. As expected, the most influential cylinders are located
in regions associated with high field intensity.

The selected cylinders are all individually moved randomly by the same
step size in the positive and negative x and y directions (each movement
has the same 1/4 probability). The movement of each cylinder is indepen-
dent of the movements of the other selected cylinders. This way a number
of perturbed configurations can be generated. The error function was eval-
uated for ten of these modified configurations and Fig. 4.8 illustrates the
dependence on the size of the displacement.

This very simplified method for estimating the sensitivity with respect to
position is chosen because a more complete approach would involve indepen-
dent displacements of each cylinder in random directions and with variable
distances and hence give rise to significant computational effort. The plot in
Fig. 4.8 suggests that 10 nm precision in fabrication may be needed to ensure
less than 10% decrease in performance for devices operating at wavelength
λ = 1.5 µm.

The designs that have been presented so far utilize a common scattering
element. The result is an impressive variety of possible configurations and
capabilities. Meanwhile, progress has been made in manufacturing these
devices. Volk et al. [15] present the implementation of an aperiodic structure
at the nm scale using lithographic fabrication methods. The aperiodic design
uses dielectric, cylindrically shaped nano-pillars that operate as a lens. The
lens is used to focus polarized laser light. Figure 4.9 shows scanning electron
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Fig. 4.8. Sensitivity analysis of the positioning of the scattering cylinders for the
optimized structure from Fig. 4.5. The ten most sensitive cylinders are randomly moved
along the x and y axis by a step of various lengths, ±10, ±20, ±30, ±40 and ±50 nm
shown on the horizontal axis. A sample of ten error functions for different randomly
perturbed cylinder configurations are plotted for each step size.

microscope images of the nano-photonic device.
The necessity of improving the materials as well as the manufacturing

techniques on the nm scale is apparent and is discussed in [15]. Nevertheless,
the algorithms for optimizing such structures deserve equal attention.

In Sections 4.5 through 4.8 the focus is on the choice of forward solver and
algorithm that is used to find feasible aperiodic designs. Experiments test-
ing the optimized aperiodic designs are described in Section 4.9. Because
the Helmholtz equation is linear the devices were built on a macroscopic
scale and the measurements were performed using electromagnetic millime-
ter waves. In this manner the cost and complications of lithography are
avoided.

Fig. 4.9. (a) Top and perspective view (b) scanning electron microscopic (SEM) images
taken on the homoepitaxial CnO nano-pillar array. The highly uniform 2.1 µm long
prism shaped vertical nanocrystals are collectively aligned according to the crystal
orientation of the wurtzite-type ZnO substrate [15]. The existence of these planar
manufacturing techniques highlights the importance of efficiently producing feasible
designs that can be implemented and tested.
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4.5 Efficient local optimization using the adjoint method

The study of photonic crystals (PCs) [16] is inspired, in part, by a desire
to seek new compact designs for optical and RF components. Much work
has focused on two-dimensional (2D) periodic dielectric structures due to
availability of planar fabrication techniques. However, there are a number
of fundamental issues that appear to be impediments to adoption of PCs as
a technology. These include the fact that the inherent spatial periodicity of
the PC structure results in limited functionality. Often one must break spa-
tial symmetry to obtain a useful device response. For example, waveguides
are typically created by introducing a line defect and filters might make
use of one or more point defects. Hence, one may make the observation
that usually a desired functionality requires breaking the underlying spatial
symmetry of the periodic dielectric structure. Even in situations where one
wishes to access properties intrinsic to periodic dielectrics such as nonlinear
dispersion, coupling electromagnetic radiation from free-space and finite-size
effects presents significant challenges [17].

One approach that attempts to circumvent such difficulties is application
of optimization techniques to PCs [18–21]. On the one hand, such numerical
studies are usually limited to a finite number of identical dielectric scatterers
whose broken symmetry spatial distribution is restricted to periodic PC
lattice positions. On the other hand, they benefit from the fact that a less
biased search of solution space can result in nonintuitive optimized designs.
Our initial approach [22] has been to retain identical dielectric scatterers
but to remove all bias to periodic PC inspired designs. In this way adaptive
algorithms can seek optimal solutions in a much larger space of aperiodic
dielectric structures and hence, at least in principle, access a larger range of
functionalities.

To handle the large number of possible aperiodic configurations, efficient
global optimization is a necessity. After demonstrating the design by simu-
lation, laboratory measurements using mm-wave electromagnetic (EM) ra-
diation at frequency f0 = 37.5 GHz corresponding to free-space wavelength
λ0 = 8 mm were used to demonstrate an aperiodic test design. To efficiently
simulate aperiodic designs an alternative implementation of the forward
solver using finite difference equations is introduced. The FD method is
sufficiently accurate for the purpose of the test design. In the case of the
distributed parameter system that is introduced in Section 4.6, the time it
takes to complete the forward solver once does not depend on the number
of design parameters nor the particular configuration. This must be viewed
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in contrast to the Fourier–Bessel series expansions discussed in Section 4.2.1
where the computation increased dramatically with each additional scatter-
ing cylinder. Naturally, finite difference solvers have their limitations, such
as a limited size of problems that a model can handle accurately and a lack
of analytical results.

4.6 Finite difference frequency domain electromagnetic solver

Note that the objective or target response is in general a function of the EM
field. For the following variation of the prototype problem the objective is
the relative EM power distribution along a measurement curve. Even though
the objective response along the measurement curve is specified in a limited
region of the device, the forward problem is solved over the entire modeling
domain when using the finite difference solver. Efficiency considerations led
to the implementation of a 2D finite difference EM field solver.

As mentioned previously, electromagnetic wave scattering from non-
magnetic, lossless, dielectric is determined by the Helmholtz equation. Be-
cause the Helmholtz equation is linear the device behavior scales with fre-
quency and hence may be applied to the design of both RF and nano-
photonic devices. For reasons of cost and ease of implementation the ex-
periments were performed at mm-wave frequencies using a configuration
approximating a 2D geometry. Figure 4.10(a) shows the basic experimental
arrangement in which a f0 = 37.5 GHz RF signal is introduced into a wave-
guide whose 7 mm × 3.5 mm aperture is attached to a metal horn. The EM
power distribution is detected using a probe that can move to angle θ on a
circular path with radius rs = 60 mm. This defines the measurement curve,
s. To maintain the 2D nature of the EM experiment, the total structure is
sandwiched between two metal plates separated by 3.5 mm < λ0/2. The pro-
totype problem introduced in Section 4.4 is modified slightly to model the
experimental setup. The modified objective response seeks to scatter inci-
dent EM radiation into a top hat function with the peak on the measurement
curve occurring over the angular range from 30◦ to 60◦ with respect to the
incident direction of propagation.

The forward problem simulates the propagation of the EM wave over the
domain illustrated in Fig. 4.10(b). This EM scattering domain contains the
dielectric scatterers whose spatial arrangement is optimized. Since station-
ary solutions at a single frequency are sought, Maxwell’s equations in the
frequency domain are considered and therefore the time variable can be elim-
inated. When only dielectric material is present, and no induced or other
currents flow, Maxwell’s equations simplify further. The magnetic field can

104



4.6 Finite difference frequency domain electromagnetic solver

x

y

23
 m

m

r s
= 60

 m
m

27
 m

m

7 mm

Measurement 
curve

(a)

r´ r´ = 20 mm

RF source - Horn

133 mm

PEC BC
TE10 BC

P
M

L
 la

ye
rs

P
M

L
layers

PML layers

EM dielectric scattering
domain

132 mm

99
 m

m
40

 m
m r´ = 20 mm

(b)

x

y

23
 m

m

r s
= 60

 m
m

27
 m

m

7 mm

Measurement 
curve

(a)

r´ r´ = 20 mm

RF source - Horn

133 mm

PEC BC
TE10 BC

P
M

L
 la

ye
rs

P
M

L
layers

PML layers

EM dielectric scattering
domain

132 mm

99
 m

m
40

 m
m r´ = 20 mm

(b)

Fig. 4.10. (a) Top view of experimental layout showing physical dimensions. EM power
from an RF source of frequency f0 = 37.5 GHz is fed via a waveguide and horn. The
measurement curve is indicated. In the experiments, EM power is measured as a
function of angle θ on this curve. (b) Domain decomposition of the finite difference
(FD) EM simulation. PML layers of finite thickness are truncated with a PEC
boundary condition. The waveguide introduces the EM beam as a fixed TE10 mode EM
field on the indicated boundary.

be eliminated to yield

∇×
(
µr

−1∇× E
)
− ω2ε0µ0εrE = −iωµ0J, (4.5)

where E is the electric field, ε0 is the permittivity of free-space, εr is the rel-
ative permittivity, µ0 is the permeability of free-space, and µr is the relative
permeability. One boundary condition (BC) is that inside metal E = 0, so
metal is treated as a perfect electric conductor (PEC). For waves leaving
the scattering domain that are not bounded by metal it is required that
E → 0 with distance to the wave source. The decay of E must conform with
the radiation condition [23]. The source of the EM radiation is modeled as
the excited TE10 mode of the waveguide. This is modeled using a Dirichlet
BC in the finite difference implementation (TE10 BC in Fig. 4.10(b)). In
the described scenario only the z-component of electric field propagates in
the slab waveguide and Eq. (4.5) reduces to the scalar partial differential
equation(

∂

∂x

(
1

µr,y

∂

∂x

)
+

∂

∂y

(
1

µr,x

∂

∂y

)
+ ω2ε0µ0εr(x, y)

)
Ez = iωµ0Jz = 0, (4.6)

where Jz = 0 because zero currents are assumed, induced or otherwise.
The partial differential equation (PDE) Eq. (4.6) may be used to describe

scattering of an EM wave by dielectric cylinders that are represented by
a relative permittivity distribution εr(x, y). Consider a 2D configuration of
Teflon scattering cylinders, each with a diameter 3.175 ± 0.025 mm. Teflon
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is modeled in Eq. (4.6) as a lossless dielectric with a real valued relative
permittivity εr = 2.05 and relative permeability µr = 1. In this situation Eq.
(4.6) is identical to the scalar Helmholtz equation over the EM dielectric
scattering domain indicated in Fig. 4.10(b).

The EM waves can propagate into open space beyond the EM dielec-
tric scattering domain. Since the total energy is finite, the magnitude of
EM waves must tend to zero as the propagation distance tends to infinity.
Simulation of the open space by a bounded domain is achieved using per-
fectly matched layers (PML) consisting of an artificial material with varying
complex permeability and permittivity in Eq. (4.6) [24, 25]. The PMLs are
designed to simulate a perfectly absorbing medium.

Numerically, the scattering problem is solved by approximating the PDE
in Eq. (4.6) with the finite difference equation

1
∆x

(
1

µy

i+ 1
2 ,j

Ei+1,j − Ei,j

∆x
− 1

µy

i− 1
2 ,j

Ei,j − Ei−1,j

∆x

)
. . .

+
1

∆y

(
1

µx
i,j+ 1

2

Ei,j+1 − Ei,j

∆y
− 1

µx
i,j− 1

2

Ei,j − Ei,j−1

∆y

)
. . .

+ω2εi,jEi,j = 0, (4.7)

for the electric field Ei,j at grid point (xj , yi). Note that εi,j is the approx-
imated value of the permittivity, µi±1/2,j±1/2 is the permeability on a stag-
gered grid and (xj , yi) are evenly spaced square-grid points with step size
∆x = ∆y ≤ λ0/20. Equation (4.7) is satisfied at all interior points of the
scattering domain including the PML layers. Dirichlet boundary conditions
are satisfied at boundary points as shown in Fig. 4.10(b).

When values are ordered into a column vector, Eq. (4.7) can be written
in matrix notation as:

L · E = bBC , (4.8)

where L is the complex-valued sparse FD matrix including the formulation
of the PML absorbing boundary, Ei,j are the unknown complex electric
field values at the FD grid points (xi, yj ), and bBC contains the boundary
conditions of the FD equation.

The power of EM waves at any point on the measurement curve can
be derived from the solution of Eq. (4.8). More precisely, the power of EM
waves is first computed at all grid points. The power along the measurement
curve is then obtained by interpolation. For a point (x, y) on the measure-
ment curve defined by angle θ, the nearest four grid points are denoted by
(x1 , y1), (x1 , y2), (x2 , y1), (x2 , y2) and the modeled EM power is approximated
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by

v(θ) = v(x, y) = Σ2
i=1,j=1δi,j vi,j /Σ2

k=1,l=1δk,l , (4.9)

where vi,j = E∗(xi, yj )E(xi, yj )/2. The gaussian weights at position (x, y)
are given by

δi,j = exp
[
−
(

(x − xi)2

∆x

)
−
(

(y − yi)2

∆y

)]
, (4.10)

where i = 1, 2, j = 1, 2, and ∆x,∆y is the size of the FD grid in the x and
y direction, respectively. Choosing the commonly used gaussian weights is a
matter of convenience and is not based on electromagnetic theory or anal-
ysis. Were it a primary source of inaccuracy in the model it would require
modification. A sparse projection row vector W (θ) with only four non-zero
entries that are associated with neighboring grid points yields the power
projected on to the target function at scattering angle θ

v(θ) = W (θ) · diag(E∗) · E/2. (4.11)

Comparison of calculated EM power profile along the measurement curve
with experimental results serves to verify the proper operation and test the
accuracy of the FD method.

4.7 Cost functional

As a measure of the fitness of a given configuration with respect to the design
objectives a scalar cost functional J is defined, similar to the error function
stated in Section 4.3.1. The cost functional is

J(p) =
M∑
i=1

∆θ w2(θi)|vob j(θi) − vmod(θi)|γ (θi ), (4.12)

subject to the constraints that vmod(θi) represents the voltage that satisfies
the discretized Maxwell’s equations given by Eq. (4.8) and Eq. (4.11). Again,
the cost functional measures how well the modeled EM power profile vmod

along the measurement curve matches the desired profile vob j. In the design
problem v stands for relative power but it can represent other features of the
EM-field, such as the Poynting vector or complex electric field if control of
the phase is desired. In our prototype problem the cost function is discretized
into M points along the measurement curve.

Minimizing the cost functional over possible parameter settings p yields an
optimized design. In particular, p contains the coordinates of the scattering
cylinder centers and explicitly determines the FD matrix L(p) in Eq. (4.8).
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Other design considerations such as robustness against small variations in
parameters could also be translated into additional terms in J at increased
computational cost. The linear weight w(θi) and the exponent γ(θi) allow
flexibility in placing emphasis on design aspects of the power profile along
the measurement curve. For example, focusing 95% of the power on to the
measurement curve might demand compromises in the shape of the focused
power profile. The modeled power distribution might not form a perfect top
hat. In this case one might increase the linear weight w and possibly lower
the value of the exponent γ for angles within the top hat peak to improve
the solution. Further weights for normalization can be introduced as desired.
Note that J is only indirectly a function of the design parameters p which
explicitly appear in the FD matrix L(p). The EM power v(θi) is related to
p in a highly nonlinear fashion through the solution of the constraint given
by Eq. (4.8) and Eq. (4.11). Finding the gradient of the cost functional with
respect to design parameters can be performed at minimal computational
cost as is described in Section 4.8.

4.8 Gradient-based optimization using the adjoint method

Efficient local optimization techniques require evaluation of the gradient of
the cost functional with respect to the design parameters. Since the relative
permittivity coefficient has finite jump discontinuities where the refractive
index changes from air to Teflon, the FD matrix L(p) is not a differentiable
function of the cylinder positions, and therefore the power profile is not
differentiable with respect to the cylinder positions. To remedy this non-
differentiability in our implementation, permittivity at a grid point is taken
to be the average value of εr(x, y) over a circle of radius R ≈ ∆x centered
at the grid point. This effectively smoothes out the physical jump discon-
tinuities in εr(x, y). The smoothing in the finite difference method allows
analytic computation of the gradient using the adjoint method. As R tends
to zero, the model approaches the physical discontinuity in permittivity. The
gradient of the cost functional ∇pJ =

(
∂J
∂p1

, ∂J
∂p2

, ..., ∂J
∂p2 N

)
∈ R2N is given by

∂pi
J0 = −

M∑
i=1

∆θm2(θi)γ(θi)sgn [vob j(θi) − vmod(θi)] . . .

|vob j(θi) − vmod(θi)|γ (θi )−1 dvmod

dpi

= −Re

[
M∑
i=1

∆θm2(θi)γ(θi)sgn [vob j(θi) − vmod(θi)] . . .
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|vob j(θi) − vmod(θi)|γ (θi )−1
W (θi) · diag(E∗) · ∂pi

E
]

= −Re
[(

LT · h
)T · ∂pi

E
]

= −Re
[
hT · L · ∂pi

E
]

= Re
[
hT · (∂pi

L) · E
]
,

∂J0

∂pi

= Re
[
hT · (∂pi

L(p)) · E
]
, (4.13)

which can be evaluated using h. To solve for h the adjoint equation must be
solved, which is given by

LT (p) · h = diag(E∗) ·
∑M

i=1 m2(θi)γ(θi)sgn [vob j(θi) − vmod(θi)] . . .

|vob j(θi) − vmod(θi)|γ (θi )−1 ∆θ W T (θi). (4.14)

In Eq. (4.14), superscript T indicates the transpose and superscript ∗ in-
dicates the complex conjugate. The cost of computing the matrix derivatives
Eq. (4.13) grows linearly in the number of design parameters but evaluation
of these derivatives adds little to the overall computational effort because
the matrix derivatives are sparse, simple, and explicit functions of p. Most of
the time is spent on solving the linear system Eq. (4.14) at the same compu-
tational effort as solving the forward simulation a single time. This must be
seen in contrast to approximating the gradient with finite differences using
N + 1 forward solves.

For local optimization a modified gradient method is implemented. Cylin-
der overlap is not allowed which does represent an important constraint
during the iterative optimization procedure. In our implementation, colliding
cylinders are moved apart a distance λ0/8 prior to continued optimization.

4.9 Results and comparison with experiment

It is important to verify numerical simulations by performing experiments.
The detected power profile along the measurement curve is compared to the
calculated power profile. As an initial test, a 5 × 5 finite-sized periodic array
of cylindrical dielectric scatterers with lattice constant equal to the free-
space wavelength λ0 was studied. This is described in Section 4.9.1. Section
4.9.2 describes results of an optimized aperiodic structure.
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4.9.1 Finite-sized periodic structure

Figure 4.11(a) is a photograph of 25 Teflon cylinders arranged in a 5 × 5
finite-sized periodic array and attached to a metal slab that forms the lower
half of a waveguide with upper metal plate removed. The Teflon cylinders
have a measured diameter of 3.175 ± 0.025 mm and εrz = 2.05 . Experiments
to measure EM power are performed with the upper half of the metal wave-
guide attached. EM power reaching the measurement curve is detected using
a small dipole antenna feeding a narrow-band amplifier.
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Fig. 4.11. (a) Top view of 25 Teflon cylinders arranged in a 5 × 5 finite-sized periodic
array and attached to a metal slab that forms the lower half of a waveguide. The upper
metal plate of the EM waveguide is removed. (b) Calculated relative EM power at
frequency f0 = 37.5 GHz in the dielectric scattering domain. The grey scale is in dB.
EM radiation emerging from the metal horn is incident on a 5 × 5 finite-sized lattice of
dielectric cylinders. The dielectric cylinders are 3.175 ± 0.025 mm in diameter and are
placed symmetrically about the origin with lattice spacing (lattice constant) a = λ0 .
The relative permittivity of the Teflon cylinders is εrz = 2.05. The solid line is the
measurement curve.

Figure 4.11(b) shows the power distribution at frequency f0 = 37.5 GHz
calculated using the method described in Section 4.6. In Fig. 4.11(b), the
grey scale indicates relative EM power measured in units of dB. The calcula-
tions show a diffraction pattern that is symmetric. This is to be expected for
the periodic array. In addition, there is interference between EM waves em-
anating from the dielectric array and subsequently reflected from the metal
horn. Figure 4.12(a) shows a comparison between calculated and detected
EM power as a function of angle θ on the measurement curve, s. The rel-
ative power scale is linear. As may be seen, agreement between calculated
and measured data is good with all the main features appearing in both
data. Figure 4.12(b) is the same data as in (a) but with relative EM power
plotted on a logarithmic scale. Here, the excellent agreement for the three
main peaks and the –30 dB minima at ±40◦ are apparent. A slight asymme-
try in the measured data also exists whose origin is likely due to dielectric
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Fig. 4.12. (a) Calculated and detected relative EM power as a function of angle on the
measurement curve. (b) Same as (a) but relative power is displayed on a logarithmic
scale (dB).

cylinder placement errors that are measured to have a standard deviation
less than 0.1 mm. The disagreement between modeled and measured power
increases with increasing positive and negative scattering angle.

The overall agreement between calculated and measured results provides
the confidence to consider the optimization of aperiodic dielectric structures.

4.9.2 Aperiodic dielectric structure for a top hat objective function

An objective response is sought in which the maximum amount of incident
EM radiation is scattered into a top hat function whose peak occurs in the
angular range 30◦ to 60◦ and is defined along a measurement curve. The
measurement curve is shown in Fig. 4.10(a). Symmetrically placed struc-
tures, such as the 5 × 5 finite-sized periodic array are unable to provide the
desired functionality. However, one anticipates that breaking the symme-
try of the spatial arrangements of dielectric scatterers will provide a better
solution.

Rather than attempt to adapt ad hoc PC-inspired designs, a randomized
gradient descent algorithm is used to find the optimal spatial configuration of
50 identical, dielectric Teflon cylinders. The result is a nonintuitive aperiodic
distribution.

Figure 4.13(a) is a photograph of the experimental arrangement. As may
be seen, the positions of the Teflon cylinders do not have any obvious spatial
symmetry. Figure 4.13(b) shows the calculated relative EM power at fre-
quency f0 = 37.5 GHz. The grey scale is in dB and the solid line represents
the measurement curve. EM radiation from the metal horn is incident on
the 50 dielectric cylinders in the dielectric scattering domain. Figure 4.13(c)
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Fig. 4.13. (a) Top view of aperiodic dielectric array attached to lower metal plate that
forms the lower half of an EM waveguide. The upper metal plate of the EM waveguide
is removed. (b) Calculated relative EM power at frequency f0 = 37.5 GHz. The grey
scale is a logarithmic scale (dB). EM radiation from the metal horn is incident on 50
dielectric cylinders in the scattering domain. The cylinders have a diameter of 3.175 ±
0.025 mm and a relative permittivity εr = 2.05. The cylinder positions are optimized to
focus EM power on the measurement curve under a top hat function which peaks
between angles 30◦ and 60◦. The measurement curve traced by the power probe is
shown as a solid line. (c) The desired and modeled power profile along the measurement
curve. 95% of the calculated EM power reaching the measurement curve is focused
under the top hat peak. The ripples in the top hat’s power as a function of θ are 1.45
dB peak-to-peak. (d) Same as (c) but power is displayed on a logarithmic scale (dB).

shows the desired (broken line) and modeled (solid line) power profile along
the measurement curve. Note that 95.0% of the calculated EM power reach-
ing the measurement curve is focused under the top hat peak. The ripples
in the top hat’s power as a function of θ are 1.45 dB peak-to-peak. Figure
4.13(d) is the same as (c) but power is displayed on a logarithmic scale (dB).

The implementation of the aperiodic scattering structure differs slightly
from the design. Precise placement of the Teflon cylinders is more difficult
than measuring their positions. The sufficient accuracy of the forward solver
can nevertheless be observed. Figure 4.14(a) shows calculated and detected
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Fig. 4.14. (a) Calculated and measured EM power profile along measurement curve.
The relative power scale is linear. (b) Same as (a) but relative power on a logarithmic
scale (dB). Ripples at the top hat peak are approximately 1.77 dB peak-to-peak. The
portion of the measured power focused between scattering angles 30◦ and 60◦ is 92.4%.

relative EM power profile along the measurement curve. The relative power
scale is linear. As with the finite-sized periodic array, agreement between
experiment and calculation is good. Figure 4.14(b) is the same as (a) but
the relative power scale is logarithmic and measured in dB. Ripples at the
top hat peak are approximately 1.77 dB peak-to-peak. This is only 0.32 dB
greater than the calculated value. The portion of the measured power focused
between scattering angles in the range is 92.4%. This is slightly less than the
calculated value of 95.0%. The measured relative EM power reflected back
into the waveguide is neglected by the forward solver but S11 was measured
to be –20 dB.

4.9.3 Sensitivity analysis

Practical device design must be robust against variations in spatial configu-
ration introduced during manufacture. A degradation of performance from
design to implementation can be observed between Fig. 4.13 and Fig. 4.14.
The robustness of an optimal design is closely associated with performance
degradation as a function of perturbation of the design parameters. How-
ever, a simple Euclidean norm is often not an appropriate measure of the
size of a perturbation. Performance degradation can greatly vary for pertur-
bations with the same Euclidean distance to the optimal design. When the
cost functional is twice differentiable, the direction of maximal sensitivity
is characterized by the eigenvector associated with the largest eigenvalue
of the Hessian matrix. However, for our prototype problem, evaluation of
the Hessian matrix can be computationally challenging, in particular when
constraints inhibit the free perturbation of the cylinder positions.
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Instead of evaluating the local Hessian, the robustness of the 5 × 5 finite-
sized periodic array and the optimized aperiodic structure with respect to
a uniform random perturbation are compared. The random perturbations
of maximum size L are centered around each scattering site. As a measure
of the robustness of the power profile we evaluated the standard deviation
σ(J) of a sample of cost function values. The cost function values were eval-
uated at randomly perturbed parameter settings. The parameter settings
ppert are generated by changing each cylinder location of the locally optimal
design p0 by a length L multiplied by a uniformly distributed random num-
ber. The results of numerical simulations shown in Fig. 4.15 indicate that
the aperiodic structure is more sensitive than the 5 × 5 finite-sized peri-
odic array. With increasing L, the standard deviation of J for the aperiodic
lattice increases faster than for the 5 × 5 finite-sized periodic array. The
standard deviation initially increases as σ(J) = 0.0524 L/λ0 for the 5 × 5
finite-sized periodic array while for the aperiodic structure with 50 cylinders
σ(J) = 0.1369 L/λ0 . The greater sensitivity of the aperiodic design suggests
competition between device performance and robustness. Hard to achieve
functionality such as the top hat objective function described in Section
4.9.2 results in a higher sensitivity to small perturbations than the 5 × 5
finite-sized periodic array. In addition, the aperiodic design contains twice
the number of scattering cylinders as the 5 × 5 PC array.
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Fig. 4.15. Sample deviation σ(J) as a function of L. The change in power profile was
measured using the cost functional for perturbations of the locally optimal design as
shown in Fig. 4.14(a). Each cylinder coordinate was perturbed randomly on [−L, L]
following a uniform distribution. Each point represents the standard deviation of a
sample of 200 randomly perturbed parameter settings. The 5 × 5 finite-sized periodic
array increases with L until it reaches its limiting value for randomly distributed
scattering cylinders, while the aperiodic lattice peaks before settling down to its limiting
value.
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Figure 4.15 shows saturation of σ(J) for large L. One may investigate this
asymptotic behavior by considering the statistical properties of the power
profile for perturbations of size Lmax of completely random, non-overlapping,
configurations of cylinders in the scattering domain. The limiting value for
σ(J) is 0.017, similar to the values for L/λ0 = 0.8 shown in Fig. 4.15. The
inherent robustness of aperiodic designs versus PC crystals deserves further
investigation.

4.9.4 Further discussion

Using a computationally efficient gradient-based optimizer and finite differ-
ence forward solver the spatial arrangement of identical, parallel, dielectric
cylinders may be configured to closely match a desired EM power response.
There is good agreement between calculations and experiments for an ob-
jective function in which EM radiation propagating in a slab waveguide is
scattered into a top hat function that peaks in the angular range 30◦ to 60◦

on a measurement curve. The spatial arrangement of scattering cylinders is
aperiodic and nonintuitive. The methodology can extend the functionality
of RF and nano-photonic devices beyond that of PC inspired designs.

Fig. 4.16. (a) Alternative design to bend an incident EM-beam uniformly into 30◦ to
60◦ using dielectric cylinders with higher refractive index. The cylinders have a radius
r = 2 mm and are made from Ultem2300 and have a relative permittivity εr = 3.365 at
λ0 = 8 mm. (b) Simulated power distribution for the compact alternative design shown
in (a). The simulated power distribution shows that the aperiodic array channels and
confines the EM beam. Many degrees of freedom allow even more compact designs.

The space of aperiodic designs is vastly larger than that of photonic crys-
tals, which is a strict subset. Searching for optimal designs in such high-
dimensional, nonlinear, and non-convex space is extremely time consuming
and remains an active research area. For example the prototype problem
of bending and shaping an incident beam yields multiple designs displaying
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Fig. 4.17. (a) The simulated performance of the alternative design shown in Fig. 4.16.
(b) Simulated power profile as in (a) on a logarithmic scale (dB). The design’s
performance using 36 Ultem cylinders is nearly as good as using 50 Teflon cylinders.

nearly equal performance. Using only 36 cylinders made of the dielectric ma-
terial Ultem2300 yields an entirely different design with almost equivalent
performance. The Ultem cylinders have a diameter of 4 mm and a slightly
higher relative permittivity εr = 3.365 than Teflon. One alternative design
is shown in Fig. 4.16, illustrating a different mode of operation. Instead of
guiding the EM beam the cylinders are arranged to form a sort of aperiodic
mirror that blocks the light from propagating through the structure. Fig-
ure 4.17 shows the resulting simulated power profile along the measurement
curve. The design successfully focuses in excess of 90% of RF power into the
desired angular window but fails to suppress the leakage to below –30 dB
outside the angular window. No doubt this design can be improved upon by
adding more cylinders to prevent power leakage. It is important to notice
the variety of design options at the engineer’s disposal. Varying cylinder
positions, cylinder radii, refractive index of all or individual cylinders allow
vast numbers of design possibilities from fairly basic building blocks.

The seemingly simple objective of rotating and shaping the power of an
incident EM wave is itself not easily achieved using photonic crystals. A
possible solution using periodic structures is the PC-waveguide shown in Fig.
4.18. Using the higher refractive index of Ultem there exists a PC structure
that has a band gap at the operating frequency. The solution for using PCs
is simply to form a PC-waveguide from the horn to the measurement curve.
This design may perform well with respect to the required amount of relative
power focused into the desired angular window. Much more functionality
cannot be expected for designs that are constrained to periodic structures.
The power profile for the PC-waveguide is shown in Fig. 4.19. The majority
of the power is delivered to the desired area, but there is literally no control
over the shape of the power profile along the measurement curve.
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Fig. 4.18. (a) Periodic photonic crystal design to bend light at a −45◦ angle. (b)
Simulation of the EM power distribution over the modeling domain for the PC
waveguide shown in (a). Using Ultem cylinders, the finite-sized PC contains the EM
wave reasonably inside the waveguide.
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Fig. 4.19. (a) Power profile of finite-sized PC waveguide with aperiodic truncation
displayed in Fig. 4.18. The design guides the incident EM wave and confines most of the
power reaching the measurement curve at a −45◦ angle. (b) Power profile shown in (a)
on a logarithmic scale (dB).

PC designs exist in one, two, and three dimensions with varying function-
ality. One advantage of PCs is that under the assumption of the infinite
extent of the PC structures analytical results are available. Inaccuracies
and errors are introduced from the fact that realistic designs should be as
compact as possible. Truncating PCs gracefully to finite size is a proposed
application of aperiodic device design. An aperiodic truncation of the PC-
waveguide is shown in Fig. 4.20.

The performance of a finite-size PC with aperiodic aperture improves
dramatically. Besides channeling a high percentage of the power into the
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Fig. 4.20. (a) Design of a finite-sized, PC-waveguide with aperiodic aperture made with
Ultem cylinders. (b) Simulation of the power distribution for the design shown in (a).
The PC-waveguide confines the light and an aperiodic truncation shapes the EM beam
as it exits the waveguide. Aperiodic designs solve some problems that are associated
with finite-sized photonic crystals.
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Fig. 4.21. (a) Power profile of the PC waveguide with aperiodic aperture shown in Fig.
4.20. In addition to guiding most of the EM power the aperiodic aperture shapes the
EM beam as it exits the waveguide. The difference between simulation and
measurement most likely stems from placement errors of the Ultem cylinders. (b) Same
power profile as in (a) on a logarithmic scale (dB).

angular range 30◦ to 60◦ (Fig. 4.21), the power is now much more uniformly
distributed over the desired region. In addition, the horn-PC-waveguide tran-
sition may be improved using aperiodic design to decrease the impedance
mismatch and therefore input reflection.

Other optical components could include frequency demultiplexers. To de-
crease the size of the search space, the scattering cylinders are constrained
to lattice sites of a PC crystal pattern. In this manner a binary optimization
algorithm searches the design space by either occupying a lattice site or not.
The thus achieved frequency demultiplexer is shown in Fig. 4.22.

The next step in this design process would be to investigate the
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Fig. 4.22. (a) Aperiodic frequency splitter with cylinders occupying lattice sites. At
37.8 GHz most of the energy is channeled into the left waveguide. The power is scaled
to the maximum power and the shading is on a logarithmic scale (dB). (b) At 38.3 GHz
the majority of the EM power is channeled into the right waveguide.

performance improvement that can be achieved by allowing the cylinders
to move to off-lattice sites.

4.9.5 Comparison with photonic crystal inspired devices

In recent years, spatially periodic dielectric structures have been studied
and applied to both optics and microwaves [26–28]. It has been shown that
introduction of point and line defects in PCs can be used to filter, de-
multiplex, and guide electromagnetic waves [3, 2, 29, 30]. However, there
are numerous unresolved design issues with PC-inspired devices that limit
prospects of adoption as practical components. For example, when coupling
between standard fibers or waveguides and PC waveguides, the back re-
flection is either unacceptably large [31] or requires use of relatively large
coupling regions [32, 33]. As another example, it is well known that the
necessarily finite size of the PC can have a dramatic and detrimental im-
pact on device performance [34]. Solutions to these and similar problems
are stymied by the limited number of degrees of freedom inherent to PC
design. Rather than struggle for solutions within the constraints of spatial
symmetry imposed by PC structures, our approach is based on breaking
the underlying spatial symmetries and thereby exposing larger numbers of
degrees of freedom with which to design and optimize nano-photonic RF
devices.

Our experience so far indicates that optimization of such systems is best
achieved using numerical adaptive design techniques. This is because solu-
tions, such as that illustrated in Fig. 4.22, have such a high degree of broken
symmetry it is unlikely analytic methods or conventional intuition could
usefully be applied.
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Aperiodic dielectric design

4.9.6 Summary

In this chapter it has been shown that aperiodic nano-photonic RF dielec-
tric structures designed using adaptive algorithms can be tailored to closely
match desired electromagnetic transmission and scattering properties. It is
the broken symmetry of the structure that allows more degrees of freedom
and the possibility of better optimization compared to symmetric crystal
structures.

In general the frequency response and spatial configuration of this system
can have very complicated forms. It is the large number of degrees of freedom
that allow one to tailor the response to the desired objective or target. The
configuration space is even more complex if arbitrary shapes and materials
with electromagnetic loss or gain are considered.
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5 Design at the classical–quantum
boundary

Rodrigo Muniz and Stephan Haas

5.1 Introduction

In this chapter we explore systems whose description lies at the boundary
between classical and quantum theory. There are of course many ways to
approach this problem. Here, we choose to study the interaction of classical
light with small metal particles of arbitrary shape. Specifically, we consider a
physical model that is capable of observing the transition from bulk material
properties to nanoscale structures, for which quantum effects dominate. We
then explore the landscape of possible physical responses of such systems,
using optimal design techniques to train our intuition.

The prevalent classical model describing the interaction of visible and in-
frared electromagnetic radiation with nanoscale metallic clusters is based on
Mie theory [1]. This local continuum field model which uses empirical values
of a bulk material’s linear optical response has been used to describe plasmon
resonances in nanoparticles [2–4]. However, such a semi-empirical continuum
description necessarily breaks down beyond a certain level of coarseness in-
troduced by atomic length scales. Thus, it cannot be used to describe the
interface between quantum and classical macroscopic regimes. Moreover,
extensions of Mie theory to inhomogeneous cluster shapes are commonly
restricted to low-order harmonic expansions (e.g. elliptical distortions) and
so do not exhaust the full realm of possible geometric configurations. In ad-
dition, near-field applications, such as surface enhanced Raman scattering
[5], are most naturally described using a real-space theory that includes the
non-local electronic response of inhomogeneous structures, again beyond the
scope of Mie theory.

In the following section we describe a microscopic approach that demon-
strates the breakdown of this concept at atomic scales, whereas for large clus-
ter sizes the classical predictions for the plasmon resonances are reproduced.

c© Cambridge University Press 2010

123



Design at the classical–quantum boundary

To illustrate this approach, in the subsequent section we apply it to a simple
system of two atoms with variable separation, which allows a fully analyt-
ical treatment. In the next section, we then examine plasmonic resonances
in clusters with a small number of atoms. Then we show how for larger
clusters this approach is useful in describing the coexistence of excitations
of quantum and classical character in inhomogeneous nanoscale structures.
Finally, we explore nonintuitive aspects of optimal design and conclude by
discussing possible future research directions.

5.2 Non-local linear response theory

To capture the main single-particle and collective aspects of light–matter in-
teraction in inhomogeneous nanoscale systems we adopt the linear response
approximation [6], valid for sufficiently low intensities of electromagnetic
radiation.

The starting point of this approach is the determination of the eigenen-
ergies Ei and wave functions Ψi(r) of the Hamiltonian for the electrons in
the nanostructure. These can be obtained from several models of varying
complexity, ranging from effective mass and tight-binding Hamiltonians to
density functional theory and exact diagonalization or other sophisticated
numerical solutions of Hubbard-type models. In the following discussion,
we limit ourselves to the effective mass and the tight-binding models, not-
ing that response optimization will require multiple evaluations of Ei and
Ψi(r). While desirable, the additional complexity of dealing with more so-
phisticated models would limit us to very small clusters and would also make
the optimization iterations numerically very expensive.

In the tight-binding model, one considers electrons hopping between
atomic sites with a matrix element ti,j , which generally decreases rapidly
in magnitude with the inter-atomic separation. The wave functions Ψi(r)
are obtained as a linear combination of orbitals

Ψi(r) =
∑
i,j

αijϕ(r − Rj), (5.1)

where ϕ(r − Rj) is the wave function of an orbital around an atom localized
at position Rj and αij are the coefficients of the eigenvector (with energy
Ei) of the Hamiltonian, which has the matrix elements

〈ϕ(r − Ri)|H|ϕ(r − Rj)〉 =
{

µi i = j

−ti,j i 	= j.
(5.2)
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5.2 Non-local linear response theory

The resulting tight-binding Hamiltonian,

H = −
∑
i,j

(ti,j c
†
i cj + h.c.) +

∑
i

µic
†
i ci , (5.3)

contains an on-site potential Vi which can be varied to mimic the effect of
different atoms in the system. The Hamiltonian matrix can be numerically
diagonalized using the Householder method to first obtain a tridiagonal ma-
trix and then a QL algorithm for the final eigenvectors and eigenvalues [7].
Although the tight-binding approach is rather crude, it is attractive because
of the relative computational ease with which its wave functions and energies
can be computed.

The same holds for the effective mass model, in which one starts from the
Schrödinger equation for noninteracting electrons with mass me and charge
e moving in potential V (r), given by

HΨi(r) =
(
− �

2

2me
∇2 + V (r)

)
Ψi(r) = EiΨi(r). (5.4)

The wave functions obtained from the Hamiltonian are inserted into the
Poisson equation which in turn determines the local potential due to the
spatial distribution of the positive background charges. Using the jellium
approximation, the resulting potential is implicitly given by

∇2V (r) = 4eπρ(r), (5.5)

where the density of the positive background charge ρ(r) satisfies the con-
dition of neutrality inside the nanostructure so that∫

ρ(r)dr = Nel, (5.6)

where Nel is the number of electrons.
Once the electronic energy levels and wave functions have been obtained,

it is possible to calculate the dielectric susceptibility χ(r, r′, ω) using a real-
space formulation of the random phase approximation [8, 9]

χ(r, r′, ω) =
∑
i,j

f(Ei) − f(Ej )
Ei − Ej − ω − iγ

ψ∗
i (r)ψi(r′)ψ∗

j (r
′)ψj (r). (5.7)

The induced charge density distribution function is then obtained by

ρind(r, ω) =
∫

χ(r, r′, ω)(φind(r′, ω) + φext(r′, ω))dr′, (5.8)

where the induced potential is given by

φind(r, ω) =
∫

ρind(r′, ω)
|r − r′| dr′. (5.9)
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One can avoid the large memory requirement to store χ(r, r′, ω) by calcu-
lating the induced charge density distribution iteratively via

ρind(r, ω) =
∑
i,j

f(Ei) − f(Ej )
Ei − Ej − ω − iγ

ψ∗
i (r)ψj (r)

×
∫

ψi(r′), φtot(r′, ω)ψ∗
j (r

′)dr′ (5.10)

with φtot(r′, ω) = φind(r′, ω) + φext(r′, ω). The integrals can be evaluated nu-
merically. Equations (5.9) and (5.10) are solved self-consistently by iterating
φind(r, ω) and ρind(r, ω). For sufficiently small clusters, this procedure typi-
cally converges in 3 to 8 steps when starting with φind(r, ω) = 0, depending
on the proximity to a resonance and on the value of the damping constant
γ. A much better performance can be achieved when the initial φind(r, ω)
is taken as the solution of a previously solved nearby frequency. Upon its
convergence, the frequency and spatial dependence of the induced electric
field and the induced energy are obtained using

Eind(r, ω) = −∇φind(r, ω), (5.11)

and

Wind(ω) =
1
2

∫
|Eind(r, ω)|2dr. (5.12)

The observed resonances in the induced energy and charge density distribu-
tion at certain driving frequencies of the applied electric field correspond to
collective modes of the cluster.

5.3 Dielectric response of a diatomic molecule

Let us now explicitly see how this approach works for a two-atom system,
in which case the integrals can be performed analytically. For a diatomic
system the tight-binding Hamiltonian is given by

H =
(

µ −t

−t µ

)
. (5.13)

Diagonalizing this matrix yields the following eigenvalues and corresponding
eigenstates:

E0 = µ − t, |ψ0〉 =
|ϕa〉 + |ϕb〉√

2
, (5.14)

E1 = µ + t, |ψ1〉 =
|ϕa〉 − |ϕb〉√

2
. (5.15)
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Here |ϕa〉 and |ϕb〉 are taken to be 1s-orbitals wave functions, centered at
the atoms a and b respectively,

ϕa(r) =
1√
πa3

B

e−|r−Ra |/aB , (5.16)

ϕb(r) =
1√
πa3

B

e−|r−R b |/aB , (5.17)

where aB is an effective Bohr radius. Within the random phase approxima-
tion [9], the susceptibility of the system only has two terms contributing to
the sum over the states,

χ(r, r′, ω) =
(

f(E1) − f(E0)
E1 − E0 − ω − iγ

+
f(E0) − f(E1)

E0 − E1 − ω − iγ

)
×ψ∗

0 (r)ψ0(r′)ψ∗
1 (r

′)ψ1(r). (5.18)

Therefore the induced charge is given by

ρind(r, ω) = ψ∗
0 (r)ψ1(r)

2(E1 − E0)(f(E1) − f(E0))
(E1 − E0)2 − (ω + iγ)2

×
∫

dr′ ψ0(r′)φtot(r′, ω)ψ∗
1 (r

′). (5.19)

Let us now define

α ≡ 2∆E∆fE

(∆E)2 − ω2 + γ2 − i2ωγ

∫
dr′ ψ0(r′)φtot(r′, ω)ψ∗

1 (r
′), (5.20)

where ∆E = E1 − E0 and ∆fE = f(E1) − f(E0). Using the fact that for
s-orbitals

ψ0(r)ψ1(r) =
(ϕa(r) + ϕb(r))√

2
(ϕa(r) − ϕb(r))√

2
=

ϕ2
a(r) − ϕ2

b(r)
2

, (5.21)

we can simply write

ρind(r, ω) =
α

2
(ϕ2

a(r) − ϕ2
b(r)), (5.22)

which in turn allows the calculation of φind(r, ω) via

φind(r, ω) =
∫

dr′
ρind(r′, ω)
|r − r′| =

α

2

∫
dr′

ϕ2
a(r

′) − ϕ2
b(r

′)
|r − r′| . (5.23)

Once this potential is calculated we are able to compute

〈ψ0 |φtot|ψ1〉 =
∫

dr′ ψ0(r′)φtot(r′, ω)ψ∗
1 (r

′), (5.24)

and plug it back into Eq. (5.20) to obtain a linear equation for α.
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Using elliptical coordinates with za − zb = R, this integral can be per-
formed analytically, yielding

〈ψ0 |φtot|ψ1〉 = − ER

2
+

5α

16aB
− α

2R

+ α(
13

16aB
+

3R

8a2
B

+
1

2R
+

R2

12a3
B

)e−2R/aB , (5.25)

where it is assumed that the external electric field of magnitude E is applied
along the z direction, i.e. along the line connecting the two atoms. Plugging
this result back into Eq. (5.20), one finds( α

ER
a
)−1

=
5

8aB
− 1

R
+
(

13
8aB

+
3R

4a2
B

+
1
R

+
R2

6a3
B

)
e−2R/aB

− ∆E2 − ω2 + γ2 − i2ωγ

∆E∆fE

. (5.26)

This enables us to determine a closed analytical form for the physical
observables, i.e. we can express the induced charge and induced potential in
terms of ra = |r − Ra | and ra = |b − Rb |. Namely,

ρind(r, ω) =
α

2πa3
B

(
e−

2 r a
a B − e−

2 r b
a B

)
, (5.27)

φind(r, ω) =
α

2

[
1
ra

−
(

1
aB

+
1
ra

)
e−

2 r a
a B − 1

rb

+
(

1
aB

+
1
rb

)
e−2rb /aB

]
, (5.28)

where the ω dependency is contained in α. The corresponding total induced
energy is given by

Wind(ω) = α2

[
5

16aB
− 1

2R
+
(

13
16aB

+
3R

8a2
B

+
1

2R
+

R2

12a3
B

)
e−2R/aB

]
. (5.29)

In Fig. 5.1, the calculated induced charge density and magnitude of the
induced electric field are plotted as a function of frequency of the exter-
nal electric field and the separation between the two atoms. This simple
system only has a dipole resonance at the frequency which separates the
bonding and anti-bonding energy eigenstates. As the distance between the
atoms is increased, the tight-binding matrix element is expected to fall off
rapidly. Here, we parameterize this effect with a generic [10] power-law,
t ∝ R−3 . Consequently the resonance frequency drops off with decreasing
inter-atomic separation. Furthermore, the magnitude of the induced electric
field increases with inter-atomic distance, and hence with the cross-section
of the diatomic “antenna” structure.
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Fig. 5.1. Dielectric response of a diatomic molecule. Left: induced charge density with
the external electric field in the vertical direction, and R = 4aB . Right: total induced
energy as a function of ω and R, with the tight-binding hopping parameter changing as
t ∝ R−3 .

5.4 Dielectric response of small clusters

Next, we explore the collective electromagnetic response in atomic clusters
of various sizes and geometries. Our aim is to understand their dielectric
response based on the fully quantum-mechanical description given above,
which captures accurately their relevant collective modes. The electronic
energy levels and wave functions, calculated within the tight-binding model,
are used to determine the non-local dielectric response function. It is ex-
pected that the system shape, the electron filling and the driving frequency
of the external electric field strongly control the resonance properties of the
collective excitations in the frequency and spatial domains.

Let us first focus on the dielectric response function in linear chains of
atoms, with the intent to identify the basic features of their collective exci-
tations [11]. The frequency dependence of the induced energy in such sys-
tems, exposed to a driving electric field along the chain direction, is shown
in Fig. 5.2(a). It exhibits a series of resonances, which increase in number
for chains with increasing length. As observed in the spatial charge den-
sity distribution, e.g. shown for the 5-atom chain in Fig. 5.2(b), the lowest
peak corresponds to a dipole resonance. When increasing the system size,
the dipole peak moves to lower frequencies, which is the expected finite-size
scaling behavior. The resonances at higher frequency correspond to higher
harmonic charge density distributions. For example, in Fig. 5.2(c), we show
the charge density distribution corresponding to the highest frequency reso-
nance of the 6-atom chain. In contrast to the dipole resonance, these modes
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Fig. 5.2. Longitudinal modes in atomic chains. (a) Decimal logarithm of the total
induced energy (artificially offset) as a function of the frequency of an external electric
field which is applied along the direction of the chain. The resonance peaks correspond
to different modes. (b) Induced charge density distribution for the lowest energy mode
at �ω = 0.73×t in the 5-atom chain. (c) Induced charge density distribution for the
highest-energy mode at �ω = 3.56×t in the 6-atom chain.

show a rapidly oscillating charge density distribution, and thus have the
potential to provide spatial localization of collective excitations in more
sophisticated structures. While an extension to much larger chains is nu-
merically prohibitive within the current method, the finite-size scaling of
the observed dielectric response of these clusters is consistent with the 1D
bulk expectation of a dominant low-energy plasmon mode, coexisting with
a particle-hole continuum of much weaker spectral intensity.
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Fig. 5.3. Transverse modes in coupled chain structures. (a) Logarithm of the total
induced energy (artificially offset) as a function of the frequency of an external electric
field applied transversely to the chain. The low-energy mode is central, the analog of a
bulk plasmon, and the high-energy mode is located at the surface, the analog of a
surface plasmon. (b) Induced charge density distribution for the mode at �ω = 4.91 × t

in the 3-atom double chain. (c) Induced charge density distribution for �ω = 5.41 × t in
the 5-atom double chain. (d) Induced charge density distribution for �ω = 1.93 × t in
the 6-atom double chain.

In order to study the transverse collective modes we apply an external elec-
tric field perpendicular to ladder structures made of coupled linear chains
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5.4 Dielectric response of small clusters

of atoms.* Figure 5.3(a) shows that for every chain size there are two reso-
nance peaks for the total induced energy, the higher energy is an end mode,
as shown in Figs. 5.3(b) and (c) for the 3- and 5-atom double chains re-
spectively, whereas the lower energy peak corresponds to a central mode,
as displayed in Fig. 5.3(d) for the 6-atom double chain. It is also confirmed
that as the length of the chain is increased, the central mode gets stronger
relative to the end mode, which is the expected behavior for bulk versus
surface excitations. These results are in agreement with the findings of [12,
13].
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Fig. 5.4. Dependence on the direction of the applied electric field. (a) Logarithm of the
total induced energy (artificially offset) as a function of frequency of external electric
fields applied to a 4×6-rectangle at different incident angles. θ = 0o when the field is
parallel to the 4-atoms edge, and θ = 90o when it is parallel to the 6-atoms edge. (b)
Induced charge distribution for θ = 0o and �ω = 3.15 × t. (c) Induced charge density
distribution for θ = 90o and �ω = 2.15 × t.

Let us next examine what happens when the direction of the external elec-
tric field is varied. Figure 5.4 shows the dielectric response of a 4×6-atom
rectangular structure for different electric field incidence angles. When the
field is parallel to one of the edges (θ = 0o or θ = 90o), the response is es-
sentially that of a single chain with the same length, shown in Fig. 5.2(a).
Also, the induced spatial charge density modulation is analogous to those
of the correspondent linear chain. This may be seen in Fig. 5.4(b) and (c).
At intermediate angles the response is a superposition of the two above
cases, changing gradually from one extreme to the other as the angle is

* Within this approach, at least two coupled chains are necessary to visualize charge redistri-
butions along the transverse direction, since charge fluctuations within the orbitals are not
accounted for.
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changed. Notice for instance that as the angle increases, the peak at the
same frequency of the 4-atoms dipole resonance diminishes, while simulta-
neously another resonance is formed at the frequency of the dipole mode
of a 6-atoms chain when the angle is tuned from θ = 0o to θ = 90o. For
θ = 0o there is only the peak at the frequency of the 4-atom chain dipole
resonance, whereas for θ = 90o only the dipole peak corresponding to the
6-atoms dipole frequency is present. The superposition of the response from
each direction is a consequence of the linear response approximation em-
ployed, since the response is a linear combination of those obtained from
each direction component of the external field.
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Fig. 5.5. Variation of the number of electrons. (a) Logarithm of the total induced energy
as a function of the external electric field frequency. The number of electrons Nel in a
9-atom chain is varied. (b) Induced charge density distribution for Nel = 1 at
�ω = 0.36 × t. (c) Induced charge density distribution for Nel = 9 at �ω = 0.53 × t.

Next, let us analyze the dependence of the resonance modes on the num-
ber of electrons in the cluster. Figure 5.5(a) shows significant changes in the
response of a 9-atom chain with the external field applied along its direc-
tion. In particular, it is observed that the response is stronger when there
are more electrons in the sample, a quite obvious fact since there are more
particles contributing to the collective response. Moreover, the resonance
frequencies of lower modes increase with the number of electrons, which can
be understood as a consequence of the one-dimensional tight-binding density
of states being smallest at the center of the band. Hence the energy levels
around the Fermi energy are more sparse in the finite system, and there-
fore the excitations require larger frequencies at half-filling. The same does
not hold for higher frequency modes since these correspond to transitions
between the lowest and highest levels for any number of electrons in the
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5.4 Dielectric response of small clusters

sample. Therefore these modes have the same frequency, independent of the
electronic filling. Higher filling also allows the induced charge density to con-
centrate closer to the boundaries of the structure, as a comparison between
Fig. 5.5(b) and (c) demonstrates. Figure 5.5(b) shows that a 9-atom chain
with Nel = 1 electron has its induced charge density localized around the cen-
ter of the chain. In contrast, Fig. 5.5(c) displays the induced charge density
localized at the boundaries of the same structure with Nel = 9. This con-
centration closer to the surface happens because higher energy states have
a stronger charge density modulation than the lower energy ones. Therefore
the induced charge density is more localized for higher fillings, because at
low fillings the excitations responsible for the induced charge density are
between the more homogeneous lower energy levels. This can be interpreted
as a finite-size rendition of the fact that by increasing the electronic filling
one obtains the classical response with all the induced charge density on the
surface of the object.
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Fig. 5.6. Connection between two chains, Nel = 1. (a) Logarithm of the total induced
energy as a function of the frequency of an external electric field applied to two 8-atom
chains with an extra atom connecting them at the center. (b) Induced charge density
distribution for �ω = 2.28×t. (c) Induced charge density distribution for �ω = 4.36×t.

Access to high-energy states is very important for achieving spatial local-
ization of the induced charge density, as the next example shows. In order to
find a structure with spatially localized plasmons we consider two parallel 8-
atoms chains connected to each other by an extra atom at the center. When
an external electric field is applied transversely to the chains, the electrons
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are stimulated to hop between them, but this is only realizable through the
connection, therefore the plasmonic excitation is sharply localized around it.
Figure 5.6(a) shows the response of two 8-atoms chains, Fig. 5.6(b) and (c)
show respectively the induced charge density for the dipole and the highest
modes. It is seen that the induced charge density of the lowest frequency
mode is spread along the chains, whereas the high-frequency plasmon is more
localized, since it corresponds to excitations to the highest energy state that
has a large charge modulation, as pointed out before.

Fig. 5.7. Variation of the distance between neighbor atoms a. Logarithm of the total
induced energy as a function of the frequency of an external electric field applied to
7-atom chains with different spacing between atoms a in units of the Bohr radius aB .
The frequency unit is t3 , the tight-binding hopping parameter for a = 3aB .

Let us finally analyze the dependence of the various dielectric response
modes on the inter-atomic distance. The dipole moment of the chain is pro-
portional to its length, and consequently also proportional to the distance
between atoms. Hence one would naively expect that the strength of the
dielectric response is strictly proportional to the atomic spacing. However,
higher frequency modes require that the electrons are able to hop quickly
along the chain in order to produce the fast charge oscillations of the mode.
Hence the oscillator strength of the high-frequency modes is suppressed
for systems where electrons cannot move fast enough. In the tight-binding
model, the hopping rate stems from the overlap of the atomic orbitals on
different sites, which decreases with increasing spacing between atoms [10].
Therefore the high-frequency modes are suppressed for chains with large
inter-atom spacing, because the hopping is so weak that it overcomes the
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5.5 Dielectric response of a metallic rod

gain coming from a larger dipole moment. On the other hand the oscillator
strength of the slow modes increases for larger spacings, because they do
not require fast motion along the chain. In this case, the contribution from
a larger dipole moment dominates over the suppression due to the smaller
hopping rates. This fact is demonstrated in Fig. 5.7, where the responses of
7-atom chains with different atomic spacings are shown. The tight-binding
hopping parameter t changes with the atomic spacing a, and here we consid-
ered a generic [10] power-law dependence t ∼ a−3 . The figure clearly shows
that the strength of the slowest mode is reduced for shorter spacings. The
opposite is true for the two fastest modes, while the intermediate modes
have nearly no change.

5.5 Dielectric response of a metallic rod

Turning now to metallic structures, described within the effective mass ap-
proach, we illustrate the application of inhomogeneous linear response to an
infinitely long elliptic rod illuminated by an external field. Assume that the
rod is aligned in the z direction and the electric field polarization is along
the (1, 1, 0) direction. For the wave functions we assume periodic boundary
conditions along the z direction. To quantify the response of arbitrary ge-
ometries to the applied field, we calculate the energy of the induced field,
defined by

Wind(ω) = (1/2)
∫

|Eind(r, ω)|2 dr. (5.30)

In Fig. 5.8 the logarithm of the energy of the induced field (log10(Wind))
is displayed as a function of the applied external field photon energy �ω

and the characteristic system size R for the aspect ratio (a) a : b = 1 : 1.3
and (b) a : b = 1 : 2. For sufficiently large rod sizes, one clearly observes two
plasmon resonances, ω+ and ω−, consistent with earlier predictions based
on Mie theory [4]. Our method confirms that these resonances occur at
ω+ = ωp(b/(a + b))1/2 and ω− = ωp(a/(a + b))1/2 , where ωp is the bulk plas-
mon frequency ωp =

√
4πe2ρ/me . Because the scale in Fig. 5.8 is a logarith-

mic scale, it is clear that the spectral intensity for large rod sizes is orders
of magnitude greater compared to smaller rod sizes. Most importantly, it is
evident from this figure that the classical picture of two well-defined reso-
nances breaks down below a characteristic system size. For sufficiently small
rod sizes, the two macroscopic resonances split into multi-level molecular
excitations, with the overall spectral weight shifting towards lower energies.
For the chosen parameters this transition occurs at Rc ≈ 6.5 L. Below Rc ,
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Fig. 5.8. (a) Logarithm of the energy of the induced electric field (log10 (Wind )) (see
text) in an elliptic metallic rod due to applied external field Eext along the (1, 1, 0)
direction as a function of face surface size R and photon energy �ω of the external field
in units of E0 . Aspect ratio (semi-minor to semi-major axis) a : b = 1 : 1.3. Temperature
T = 0 K, carrier density ρ = (1/480) L−3 , and γ = 10−3 E0 . (b) Same as (a) but with
a : b = 1 : 2. Ref. [17].

the spectral intensity of the energy levels is reduced because fewer electrons
participate in the individual resonances.

The physics determining the value of Rc may be illustrated by considering
an infinite cylindrical rod of radius R and electron density ρ. In the classical
regime, the observed collective oscillations are only weakly damped, indicat-
ing that they are well separated from the quasi-continuum of single-particle
excitations. This leads to the condition ωpR/vF � 1, stating that the plas-
mon phase velocity is greater than the Fermi velocity vF of the electrons
[14]. For r < R the electrons are trapped in a harmonic potential due to
the uniform positive background [15] and the characteristic collective fre-
quency is ωp =

√
4πe2ρ/(2me). Estimating the Fermi velocity using a bulk

value vF = (3π2ρ)1/3
�/me one obtains R � Rc = π 1 / 6 31 / 3

√
2

�

em
1 / 2
e ρ1 / 6

≈ 3.4 L for
an electron density ρ = (1/480) L−3, in reasonable, but only approximate,
agreement with the calculated threshold Rc ≈ 6.5 L shown in Fig. 5.8.

For system sizes below Rc the dominant excitations are observed to shift
towards lower energies as the positive background potential becomes increas-
ingly anharmonic. The harmonicity criterion for excitations can be expressed
as σ0/R ≤ 1, where σ0 = ( �

m e ωp
)1/2 is the classical turning point for an elec-

tron in the ground state of the harmonic potential. This is equivalent to the
condition R ≥ Rc = ( �

2

2me ρe2 )1/4 , yielding R ≥ 3 L.
The nature of the excitations changes as the characteristic size R crosses

the quantum threshold Rc . In Fig. 5.9, we show logarithm of the calculated
energy of the induced field (log10(Wind)) as a function of external field fre-
quency. As shown in Fig. 5.9(a), for relatively large rod sizes, the two distinct
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Fig. 5.9. (a) Logarithm of the energy of the induced electric field (log10 (Wind )) in an
elliptic rod of size R = 11 L with aspect ratio a : b = 1 : 1.3 as a function of photon’s
energy �ω of the external field in units of E0 . Carrier density ρ = (1/480) L−3 and
γ = 10−3 E0 . The direction of the external field is indicated by the arrow. Inset:
induced charge density at the resonant frequencies ω+ and ω−. The boundary of the rod
is shown using the solid line, and the dotted line shows the set of classical turning
points, corresponding to the positive background potential. (b) Same as (a), but for size
R = 3 L. Ref. [17].

plasmon resonances labeled ω− and ω+ correspond to two orthogonal bipo-
lar charge distributions, as indicated in the inset. The spatial orientations of
these induced resonances are aligned with the semi-major and semi-minor
axes, and do not depend on the direction of the incident field. In contrast,
for system sizes less than Rc (Fig. 5.9(b)), the excitation spectrum consists
of several lower-intensity modes, dominated by a low-frequency resonance.
However, such spatial characteristics of these modes are different from the
classical limit, i.e. they are aligned with the incident field, indicating that
Mie theory breaks down in the quantum regime.

5.6 Response of inhomogeneous structures

An advantage of the self-consistent non-local response theory described here
is that it extends naturally to inhomogeneous structures with nanoscale
and atomically sharp edges and corners. This is of great practical interest
to nano-photonic applications since such features are commonly associated
with substantial local field enhancements [5]. However, the intuition driving
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Fig. 5.10. (a) Three-dimensional conjoined sphere and rectangular bar. (b) Logarithm
of the induced field energy in the structure for Nel = 100 (solid line) and Nel = 5
(dotted line) as a function of the external field frequency. The material volume is
Vm at = 5516 L3 . The arrows in the figure show the frequencies chosen for results of
calculations shown in (d) and (f). Induced charge density is calculated for a nanoscale
asymmetric structure for the indicated charge densities and frequencies of the external
field. Temperature T = 0 K and γ = 10−3 E0 . (c) Nel = 100, �ω = 0, the direction of
the external field is indicated by the arrow. (d) Nel = 100, �ω = 0.415 E0 . (e) Nel = 5,
�ω = 0. (f) Nel = 5, �ω = 0.085 E0 . Ref. [17].

such expectations is usually derived from classical continuum field theory
which may not be applicable in this regime. When investigating structures
at the microscopic level one needs to account quantitatively for changes in
the response spectrum. One would also like to describe the breakdown of
the continuum picture and quantum-mechanical discretization effects which
may ultimately lead to new and interesting functionalities that are accessible
by nanoscale engineering.
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5.6 Response of inhomogeneous structures

To explore this we consider a representative asymmetric nanostructured
system of material volume Vmat = 5516 L3 consisting of a conjoined sphere
and rectangular bar (Fig. 5.10(a)) whose response strongly depends on the
carrier concentration (Fig. 5.10(b)). Plots of induced charge distributions in
response to an external electric field are shown for different carrier concen-
trations and frequencies of the incident radiation.

For Nel = 100 in the low-frequency limit (Fig. 5.10(c)), this leads to a
dipole-like anisotropic response for which the induced field is not collinear
to the external field Eext (shown by the arrow). Note, the induced charge
is localized within the boundaries of the nanostructure, and follows the
nanostructure’s physical bounds given by the positive charge distribution,
in agreement with expectations from classical field theory. At this rela-
tively high carrier concentration and at a high external field frequency of
ω = 0.415 E0/�, one observes a complex local enhancement of the induced
charge density (Fig. 5.10(d)). For the low carrier concentration (Nel = 5)
shown in Fig. 5.10(e) and (f) the induced charge density arises from excita-
tion of low-energy eigenstates and the overall response is weaker. Note, the
induced charge is not localized within the boundaries of the nanostructure.
Varying the carrier concentration hence acts as a “switch” that can activate
different resonant regions in a broken-symmetry atomic-scale structure.

At higher frequencies, the system response can be even more complex. For
example, in the case of low carrier concentrations and resonance frequency
ω = 0.085 E0/�, the induced dipole field is rotated with respect to the static
limit (Fig. 5.10(f)). Hence, by tuning the frequency of the external field,
discrete quantum states within anisotropic nanostructures can be either ac-
cessed or avoided. This control exposes many quantum functionalities that
are beyond conventional Mie theory.

As an example, let us consider the induced electric field at the interface
between a sharp tip and a flat surface illuminated by plane-wave radiation
incident in the z direction (Fig. 5.11(a)). The total material volume of the
system is Vmat = 33404 L3 .

In the static limit, a moderate enhancement of field intensity is found
in close proximity to the tip. Results of calculating logarithm of the in-
duced field intensity (log10(|E ind(r)|2)) are shown in Fig. 5.11(c). While
most of the induced charge density accumulates at the surface, there is con-
siderable penetration into the bulk. In contrast, when the same structure
is illuminated at resonance, the induced plasmonic response can be much
more intense than the low-frequency limit. Here, the induced field inten-
sity increases by two orders of magnitude, while the spatial dispersion of the
“hot spot”, as measured by full width half maximum, remains approximately
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Fig. 5.11. (a) Three-dimensional image of a structure consisting of a sharp tip and two
parallel flat plates of material volume Vm at = 33404 L3 containing Nel = 207 electrons.
The incident electric field is along the (0, 0, 1) direction, temperature T = 0 K, and
γ = 10−3 E0 . (b) Logarithm of the induced electric field energy in the structure as a
function of the field frequency, the arrow shows the frequency chosen for results of
calculations shown in (d). (c) Logarithm of the intensity of the induced electric field
(log10 (|E ind (r)|2 )) in static limit, �ω = 0. (d) At resonance, �ω = 0.135 E0 . Ref. [17].

the same (see Fig. 5.11(d)). This demonstrates that custom-designed atomic-
scale tip structures may be used to control the near field, but fully quantum-
mechanical modeling is needed to quantitatively account for local enhance-
ments, as well as screening and focusing effects.

In summary, a non-local response theory describing the interaction of elec-
tromagnetic radiation with inhomogeneous nanoscale structures has been de-
veloped and implemented. This model may be used to describe metals and
semiconductors in the metallic regime. For simple geometries, semi-empirical
continuum-field Mie theory is found to break down beyond a critical coarse-
ness. At this level of coarse graining, the response is no longer exclusively
determined by particle shape. In more complex inhomogeneous geometries
excitations of quantum and classical character can coexist. For objects with
nanoscale sharp features, a real-space response theory uncovers new func-
tionalities, such as local resonances that are activated by tuning the carrier
concentration or the frequency of the incident field.
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5.7 Optimization

Next we describe studies to explore optimal design of nanoscale metallic
structures to control electromagnetic field intensity on subwavelength scales.
We are motivated by the nonintuitive nature of quantum response and the
potential for applications such as surface enhanced Raman scattering [5].

5.7.1 Static response

To gain better understanding and intuition into the dielectric response of
nanoscale metallic clusters in the quantum limit, let us first consider sys-
tems consisting of two identical nanospheres with a total number of elec-
trons Nel and separated by an adjustable distance D (top view shown in
Fig. 5.12). The nanospheres are placed in a static electric field, and the z

direction of the external field is aligned along the line connecting the sphere
centers. Our goal is to maximize the intensity of the induced electric field
Wind =

∫
V0
|E(r)|2dr in an objective volume of radius RV = L, centered be-

tween the two clusters, by varying the cluster separation D. In the regime
of large electron densities, classical theory predicts that Wind diverges as the
spheres approach each other, i.e. Wind → ∞ as D → 0, and hence the spher-
ical clusters would need to be as close as possible to each other to maximize
the induced field in the target area. As seen in Fig. 5.12, this is no longer
true for small carrier concentrations (here Nel = 20), in which case quantum
fluctuations strongly influence the electromagnetic response. For sufficiently
small separations (Fig. 5.12(a) and (b)) the entire system responds as a sin-
gle dipole (with small corrections at the interface between the two clusters).
The charge density distribution depicted in Fig. 5.12(a) shows charge polar-
ization (lower: positive, upper: negative) along the applied field, whereas the
corresponding induced electric field in Fig. 5.12(b) remains relatively homo-
geneous throughout the entire system. Remarkably, as shown in Fig. 5.12(c)
and (d), there are finite optimum separations between the spheres which
maximize the induced field at the center between them. As will become ap-
parent, the physical reason for this is that quantum wave functions constrain
accessibility to geometric features. For the parameters chosen in this exam-
ple, Dopt ≈ 4L occurs at the threshold separation distance beyond which the
two clusters cease to act as a single dipole. It is evident from Fig. 5.12(d)
that at this resonance condition the overall induced field intensity is highly
inhomogeneous and peaks at two orders of magnitude larger compared to
off-resonance conditions. Moreover, there can be further such resonances,
e.g. at Dopt ≈ 7L for the present parameters, which maximize the induced
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Fig. 5.12. The direction of the static external field Eext (ω = 0) points along the z axis.
Induced charge density (upper row) and corresponding induced electric field
log10 (|Eind (x, 0, z)|2 ) (lower row) in systems of two conducting spherical clusters with radii
R = 7L (shown by black dots), where L is the lattice spacing. The plots show top views of the
three-dimensional systems. The relative distance D between the two closest points of the spheres
is varied from left to right: (a),(b): D = 0; (c),(d): D = 4L, (e),(f): D = 13L. Nel = 20 for the
system and damping constant γ = 2 × 10−3 E0 . The objective volume over which the field
intensity is to be maximized is indicated as a circle of radius L at the system center. Ref. [18].

field intensity in between the nanospheres. As observed in Fig. 5.12(e) and
(f), for larger distances D, one can ultimately treat the spheres as inde-
pendent dipoles, for which the induced field energy Wind scales as Dλ , with
λ = −8, which can be verified numerically.

5.7.2 Dynamic response and screening

Although the characteristic Thomas–Fermi screening length is known to in-
crease with decreasing carrier concentration, this quantity only describes the
screening of slowly varying potentials. The lower the carrier concentration,
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Fig. 5.13. Landscapes of the induced electric field energy log10 (Wind ) in systems of two
conducting nanospheres with radii R = 7L as a function of the frequency of the external field ω

and the cluster separation distance D, measured between the two closest points of the
nanospheres. The direction of the external field points along the line connecting the sphere
centers, Damping constant γ = 2 × 10−3 E0 . (a) Nel = 20, (b) Nel = 100. Ref. [18].

the worse the system screens rapidly varying potentials. For relatively small
electron densities the screening length becomes comparable with the dis-
tance between the spheres D. Thus, a strong sensitivity of the response
of the system to the carrier concentration suggests strong effects of carrier
screening. This effect will be most pronounced in the region between the
spheres, where the potential undergoes significant changes.

To illustrate how the carrier concentration in the nanospheres dramat-
ically changes the dynamic dielectric response of the system, we show in
Fig. 5.13 plots of Wind as a function of the frequency of the external field and
relative distance D between the spheres. In Fig. 5.13(a) we consider the case
of the same low carrier concentration as in Fig. 5.12. There are Nel = 20 elec-
trons in the system, with a characteristic Fermi wavelength λF ≈ 3L, which
is the same order of magnitude as the radii of the spherical clusters. The
various observed resonances correspond to excitations of different geomet-
ric modes available in the discrete spectrum of the system (dipole–dipole,
quadruple–quadruple, etc). For the parameters chosen in Fig. 5.13(a), the
dominant geometric resonances occur at frequencies less than �ω = 0.2E0 .
Interestingly, there is no zero-frequency peak at D ≈ 0, which is in stark
contrast to the case of denser fillings that correspond to the classical limit,
e.g. as shown in Fig. 5.13(b). At low fillings, the delocalized charge den-
sity response results in less efficient screening in the region between the
clusters, and hence the system of two clusters responds as a whole. This
significantly reduces the magnitude of the induced charge densities near the

143



Design at the classical–quantum boundary

closest surfaces of the spheres and limits the maximum possible value of
Wind . Moreover, quantum discreteness of the energy levels results in a non-
monotonic dependence of Wind on D, which in turn leads to the non-zero
optimal distance Dopt, discussed above.

Note that for the parameter set chosen here, at a finite frequency ω =
0.1 E0/� the optimal distance is near D = 0, i.e. similar to the static re-
sponse of the classical system. In Fig. 5.13(b) we consider the same system
parameters but at a higher carrier concentration, i.e. Nel = 100 electrons.
The corresponding characteristic Fermi wavelength is λF ≈ 1L, which ren-
ders the dielectric response of the system to be much closer to the classical
limit. In this case many more geometric resonances are observed compared
to the low-filling regime (Fig. 5.13(a)). Also, in contrast to the quantum limit
these resonances depend more strongly on changes in the relative distance
D and converge into a single dominant peak at �ω ≈ 0.72E0 for D ≥ 7L.
Also note the large maximum of Wind at D ≈ 0 and ω ≈ 0, as is expected
for the static limit in the classical regime.

5.7.3 Optimal static response

The previous example illustrates that there can be significant differences be-
tween the dielectric responses in the classical and quantum regimes. Let us
now explore how the quantum functionality of such structures can, at least
in principle, be used for the design of nanoscale devices. In the following, we
pursue an optimal design problem of a toy system with multiple adjustable
parameters, using a numerical global optimization technique based on the
genetic algorithm [16]. Specifically, we wish to optimize a system containing
five point-like charges with q = +4e each. In order to reduce the complexity
of the problem the charges are placed on a line along the z axis, and we opti-
mize the z coordinates of the placed charges. This reduces the optimization
problem to five parameters. A static external electric field is applied along
the z axis. In order to discretize the numerical search space, the positions
of the charges are restricted to be on a lattice with lattice constant L. We
search for optimal configurations of the charges that maximize the induced
field intensity in a target region V0, located at the center of the system at
z = Ltot/2. Here, Ltot is the total length of the optimization box along the
z direction. The total number of electrons in the system Nel = 20 is chosen
to insure the system’s response to be in the quantum regime.

In Fig. 5.14(a) the intensity of the induced field is shown for the case of
all the point charges placed at the center of the target area, as would be
suggested by classical intuition. While the induced field is indeed largest
at the system center, the overall intensity is relatively small compared to
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Fig. 5.14. Induced field intensity log10 (|Eind (x, 0, z)|2 ) for different configurations of scatterers:
five point-like charges with q = +4e (marked by white dots), each is placed along a line on the z
axis, parallel to the external field. Nel = 20 and γ = 2 × 10−3E0 . (a) All charges are placed at
the center, (b) A random configuration, (c) Optimized configuration with objective to yield
maximum intensity of induced field. Ref. [18].

optimized configurations. For purposes of comparison, in Fig. 5.14(b) we
also show the intensity of the induced field for a random configuration of
point charges. In contrast to Fig. 5.14(a,b), Fig. 5.14(c) displays the induced
field for a numerically optimized configuration of point charges. In agreement
with the examples in Fig. 5.12 and 5.13(a), the optimal distance between
the placed charges is finite. The optimization algorithm finds a compromise
between the distance to the system center and the inter-particle distances
of the point charges that maximizes the induced charge density. This is
achieved via maximization of the induced charge localization in the quantum
system, leading to the most efficient screening near the target volume. Thus,
we find that using a genetic algorithm it is possible to create highly efficient
optimized structures with broken spatial symmetries which function as a
subwavelength lens for electromagnetic radiation.

It is also worth mentioning that the optimal configuration in Fig. 5.14(c)
has an inversion symmetry about the system center which arises natu-
rally during the optimization procedure. Comparing the optimized result
with the classical configuration (Fig. 5.14(a)) and the random configuration
(Fig. 5.14(b)), it is evident that the optimal configuration leads to a field
intensity in the focal region that is four orders of magnitude larger. We have
performed further optimizations for the positions of two to eight point-like
charges with the same objective functionality. Significant even-odd effects
are observed in the optimal arrangements. For even numbers of charges,
none of the charges should be placed in the system center, whereas for odd
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numbers of charges the optimal configuration consists of two symmetrically
arranged equal groups of charges, and one charge is placed in the center of
the target area.

5.7.4 Optimal dynamic response

We now consider the case of time-varying fields, with the goal to design a
“frequency splitter” in the subwavelength limit. In this example we again
allow the point-like charges to be placed along the z axis, and search for
optimal spatial configurations of the charges which maximize the induced
field intensity in a target volume centered at z = 2Ltot/3 for a field frequency
ω1 , and in a second target volume centered at z = Ltot/3 for a second field
frequency ω2 . Numerical optimization was performed for ten moving positive
background charges with q = +2e each and Nel = 20 electrons in the system.
In Fig. 5.15, we show the induced field intensity for optimized configurations
of charges with two different frequencies (a) �ω1 = 0.09E0 and (b) �ω2 =
0.130E0 . The selectivity of this device can be quantified by the induced field
energies W1 and W2 in the target volumes 1 and 2 correspondingly, and their
ratio at two distinct frequencies ω1 and ω2 . We find that for the optimized
configuration the ratio W1/W2 ≈ 0.09 at ω1 , and W2/W1 ≈ 0.07 at ω2 .

Fig. 5.15. “Frequency splitter”: induced field intensities log10 (|Eind (x, 0, z)|2 ) for optimized
configurations with Nel = 20 electrons and 10 moving scattering centers (marked by white
dots), γ = 2 × 10−3 E0 . The external field points along the z direction. (a) �ω1 = 0.09E0 , (b)
�ω2 = 0.130E0 . Ref. [18].
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5.8 Summary and outlook

The dielectric properties of nanoclusters in their quantum regime offer a rich-
ness of functionalities which is absent in the classical case. These include a
highly non-trivial screening response and dependence on the frequency of
the driving field. Intuition based on classical field theory, e.g. divergence
of induced field in the static limit as the distance between the clusters de-
creases, breaks down, and can thus not be relied on for the design of new
atomic-scaled devices. In particular, one cannot expect to induce localized
charge density distributions with a characteristic length scale much smaller
than the typical Fermi wavelength of the system and collective excitation can
be dramatically modified. Moreover, in the quantum regime the delocalized
induced charge densities can provide increased robustness of the optimized
quantity, and thus decrease the complexity of optimal design. Quantum me-
chanical effects are also found to set boundaries on the maximum values
of target quantities, i.e. induced field intensity in the system. Using genetic
search algorithms, we have seen that optimal design can lead to field inten-
sities orders of magnitude larger than “simple” guesses based on intuition
derived from classical theory.
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6 Robust optimization in high
dimensions

Omid Nohadani and Dimitris Bertsimas

6.1 Introduction

Optimization has a distinguished history in engineering and industrial de-
sign. Most approaches, however, assume that the input parameters are pre-
cisely known and that the implementation does not suffer any errors. Infor-
mation used to model a problem is often noisy, incomplete or even erroneous.
In science and engineering, measurement errors are inevitable. In business
applications, the cost and selling price as well as the demand for a product
are, at best, expert opinions. Moreover, even if uncertainties in the model
data can be ignored, solutions cannot be implemented to infinite precision,
as assumed in continuous optimization. Therefore, an “optimal” solution
can easily be sub-optimal or, even worse, infeasible.

There has been evidence illustrating that if errors (in implementation
or estimation of parameters) are not taken into account during the design
process, the actual phenomenon can completely disappear. A prime example
is optimizing the truss design for suspension bridges. The Tacoma Narrows
bridge was the first of its kind that was optimized to divert the wind above
and below the roadbed [1]. Only a few months after its opening in 1940, it
collapsed due to moderate winds which caused twisting vibrational modes. In
another example, Ben-Tal and Nemirovski demonstrated that only 5% errors
can entirely destroy the radiation characteristics of an otherwise optimized
phased locked and impedance matched array of antennas [2]. Therefore,
taking errors into account during the optimization process is a first-order
effect.

Traditionally, sensitivity analysis was performed to study the impact of
perturbations on specific designs and to find solutions that are least sensitive
among a larger set of optima. While these approaches can be used to compare
different designs, they do not intrinsically find one that is less sensitive, that

c© Cambridge University Press 2010

149



Robust optimization in high dimensions

is, they do not improve the robustness directly.
Stochastic optimization is the traditional approach to address optimiza-

tion under uncertainty [3, 4]. The algorithm takes a probabilistic approach.
The probability distribution of the uncertainties is estimated and incorpo-
rated into the model using:
1. chance constraints (i.e. a constraint which is violated less than p% of the

time) [5],
2. risk measures (e.g. standard deviations, value-at-risk and conditional

value-at-risk) [6–10], or
3. a large number of scenarios emulating the distribution [11, 12].
However, the actual distribution of the uncertainties is seldom available.
An illustrative example is the demand for a product over the coming week.
Any specified probability distribution is, at best, an expert’s opinion. Fur-
thermore, even if the distribution is known, solving the resulting problem
remains a challenge [13]. For example, a chance constraint is usually “com-
putationally intractable” [14].

Alternatively, in structural optimization, a robust design is achieved
through a multi-criteria optimization problem where a minimization of both
the expected value and the standard deviation of the objective function is
sought using a gradient-based method [15]. Other approaches incorporate
uncertainties and perturbations through tolerance bands and margins in the
respective multi-objective function while taking constraints into account by
adding a penalty term to the original constraints [16].

Robust optimization is another approach towards optimization under un-
certainty. Adopting a min-max approach, a robust optimal design is one
with the best worst-case performance. Despite significant developments in
the theory of robust optimization, particularly over the past decade, a gap
remains between the robust techniques developed to date, and problems in
the real-world. Most current robust methods are restricted to convex prob-
lems such as linear, convex quadratic, conic-quadratic, linear discrete prob-
lems [2, 17–19] and convex constrained continuous minimax problems [20].
More recently, a linearization of the uncertainty set allows one to reduce the
dependence of the constraints on the uncertain parameters and can provide
robust solutions to nonlinear problems [21]. Furthermore, Zhang successfully
formulated a general robust optimization approach for nonlinear problems
with parameter uncertainties involving both equality and inequality con-
straints [22]. This approach provides first-order robustness at the nominal
value.

However, an increasing number of engineering design problems, be-
sides being non-convex, involve the use of computer-based simulations. In
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simulation-based applications, the relationship between the design and the
outcome is not defined as functions used in mathematical programming mod-
els. Instead, that relationship is embedded within complex numerical models
such as partial differential equation (PDE) solvers [23, 24], response surface,
radial basis functions [25], and kriging metamodels [26]. Consequently, ro-
bust techniques found in the literature cannot be applied to these important
sets of practical problems.

In this chapter, we discuss an approach to robust optimization that is ap-
plicable to problems whose objective functions are non-convex and given by
a numerical simulation driven model, thus directly relevant to engineering
design. This technique requires only a subroutine which provides the value
of the objective function. Because of its generality, this method is applicable
to a wide range of practical problems. Obviously, the method becomes more
efficient if gradient information is given as well. We showcase its practicabil-
ity on different design examples, each of which creates its own perspective
on robust optimization techniques.

We emphasize that the robust local search we will discuss in the following
improves the robustness directly by reducing the costs of possible worst-
case scenarios that may occur when designs are implemented with errors.
Moreover, it is analogous to local search techniques, such as gradient de-
scent, which entails finding descent directions and iteratively taking steps
along these directions to optimize the nominal cost. This robust local search
iteratively takes appropriate steps along descent directions for the robust
problem, in order to find robust designs. This analogy continues to hold
through the iterations; the robust local search is designed to terminate at
a robust local minimum, a point where no improving direction exists. We
introduce descent directions and the local minimum of the robust problem;
the analogies of these concepts in the optimization theory are important,
well studied, and form the building blocks of powerful optimization tech-
niques, such as steepest descent and subgradient techniques. Our proposed
framework has the same potential, but for the richer robust problem.

In general, there are two common forms of perturbation: (i) implemen-
tation errors, which are caused in an imperfect realization of the desired
decision variables, and (ii) parameter uncertainties, which are due to mod-
eling errors during the problem definition, such as noise. Note that our dis-
cussion on parameter errors also extends to other sources of errors, such as
deviations between a computer simulation and the underlying model (e.g.
numerical noise), stochastic errors, or the difference between the computer
model and the meta-model, as discussed by [27]. Even though perturbations
(i) and (ii) have been addressed as sources of uncertainty, the case where
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both are simultaneously present has not received appropriate attention. For
the ease of exposition, in Section 6.2 we first introduce a robust optimiza-
tion method for generic unconstrained and non-convex problems, in order
to minimize the worst-case cost under implementation errors. The case of
a restricted search space is illustrated in Section 6.2.3 using an example of
robust optimization in electromagnetic scattering problems. If additional in-
formation on the restriction can be exploited, the search efficiency can be
increased significantly. This is discussed in Section 6.2.4 based on a recent
application in ultrafast optics. In Section 6.3, we discuss the presence of con-
straints, which can be non-convex or convex. The example of a constrained
polynomial optimization problem is discussed in Section 6.3.3. We further
generalize the method to the case where both implementation errors and
parameter uncertainties are present.

6.2 Unconstrained robust optimization

In this section, we illustrate the robust non-convex optimization for problems
with implementation errors, as was introduced in Ref. [28, 29]. We discuss
the notion of the descent direction for the robust problem, which is a vector
that points away from all the worst implementation errors. Consequently, a
robust local minimum is a solution at which no such direction can be found.

6.2.1 Problem definition

The nominal cost function, possibly non-convex, is denoted by f(x), where
x ∈ Rn is the design vector. The nominal optimization problem is

min
x

f(x). (6.1)

For the ease of exposition, we first discuss the robust optimization method
for implementation errors only, as they may occur during the fabrication
process. When implementing x, additive implementation errors ∆x ∈ Rn

may be introduced due to an imperfect realization process, resulting in a
design x + ∆x. Here, ∆x is assumed to reside within an uncertainty set

U := {∆x ∈ Rn | ‖∆x‖2 ≤ Γ}. (6.2)

Note that Γ > 0 is a scalar describing the size of perturbation against which
the design needs to be protected. While our approach applies to other norms
‖∆x‖p ≤ Γ in Eq. (6.2) (p being a positive integer, including p = ∞), we
present the case of p = 2. We seek a robust design x by minimizing the
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worst-case cost

g(x) := max
∆x∈U

f(x + ∆x). (6.3)

The worst-case cost g(x) is the maximum possible cost of implementing x
due to an error ∆x ∈ U . Thus, the robust optimization problem is given
through

min
x

g(x) ≡ min
x

max
∆x∈U

f(x + ∆x). (6.4)

In other words, the robust optimization method seeks to minimize the
worst-case cost. When implementing a certain design x = x̂, the possible
realization due to implementation errors ∆x ∈ U lies in the set

N := {x | ‖x − x̂‖2 ≤ Γ}. (6.5)

We call N the neighborhood of x̂; such a neighborhood is illustrated in
Fig. 6.1(a). A design x is a neighbor of x̂ if it is in N . Therefore, g(x̂) is
the maximum cost attained within N . Let ∆x∗ be one of the worst imple-
mentation errors at x̂, ∆x∗ = arg max

∆x∈U
f(x̂ + ∆x). Then, g(x̂) is given by

f(x̂ + ∆x∗). Since we seek to navigate away from all the worst implementa-
tion errors, we define the set of worst implementation errors at x̂

U∗(x̂) :=
{

∆x∗ | ∆x∗ = arg max
∆x∈U

f(x̂ + ∆x)
}

. (6.6)

6.2.2 Robust local search algorithm

Given the set of worst implementation errors, U∗(x̂), a descent direction
can be found efficiently by solving the following second-order cone program
(SOCP):

min
d,β

β

s.t. ‖d‖2 ≤ 1,

d′∆x∗ ≤ β ∀∆x∗ ∈ U∗(x̂),
β ≤ −ε,

(6.7)

where ε is a small positive scalar. A feasible solution to Problem (6.7),
d∗, forms the maximum possible angle θmax with all ∆x∗. An example is
illustrated in Fig. 6.1(b). This angle is always greater than 90◦ due to the
constraint β ≤ −ε < 0. When ε is sufficiently small, and Problem (6.7) is
infeasible, then x̂ is a good estimate of a robust local minimum. Note that
the constraint ‖d∗‖2 = 1 is automatically satisfied if the problem is feasible.
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Fig. 6.1. (a) A two-dimensional illustration of the neighborhood. For a design x̂, all
possible implementation errors ∆x ∈ U are contained in the shaded circle. The bold
arrow d shows a possible descent direction and thin arrows ∆x∗

i represent worst errors.
(b) The solid arrow indicates the optimal direction d∗ which makes the largest possible
angle θm ax = cos−1 β∗ ≥ 90◦ with all ∆x∗. (c) Without knowing all ∆x∗, the direction
d̃ points away from all ∆xj ∈ M = {∆x1 , ∆x2 , ∆x3}, when all x∗

i lie within the cone
spanned by ∆xj.

Such an SOCP can be solved efficiently using both commercial and non-
commercial solvers.

Consequently, if we have an oracle returning U∗(x), we can iteratively find
descent directions and use them to update the current iterates. In most engi-
neering design problems, however, we cannot expect to find ∆x∗. Therefore,
an alternative approach is required. In Ref. [28], it was argued that descent
directions can be found without knowing the worst implementation errors
∆x∗ exactly. As illustrated in Fig. 6.1(c), finding a set M, such that all the
worst errors ∆x∗ are confined to the sector demarcated by ∆xi ∈ M, would
suffice. The set M does not have to be unique. If this set satisfies condition:

∆x∗ =
∑

i|∆x i ∈M

αi∆xi , (6.8)

the cone of descent directions pointing away from ∆xi ∈ M is a subset of
the cone of directions pointing away from ∆x∗. Because ∆x∗ usually reside
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among designs with nominal costs higher than the rest of the neighborhood,
the following algorithm summarizes a strategy for the robust local search:

Algorithm 1
Step 0. Initialization: Let x1 be an arbitrarily chosen initial decision vector.

Set k := 1.
Step 1. Neighborhood exploration :

Find Mk , a set containing implementation errors ∆xi indicat-
ing where the highest cost is likely to occur within the neigh-
borhood of xk . For this, we conduct multiple gradient ascent
sequences. The results of all function evaluations (x, f(x)) are
recorded in a history set Hk , combined with all past histo-
ries. The set Mk includes elements of Hk which are within
the neighborhood and have highest costs.

Step 2. Robust local move :
(i) Solve an SOCP (similar to problem (6.7), but with the set
U∗(xk) replaced by set Mk); terminate if the problem is infea-
sible.
(ii) Set xk+1 := xk + tkd∗, where d∗ is the optimal solution to
the SOCP.
(iii) Set k := k + 1. Go to step 1.

Note that while we employ a geometric approach to motivate for the de-
scent direction d, it is actually determined based on a directional derivative
framework, as was discussed in detail in Ref. [28] along with a thorough
mathematical analysis, proofs of convergence, and an extension to problems
with parameter uncertainties. With this new framework, the method above
can serve as a building block for other gradient-based optimization routines,
allowing a larger range of applicability.

In the following, we demonstrate two example applications of the robust
local search algorithm for non-convex search spaces. In the first case of an
electromagnetic multi-scattering problem, the search space in the uncer-
tainty set U in Eq. (6.2) is restricted. In the second application in designing
chirped mirrors for ultrafast optics, the search space is initially restricted.
However, using additional features of the problem, we show how to trans-
form into an unrestricted space, where the optimization can be conducted
significantly more efficiently leading not only to a more robust solution, but
also to a higher manufacturing yield.
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6.2.3 Example in electromagnetic scattering

The search for attractive and novel materials in controlling and manipu-
lating electromagnetic field propagation has identified a plethora of unique
characteristics in photonic crystals (PCs). Their novel functionalities are
based on diffraction phenomena, which require periodic structures. Upon
breaking the spatial symmetry, new degrees of freedom are revealed which
allow for additional functionality and, possibly, for higher levels of control.
More recently, unbiased optimization schemes were performed on the spa-
tial distribution (aperiodic) of a large number of identical dielectric cylinders
[30, 31]. While these works demonstrate the advantage of optimization, the
robustness of the solutions still remains an open issue. In this section, we
apply the robust optimization method to electromagnetic scattering prob-
lems with large degrees of freedom, and report on novel results when this
technique is applied to optimization of aperiodic dielectric structures.

6.2.3.1 Problem description

The incoming electromagnetic field couples in its lowest mode to the per-
fectly conducting metallic waveguide. Figure 6.2(a) sketches the horizontal
set-up. In the vertical direction, the domain is bounded by two perfectly
conducting plates, which are separated by less than 1/2 the wavelength, in
order to warrant a two-dimensional wave propagation. Identical dielectric
cylinders are placed in the domain between the plates. The sides of the do-
main are open in the forward direction. In order to account for a finite total
energy and to warrant a realistic decay of the field at infinity, the open sides
are modeled by perfectly matching layers [32, 33]. The objective of the opti-
mization is to determine the position of the cylinders such that the forward
electromagnetic power matches the shape of a desired power distribution, as
shown in Fig. 6.2(b).

As in the experimental measurements, the frequency is fixed to f =
37.5 GHz [31]. Furthermore, the dielectric scatterers are nonmagnetic and
lossless. Therefore, stationary solutions of the Maxwell equations are given
through the two-dimensional Helmholtz equations, taking the boundary con-
ditions into account. This means that only the z-component of the electric
field Ez can propagate in the domain. The magnitude of Ez in the domain
is given through the partial differential equation (PDE)

(∂x(µ−1
ry

∂x) + ∂y (µ−1
rx

∂y ))Ez − ω2
0µ0ε0εrz

Ez = 0, (6.9)

with µr the relative and µ0 the vacuum permeability. Note that εr denotes
the relative and ε0 the vacuum permittivity. Equation (6.9) is numerically
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Fig. 6.2. (a) Schematic setup: the RF-source couples to the waveguide. Circles denote
the positions of scattering cylinders for a desired top hat power profile. The unshaded
grid depicts the domain. (b) Comparison between experimental data (circles) [31] and
modeled predictions.

determined using an evenly meshed square-grid (xi, yi). The resulting finite-
difference PDE approximates the field Ez,i,j everywhere inside the do-
main including the dielectric scatterers. The imposed boundary conditions
(Dirichlet conditions for the metallic horn and perfectly matching layers)
are satisfied. This linear equation system is solved by ordering the values of
Ez,i,j of the PDE into a column vector. Hence, the finite-difference PDE can
be rewritten as

L · Ez = b, (6.10)

where L denotes the finite-difference matrix, which is complex-valued and
sparse, Ez describes the complex-valued electric field that is to be computed,
and b contains the boundary conditions. With this, the magnitude of the
field at any point of the domain can be determined by solving the linear
system of Eq. (6.10).

The power at any point on the target surface (x(θ), y(θ)) for an incident
angle θ is computed through interpolation using the nearest four mesh points
and their standard gaussian weights W(θ) with respect to (x(θ), y(θ)) as

smod(θ) =
W(θ)

2
· diag(Ez) · Ez . (6.11)

In the numerical implementation, we exploited the sparsity of L, which
improved the efficiency of the algorithm significantly. In fact, the solution
of a realistic forward problem (∼ 70, 000 × 70, 000 matrix), including 50 di-
electric scatterers, requires about 0.7 second on a commercially available
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Intel Xeon 3.4 GHz. Since the size of L determines the size of the problem,
the computational efficiency of our implementation is independent of the
number of scattering cylinders.

To verify this finite-difference technique for the power along the target
surface (radius = 60 mm from the domain center), we compared our simula-
tions with experimental measurements from Ref. [31] for the same optimal
arrangement of 50 dielectric scatterers (εr = 2.05 and 3.175 ± 0.025 diame-
ter). Figure 6.2(b) illustrates the good agreement between experimental and
model data on a linear scale for an objective top hat function.

In the optimization problem, the design vector x ∈ R100 describes the
positions of the 50 cylinders. For a given x in the domain, the power profile
smod over discretized angles on the target surface, θk , is computed. We can
thus evaluate the objective function

fEM(x) =
m∑

k=1

|smod(θk ) − sob j(θk)|2 . (6.12)

Note that f(x) is not a direct function of x and not convex in x. Further-
more, using the adjoint technique, our implementation provides the cost
function gradient ∇xfEM(x) at no additional computational expense. We
refer interested readers to Ref. [31] for a more thorough discussion of the
physical problem.

Because of the underlying Helmholtz equation, the model scales with fre-
quency and can be extended to nano-photonic designs. While degradation
due to implementation errors is already significant in laboratory experiments
today, it will be amplified under nanoscale implementations. Therefore, there
is a need to find designs that are robust against implementation errors. Thus,
analogous to the general robust problem in Eq. (6.4), the specific robust op-
timization problem is defined as

min
x∈X

gEM(x) = min
x∈X

max
∆x∈U

fEM(x + ∆x). (6.13)

In this setting, ∆x represents displacement errors of the scattering cylinders.

6.2.3.2 Computation results

We first construct the uncertainty set U to include most of the errors ex-
pected, in analogy to Eq. (6.2). In laboratory experiments, the implementa-
tion errors ∆x are observed to have a standard deviation of 40 µm. There-
fore, to define an uncertainty set incorporating 99% of the perturbations,
i.e. P (∆x ∈ U = 99%), we define

U = {∆x | ‖∆x‖2 ≤ Γ = 550 µm}, (6.14)
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Fig. 6.3. Performance of the robust local search algorithm for the electromagnetic
scattering problem. The initial cylinder configuration, x1 , and final configuration, x65 ,
are shown outside the line plot. While the differences between the two configurations
seem negligible, the worst-case cost of x65 is 8% lower than that of x1 . The nominal
costs of the two configurations are practically the same.

where ∆xi is assumed to be independently and normally distributed with
mean 0 and standard deviation 40 µm.

Note that U defines a restricted search space, both with respect to the con-
dition ‖∆x‖2 ≤ Γ, as well as with respect to the non-overlapping condition.
The latter is imposed to maintain the dimensionality of the problem by re-
quiring the distance between two cylinders to be at least λ/2. Therefore, the
inner maximization problem to compute gEM(x) becomes a constraint max-
imization problem that is computationally more intensive than conventional
unconstraint optimization problems.

The standard procedure used to address Problem (6.13) is to find an
optimal design minimizing Eq. (6.12). Subsequently, the sensitivity of the
optimal design to implementation errors will be assessed through random
simulations. However, because the problem is highly non-convex and of high
dimension, there is, to the best of our knowledge, no approach to find a
design that is less sensitive to implementation errors without using safety
margins. Nevertheless, a design that minimizes fEM(x) locally is readily
found by applying a gradient-related descent algorithm [29, 31]. We applied
the discussed robust local search algorithm using such a local minimum as
the starting point.

Figure 6.3 shows that the robust local algorithm finds a final design
x65 with a worst-case cost that is 8% lower than that of x1. Throughout
the iterations, the nominal cost remains practically the same. The worst-
case cost of x65 was estimated with 110, 000 neighbors in its neighborhood.
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Note, however, that these 110, 000 neighbors were not evaluated in a single
neighborhood exploration. Instead, more than 95% of them were performed
in the iterations leading up to the iteration 65. The estimated worst-case
cost at each iteration also shows a downward trend: as the iteration count
increases, the knowledge about the problem grows and more robust designs
are discovered.

Since we can only estimate the worst-case cost, there is always a chance for
late discoveries of worst implementation errors. Therefore, the decrease of
the estimated worst-case cost may not be monotonic. Finally, note that the
initial design x1 may already have inherent robustness to implementation
errors because it is a local minimum, i.e. with all factors being equal, a
design with a low nominal cost will have a low worst-case cost.

We also observed that the neighborhood exploration strategy is more effi-
cient in assessing the worst-case cost when compared to random sampling as
is the standard today in perturbation analysis. For example, when estimating
g̃EM(x1), the best estimate attained by random sampling after 30,000 func-
tion evaluations using the numerical solver is 96% of the estimate obtained
by our algorithm using only 3,000 function evaluations. This is not surpris-
ing since finding the optimal solution to the inner optimization problem by
random searches is usually inferior to applying gradient-related algorithms
using multiple starting points.

In the following, we illustrate an example in ultrafast optics that deals with
optimizing double chirped mirrors with a large number of coating layers. In
this application of the robust optimization, the search space is initially re-
stricted. However, using additional features of the problem, we demonstrate
how to transform the search space into an unrestricted space, where the op-
timization can be conducted significantly more efficiently leading not only
to a more robust solution, but also to a higher manufacturing yield.

6.2.4 Example in chirped mirrors

The dispersion compensating mirror, first proposed in 1994 [34], has become
an enabling technology for modern ultrafast lasers. Solid-state mode-locked
lasers can only operate at or below few-cycle pulse widths when the total
cavity dispersion is reduced to nearly zero, with only a small amount (on
the order of a few fs2) of residual second-order dispersion. While prisms can
be used to compensate for second- and third-order cavity dispersion, their
relatively high loss and inability to compensate for arbitrary dispersion limits
their use; pulse durations below ten femtoseconds were not possible directly
from oscillators until the development of high performance double-chirped
mirror pairs [35–37].
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As bandwidths increase, so does the number of layers required to produce a
mirror with the high reflectivity needed for an intra-cavity mirror. For band-
widths exceeding an octave, mirror pairs with over 200 total layers are gen-
erally required. The sensitivity of a dielectric stack to manufacturing errors
increases with the number of layers, and dispersion compensating mirrors
push the limits of manufacturing tolerances, requiring layer precisions on the
order of a nanometer. Currently, this challenges even the best manufacturers.

While the nominal optimization of layer thickness has led to successful
design of dispersion-compensating dielectric mirrors allowing dispersion and
reflectivity control over nearly an octave bandwidth, in practice the perfor-
mance for such complicated mirrors is limited by the manufacturing toler-
ances of the mirrors. Small perturbations in layer thickness not only result
in sub-optimal designs but, due to the nonlinear nature of mode-locking,
such perturbation may completely destroy the phenomenon.

Despite the fact that manufacturing errors often limit the performance of
thin-film devices [38], there has been little work on optimizing thin-film de-
signs to mitigate the effects of errors. Some previous work in designing fault-
tolerant mirrors has focused on optimizing first-order tolerances, a method
readily available in commercial thin-film design codes [39].

Here, we tailor the discussed approach to robust optimization such that
it probes the exact merit function in a bounded space of potential thickness
errors. While this results in a much more computationally involved optimiza-
tion, the result is arguably more robust to significant perturbation as the
full structure of the merit function is considered in a neighborhood around
a nominal solution. Furthermore, the robustness is guaranteed to be equal
to or better than that obtained with nominal optimization and, in the case
where it is equal, no sacrifice in nominal optimality will be made.

Other prior work was done by Yakovlev and Tempea [40], who employed
stochastic global optimization to achieve robustness of the final solution by
virtue of the fact that they optimized a Monte Carlo computed integral over
a neighborhood around a nominal design. Their method does not suffer the
limitations of first-order tolerances, and was able to produce mirrors with
significant improvement over nominally optimized designs, demonstrating
conclusively that robustness can be greatly improved at the design level by
proper optimization.

As in the previous example in Section 6.2.3, the robust design of double
chirped mirrors involves objectives and constraints that are not explicitly
given and highly non-convex. Thus, no internal structure can be exploited.
Here, we illustrate a tailored version of the deterministic robust optimiza-
tion method, as introduced in Section 6.2. This method provides for designs
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which are intrinsically protected against potentially significant layer thick-
ness perturbations occurring during manufacture. We cast the algorithm
specifically for double chirped mirrors and tailor the parameters to this par-
ticular problem. First, we discuss the optical properties of these mirrors
and define a cost function based on reflectivity and group delay. We con-
tinue with the introduction of the concept of the uncertainty set as well as
a novel method to identify worst-case designs within this set. Once these
configurations are found, we show how an update direction can be found
which eliminates these worst cases using the robust local search, as intro-
duced in Section 6.2. Furthermore, we demonstrate the performance of the
nominal and robust solutions for a large range of perturbation and propose
a technique to increase the manufacturing yield.

6.2.4.1 Computation of cost function

The merit function for a chirped mirror is typically composed of two terms,
one representing the performance of the reflectivity (which is ideally one)
and another which quantifies the deviation of the dispersion from ideal. We
employ a cost or merit function that is given as

f(x) =
∑

k

wr(λk ) [R(λk ;x) − 1]4

+
∑

k

wd(λk ) [τg (λk ;x) − τ̂g (λk) + τ0(x)]2 , (6.15)

where R(λ;x) is the wavelength domain reflectivity of the total mirror pair
described by layer thicknesses x, τg (λ;x) is the group delay (GD) of the
pair, τ̂g (λ) is the ideal GD, and the wr,d(λ) are weighting functions. To
account for an irrelevant offset between the computed and ideal group delay
curves, we include a constant offset, τ0(x), that minimizes the error. For the
reflectivity errors, we use the fourth power of the error to approximate a
Chebychev norm, though a standard squared error can also be used.

The computation of reflectivity from a thin-film stack is done using trans-
fer matrix methods [41]. In a standard nominal optimization, the merit func-
tion and its gradient must be evaluated thousands of times over hundreds
of wavelengths. In a robust optimization, the computational burden is even
greater, with the merit function typically computed on the order of a mil-
lion times. Any discrepancy in the gradient will hinder the convergence rate.
Thus, it is imperative that the merit function be computed efficiently and
accurately. We employ the methods described in [42, 43], where the group de-
lay is computed in an approximate analytic form that allows for a significant
reduction in computational complexity. The approximation simply neglects
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the local change in wavelength of the Fresnel reflections between each layer.
For chirped mirrors, the approximation error is negligible, as demonstrated
and explained in [42]. The gradient of the group delay is computed analyt-
ically in a self-consistent manner with the approximation, resulting in an
optimization that converges quickly, in terms of both iterations and total
processing time.

6.2.4.2 Problem statement

This design problem consists of a double chirped mirror pair with 208 layers
for use in a few-cycle Titanium:sapphire mode-locked laser [44]. The ini-
tial design was computed using the analytic method of [37]. The materials
used were SiO2 and TaO5, with the dispersion of each modeled using Sell-
meier coefficients obtained from fits to manufacturers’ index data. The total
reflection dispersion of the pair is specified to compensate for 2.2 mm of
Titanium:sapphire, 2 meters of air, and 8 mm of barium fluoride in a cav-
ity containing six mirrors. The group delay and reflectivity are optimized
over 156 wavelengths, uniformly spaced from 650 to 1200 nanometers. This
discretization was empirically found to be sufficient to avoid narrow reso-
nances “leaking” through the grid. The angle of incidence is taken to be six
degrees, and the polarization is assumed to be transverse in the magnetic
field (TM). The reflectivity and group delay are optimized as in Eq. (6.15),
with constant weightings wr = 1 and wd = 10−8 fs−2 . Figure 6.4 illustrates
the experimental arrangement of the Titanium:sapphire mode-locked laser
using nominally optimized double chirped mirrors.

6.2.4.3 Implementation errors

For this application, we model manufacturing errors as independent ran-
dom sources of additive noise, since any known systematic errors, such as
miscalibration, can be best addressed in the actual production. As empiri-
cally supported, the layer-thickness errors can be regarded as not correlated.
Therefore, we assume that when manufacturing a mirror with layer thick-
nesses given by x, statistically independent additive implementation errors
∆x ∈ Rn may be introduced due to variation in the coating process, result-
ing in actual thicknesses x + ∆x. We assume a mean of zero and a variance
on each layer that is motivated by actual manufacturing errors. Here, ∆x
resides within an uncertainty set

U := {∆x ∈ Rn | ‖∆x‖2 ≤ Γ}. (6.16)
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Fig. 6.4. The experimental arrangement. Double chirped mirrors are utilized to
compensate the dispersion over an entire octave. (With permission of The Research
Laboratory for Electronics at MIT.)

Note that Γ > 0 is a scalar describing the size of perturbation against which
the design needs to be protected. For this paper, we took the manufacturing
uncertainty to be normally distributed with a standard deviation of σ =
0.5 nm. To maintain 95% cumulative confidence to capture all errors within
U for this 208-dimensional problem, we chose Γ = 0.0075 µm.

6.2.4.4 Restricted search space

To protect a design against errors, it is helpful to utilize available under-
standing of possible errors. For example, if there are worst-case scenarios
in the respective neighborhood that are very rare according to our assumed
layer perturbation distribution, there is no need for them to be considered
during the inner maximization problem Eq. (6.4). By excluding these rare
events from U , we are able to protect the design against realistic and statisti-
cally relevant errors only, without needlessly sacrificing nominal performance
to guard against rare errors. Moreover, this approach leads to a reduction
of the size of the respective search space and, thus, to an increase of the
computational efficiency.

It is well known that the reflection coefficients of thin-film stacks are
closely related to the Fourier transform of the layer thicknesses [45]. Thus,
one promising class of rare perturbations to eliminate from consideration is
those which have strong correlations between the layers. These errors involve,
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for example, shifting of all the thicknesses in one direction, which results in
a spectral shift regardless of the design. Even though such errors may occur
in actual manufacturing due to systematic issues, there is little or nothing
that can be done to deal with them by design optimization, and to attempt
to do so will only result in a highly compromised design. We thus restrict
ourselves to considering only statistically independent random perturbations
to the layers. In this context, the probability of errors occurring with high
correlation between the layers is negligible, and thus we should not concern
ourselves with protecting against them. We therefore seek a class of errors
which restrict the allowable correlation between layers, i.e. we restrict the
maximum variation in the amplitude of the Fourier components of the error
vector. A straightforward way to do this is to restrict the search to the class
of error vectors with minimum coherence, requiring all Fourier components
to have a uniform amplitude.

In addition to the above, this choice of subset is justified empirically.
Monte Carlo simulations reveal that the set of perturbations with uni-
form amplitude in the Fourier domain with uniformly distributed phases
has virtually identical statistics to the general uncertainty set U defined in
Eq. (6.16). The cumulative probability distribution of the reduced set never
exceeds the full set by more than 4%. This confirms that our worst-case
search over the reduced subset will not miss anything statistically relevant
in the full set, and thus robustness is not compromised by using this set.

In the restricted space, the components of ∆x can be written as

∆xj =
Γ

�N/2�

�N/2�∑
k=1

cos
(

2πkj

N
+ φk

)
, (6.17)

where φk is the phase of the kth Fourier component of ∆x and N is the
number of layers. We furthermore assume the constant (zero frequency)
component is zero, which corresponds to the aforementioned pathological
case of all layers shifting a similar amount. Using Parseval’s theorem, i.e.
the sum of the square of a function is equal to the sum of the square of its
transform, we can verify that the magnitude of the errors remains on the
shell of the original uncertainty set U ,

‖∆x‖2
2 =

N∑
k=1

|∆xk |2 = Γ2 . (6.18)

Using this transformation, we search over the phases φk for worst-case
neighbors. Therefore, the search space dimensionality is reduced to �N/2�,
hence the efficiency of this algorithm increases by N 2. Most importantly,
since the maximization problem is over the free phase-space on the shell
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Fig. 6.5. The robust optimization algorithm improves (left) the worst-case cost in the
neighborhood of the current design. Discoveries of new bad neighbors cause the small
peaks. The price of robustness is an increase in the nominal cost (right).

and the magnitudes of these vectors are constant, the advantages of an
unconstrained search can be exploited. Consequently, we obtain the set of
local maxima in the phase space using standard gradient-based optimization.
Furthermore, we obtain a set of true bad neighbors, which is significantly
smaller in size (� 500) than had we left the search space more general. Since
this size determines the number of constraints in the problem, we experience
a significant speed up in this part of the algorithm as well.

6.2.4.5 Results

Starting from a nominally optimized solution, we apply the robust optimiza-
tion algorithm to successively decrease the worst-case cost, as in Eq. (6.4).
The performance is shown in Fig. 6.5. The significant improvement of ro-
bustness comes at the price of a small increase in the nominal cost. The
algorithm converges to the robust local minimum, at which point no de-
scent direction can be found.

The reflectivity and group delay of the robust and nominal optimum are
shown in Fig. 6.6. While both solutions satisfy the design objectives, the
robust design is significantly more protected against possible errors. The
unavoidable “Price of Robustness” through a decrease in the nominal per-
formance of the robust solution is apparent, with increased ripple in the
group delay and reflectivity. This price is especially apparent in the bottom
plot of Fig. 6.6, which compares the total group delay error for the robust
and nominally optimized mirror pairs. However, as will be shown in Fig. 6.8
and 6.9, the robust solution performs better when the layer perturbations
are taken into account. Even though the nominally optimized design is able
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Fig. 6.6. Reflectivity and group delay for each chirped mirror in the pair: (Left)
nominally optimal design; (Right) robustly optimal configuration.
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Fig. 6.7. Layer thicknesses of nominal optimum and robust optimum of the mirror pair.

to achieve GD errors of less than one femtosecond, it turns out that the half
nanometer layer perturbations we took as our assumed manufacturing tol-
erances result in GD errors on the order of plus or minus five femtoseconds.

In Fig. 6.7, we show the layer thicknesses for the mirror pair after both
nominal optimization and robust optimization. The general structure of
the mirror is preserved in the robust optimum solution, in keeping with
the observation that its nominal performance is not degraded significantly.
The larger variations are found in the first several layers, which perform
impedance matching into the chirped stack, suggesting that they are the
most sensitive to perturbation. This is consistent with the fact that any
spurious reflections off the front surface of the mirror will significantly de-
grade the GD performance.
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Fig. 6.8. Comparison of worst-case cost and worst-case GD cost of two designs, the
nominal and robust optimum, for increasing size of possible perturbations or errors.

While we intended to match the size of the uncertainty to the reported
manufacturing and measurement errors, the value of Γ might not fully reflect
the actual errors. Therefore, our algorithm seeks to find robust solutions with
stable performance even beyond predicted errors. To illustrate these effects,
we varied the size of the uncertainty set and evaluated the worst possible
neighbor within this neighborhood. The worst-case scenarios of the nominal
optimum and robust optimum, in both cost as well as the optical properties,
are compared for increasing neighborhood size in Fig. 6.8.

The worst-case performance of both the nominal and robust designs be-
haves fairly similarly within a small range of perturbations, which is in fact
comparable to Γ. However, once the size of possible errors increases, the
worst-case cost of the nominal design drastically rises, showing that this
design would lose its phenomena completely.

Since any manufacturing process is to some extent statistical, it is essen-
tial for a design to give a high manufacturing yield. Our robust optimization
method not only minimizes the worst-case performance, but also addresses
these statistical effects. This is demonstrated in Fig. 6.9. A series of Monte
Carlo simulations, each with 106 randomly sampled designs with normally
distributed layer perturbations, was performed with varying standard devi-
ations at the robust and the nominal optimum. The mean µ and the 95th
percentile P95 of the distribution for each perturbation size are plotted to
illustrate the center and the actual width of this statistical process. While
both designs are similarly distributed within the expected errors σ, they de-
viate significantly beyond this mark. In fact, the mean and more importantly
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Fig. 6.9. Comparison of the nominal and robust design: mean and 95th percentile of the
cost distribution of 106 randomly sampled designs for varying perturbation sizes.

the spread of the distribution for the nominal optimum design increases
rapidly beyond σ, while the robust optimum is more moderate. Moreover,
the mean of the nominal optimum at all perturbation sizes is within the
distribution (P95) of the robust optimum, demonstrating that the manufac-
turing yield of the robust solution remains high and provides performances
comparable to the nominal design, even beyond the assumed errors. Since
the notion of the actual manufacturing errors is often somewhat uncertain,
our method can provide a robust solution despite these uncertainties.

We have applied the method to a demanding optimization of a 208 layer
chirped mirror pair with nearly an octave of bandwidth. To avoid taking
into account extremely rare potential errors, we perform this search over
the space of all errors on the shell of our neighborhood whose components
are minimally coherent. This avoids taking into account rare but highly
significant errors, such as those associated with certain types of systematic
manufacturing errors, that would otherwise dominate the optimization. This
modification allows an unconstrained inner maximization over a reduced
search space, thus improving the efficiency.

Furthermore, the robust solution compared with that obtained using stan-
dard optimization techniques is found to achieve improved statistical per-
formance for layer errors of half a nanometer. Moreover, the fault tolerance
of the robust solution increases significantly relative to the nominally opti-
mized mirror as the error variance increases, demonstrating that the robust
solution is not tied to the particular manufacturing error variance assumed
during optimization (see Fig. 6.9). Therefore, our robust design provides
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for a high manufacturing yield even when errors occur that are larger than
originally assumed.

This current arrangement of layers, as shown in Fig. 6.7, is currently being
manufactured by a third party. Therefore, experimental verification of these
results is not possible yet. However, the numerical solver as well as the
Monte Carlo error simulations we employed have been verified previously
[43]. Hence, we are confident that the presented results on robustness will
be verified as well, once the manufactured mirrors are delivered.

Note that in this initial demonstration, we performed the optimization on
a fixed number of layers. However, the robust optimization problem can be
viewed as providing a new cost function which takes into account robustness
and, thus, can be used within other refinement algorithms, such as needle
optimization [46], that allow for changing layer counts.

6.3 Constrained robust optimization

In this section, we generalize the unconstrained robust optimization that we
introduced in Section 6.2 to accommodate constraints. We will discuss cases
where the explicit knowledge of the constraints allows us to significantly
improve the optimization by exploiting the structure of the constraints im-
posed. Our overall goal is to maintain the generality of the method in order
to be applicable to a large variety of engineering design problems. For this,
we shall continue regarding the problem at hand given to us via a numerical
simulation that returns the function value and its gradient for a given design
variable [47]. First, we only consider implementation errors as the source of
uncertainty. Once this framework is set, we provide an extension to cases
where both implementation errors and parameter uncertainties are present.

To illustrate the performance of the constrained robust optimization
method, we will provide an example application in constrained polynomial
optimization. Furthermore, we demonstrate that when the search space is
restricted, one can exploit the structure by using a more efficient optimiza-
tion.

6.3.1 Constrained problem under implementation errors

To incorporate constraints to the discussion in Section 6.2, we start off anal-
ogously to the nominal problem as stated in Eq. (6.1).
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6.3.1.1 Problem definition

Consider the nominal optimization problem

min
x

f(x)

s.t. hj (x) ≤ 0, ∀j,
(6.19)

where the objective function and the constraints may be non-convex. To find
a design which is robust against implementation errors ∆x, we formulate the
robust problem

min
x

max
∆x∈U

f(x + ∆x)

s.t. max
∆x∈U

hj (x + ∆x) ≤ 0, ∀j,
(6.20)

where the uncertainty set U is given by

U := {∆x ∈ Rn | ‖∆x‖2 ≤ Γ}. (6.21)

A design is robust if, and only if, no constraints are violated for any errors
in U . Of all the robust designs, we seek one with the lowest worst-case cost
g(x). When a design x̂ is implemented with errors in U , the realized design
falls within the neighborhood

N := {x | ‖x − x̂‖2 ≤ Γ}. (6.22)

Figure 6.10 illustrates the neighborhood N of a design x̂ along with the
constraints. Note that x̂ is robust if, and only if, none of its neighbors violates
any constraints. Equivalently, there is no overlap between the neighborhood
of x̂ and the shaded regions hj (x) > 0 in Fig. 6.10.

Fig. 6.10. A two-dimensional illustration of the neighborhood N in the design space x.
The shaded regions hj (x) > 0 contain designs violating the constraints j. Note that h1

is a convex constraint but not h2 .
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6.3.1.2 Robust local search for problems with constraints

When constraints do not come into play in the vicinity of the neighborhood
of x̂, the worst-case cost can be reduced iteratively, using the robust local
search algorithm for the unconstrained problem, as discussed in Section 6.2.
The additional procedures for the robust local search algorithm that are
required when constraints are present, are:
(i) Neighborhood search: To determine if there are neighbors violating
constraint hj , the constraint maximization problem,

max
∆x∈U

hj (x̂ + ∆x), (6.23)

is solved using multiple gradient ascents from different starting designs. Gra-
dient ascents are used because Problem (6.23) is not a convex optimization
problem, in general. We shall consider in Section 6.3.1.3 the case where hj is
an explicitly given convex function and, consequently, Problem (6.23) can be
solved using more efficient techniques. If a neighbor has a constraint value
exceeding zero, for any constraint, it is recorded in a history set Y.
(ii) Check feasibility under perturbations: If x̂ has neighbors in the
history set Y, then it is not feasible under perturbations. Otherwise, the
algorithm treats x̂ to be feasible under perturbations.
(iii)a. Robust local move if x̂ is not feasible under perturbations:
Because constraint violations are more important than cost considerations,
and because we want the algorithm to operate within the feasible region of a
robust problem, nominal cost is ignored when neighbors violating constraints
are encountered. To ensure that the new neighborhood does not contain
neighbors in Y, an update step along a direction d∗

f eas is taken. This is
illustrated in Fig. 6.11a. Here, d∗

f eas makes the largest possible angle with
all the vectors yi − x̂. Such a d∗

f eas can be found by solving the SOCP

min
d,β

β

s.t. ‖d‖2 ≤ 1,

d′
(

y i −x̂
‖y i −x̂‖2

)
≤ β, ∀yi ∈ Y,

β ≤ −ε.

(6.24)

As shown in Fig. 6.11a, a sufficiently large step along d∗
f eas yields a robust

design.
(iii)b. Robust local move if x̂ is feasible under perturbations: When
x̂ is feasible under perturbations, the update step is similar to that for an
unconstrained problem, as in Section 6.2. However, ignoring designs that
violate constraints and lie just beyond the neighborhood might lead to a
non-robust design. This issue is taken into account when determining an
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Fig. 6.11. A two-dimensional illustration of the robust local move: (a) when x̂ is
non-robust; the upper shaded regions contain constraint-violating designs, including
infeasible neighbors yi . Vector d∗

f eas points away from all yi . (b) When x̂ is robust; xi

denotes a bad neighbor with high nominal cost, while yi denotes an infeasible neighbor
lying just outside the neighborhood. The circle with the broken circumference denotes
the updated neighborhood.

update direction d∗
cost , as illustrated in Fig. 6.11b. This update direction

d∗
cost can be found by solving the SOCP

min
d,β

β

s.t. ‖d‖2 ≤ 1,

d′
(

x i −x̂
‖x i −x̂‖2

)
≤ β, ∀xi ∈ M,

d′
(

y i −x̂
‖y i −x̂‖2

)
≤ β, ∀yi ∈ Y+ ,

β ≤ −ε,

(6.25)

where M contains neighbors with highest cost within the neighborhood,
and Y+ is the set of known infeasible designs lying in the slightly enlarged
neighborhood N+,

N+ := {x | ‖x − x̂‖2 ≤ (1 + δ)Γ} , (6.26)

δ being a small positive scalar for designs that lie just beyond the neighbor-
hood, as illustrated in Fig. 6.11b. Since x̂ is robust, there are no infeasible
designs in the neighborhood N . Therefore, all infeasible designs in Y+ lie at
a distance between Γ and (1 + δ)Γ.
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Termination criteria:
We shall first define the robust local minimum for a problem with con-

straints:

Definition 1
x∗ is a robust local minimum for the problem with constraints if
(i) Feasible under perturbations

x∗ remains feasible under perturbations,

hj (x∗ + ∆x) ≤ 0, ∀j,∀∆x ∈ U , and (6.27)

(ii) No descent direction
there are no improving directions d∗

cost at x∗.

Given the above definition, we can only terminate at step (iii)b, where
x∗ is feasible under perturbations. Furthermore, for there to be no direction
d∗

cost at x∗, it must be surrounded by neighbors with high cost and infeasible
designs in N+.

6.3.1.3 Enhancements when constraints are convex

In this section, we review the case when hi is explicitly given as a con-
vex function. If Problem (6.23) is convex, it can be solved with techniques
that are more efficient than multiple gradient ascents. Table 6.1 summa-
rizes the required procedures for solving Problem (6.23). For symmetric

Table 6.1. Algorithms to solve Problem (6.23). Note that Q is symmetric. LP
abbreviates a linear program and SDP a semi-definite program.

hi(x) Problem (6.23) Required computation
a′x + b a′x̂ + Γ‖a‖2 + b ≤ 0 solve LP

x′Qx + 2b′x + c single trust region problem 1 SDP in the worst case
−hi is convex convex problem 1 gradient ascent

constraints, the resulting single trust region problem can be expressed as
max∆x∈U ∆x′Q∆x + 2(Qx̂ + b)′∆x + x̂Q′x̂ + 2b′x̂ + c.

The possible improvements to the robust local search are:
(i) Neighborhood search: Solve Problem (6.23) with the corresponding

method of Table 6.1 instead of multiple gradient ascents in order to im-
prove the computational efficiency.

(ii) Check feasibility under perturbations: If hrob
j (x̂) ≡ max

∆x∈U
hj (x̂ + ∆x) > 0,

x̂ is not feasible under perturbations.
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(iii) Robust local move: To warrant that all designs in the new neighborhood
are feasible, the direction should be chosen such that it points away from
the infeasible regions. The corresponding vectors describing the closest
points in hrob

j (x̂) are given by ∇xhrob
j (x̂) as illustrated in Fig. 6.12. There-

fore, d has to satisfy

d′
f eas∇xhrob

j (x̂) < β‖∇xhrob
j (x̂)‖2 ,

and

d′
cost∇xhrob

j (x̂), < β‖∇xhrob
j (x̂)‖2 ,

in SOCP (6.24) and SOCP (6.25), respectively. Note that ∇xhrob
j (x̂) =

∇xh(x̂ + ∆x∗
j ), which can be evaluated easily.

In particular, if hj is a linear constraint, then hrob
j (x) = a′x + Γ‖a‖2 +

b ≤ 0 is the same for all x. Consequently, we can replace the constraint
max
∆x∈U

hj (x + ∆x) = max
∆x∈U

a′(x + ∆x) ≤ 0 with its robust counterpart hrob
j (x).

Here, hrob
j (x) is a constraint on x without any uncertainties, as illustrated

in Fig. 6.12.

x̂

y1

y2

∇xh
rob(x̂)

(A)

(B)

(C)

d∗
feas

Fig. 6.12. A two-dimensional illustration of the neighborhood when one of the violated
constraints is a linear function. (A) denotes the infeasible region. Because x̂ has
neighbors in region (A), x̂ lies in the infeasible region of its robust counterpart (B). yi

denotes neighbors which violate a non-convex constraint, shown in region (C). d∗
f eas

denotes a direction which would reduce the infeasible region within the neighborhood
and points away from the gradient of the robust counterpart and all bad neighbors yi .
The dashed circle represents the updated neighborhood.

175



Robust optimization in high dimensions

6.3.1.4 Constrained robust local search algorithm

In this section, we utilize the methods outlined in Sections 6.3.1.2 and 6.3.1.3
to formalize the overall algorithm:

Algorithm 2 [Constrained robust local search]
Step 0. Initialization: Set k := 1. Let x1 be an arbitrary decision vector.
Step 1. Neighborhood search:

i. Find neighbors with high cost through n + 1 gradient ascents sequences,
where n is the dimension of x. Record all evaluated neighbors and their
costs in a history set Hk , together with Hk−1.

ii. Let J be the set of constraints to the convex constraint maximization
Problem (6.23) that are convex. Find optimizer ∆x∗

j and highest con-
straint value hrob

j (xk), for all j ∈ J , according to the methods listed
in Table 6.1. Let J̄ ⊆ J be the set of constraints which are violated
under perturbations.

iii. For every constraint j 	∈ J , find infeasible neighbors by applying n + 1
gradient ascents sequences on Problem (6.23), with x̂ = xk . Record all
infeasible neighbors in a history set Yk , together with set Yk−1.

Step 2. Check feasibility under perturbations: xk is not feasible under per-
turbations if either Yk or J̄ is not empty.

Step 3. Robust local move:

i. If xk is not feasible under perturbations, solve SOCP (6.24) with ad-
ditional constraints d′

f eas∇xhrob
j (xk) < β‖∇xhrob

j (xk)‖2, for all j ∈ J̄ .
Find direction d∗

f eas and set xk+1 := xk+1 + tkd∗
f eas.

ii. If xk is feasible under perturbations, solve SOCP (6.25) to find a di-
rection d∗

cost. Set xk+1 := xk+1 + tkd∗
f eas. If no direction d∗

cost exists,
reduce the size of M; if the size is below a threshold, terminate.

In Steps 3(i) and 3(ii), tk is the minimum distance chosen such that the
undesirable designs are excluded from the neighborhood of the new iterate
xk+1. Finding tk requires solving a simple geometric problem. For more
details, refer to [28].

6.3.2 Generalization to include parameter uncertainties

6.3.2.1 Problem definition

Consider the nominal problem:
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min
x

f(x, p̄)

s.t. hj (x, p̄) ≤ 0, ∀j,
(6.28)

where p̄ ∈ Rm is a coefficient vector of the problem parameters. For our pur-
pose, we can restrict p̄ to parameters with perturbations only. For example,
if Problem (6.28) is given by

min
x

4x3
1 + x2

2 + 2x2
1x2

s.t. 3x2
1 + 5x2

2 ≤ 20,
(6.29)

then we can extract x =
(

x1

x2

)
and p̄ =



4
1
2
3
5
20


. Note that uncertainties can

even be present in the exponent, e.g. 3 in the monomial 4x3
1 .

In addition to implementation errors, there can be perturbations ∆p in
parameters p̄ as well. The true, but unknown, parameter, p, can then be ex-
pressed as p̄ + ∆p. To protect the design against both types of perturbation,
we formulate the robust problem

min
x

max
∆z∈U

f(x + ∆x, p̄ + ∆p)

s.t. max
∆z∈U

hj (x + ∆x, p̄ + ∆p) ≤ 0, ∀j,
(6.30)

where ∆z =
(

∆x
∆p

)
. Here, ∆z lies within the uncertainty set

U =
{

∆z ∈ Rn+m | ‖∆z‖2 ≤ Γ
}
, (6.31)

where Γ > 0 is a scalar describing the size of perturbations we want to
protect the design against. Similar to Problem (6.20), a design is robust
only if no constraints are violated under the perturbations. Among these
robust designs, we seek to minimize the worst-case cost

g(x) := max
∆z∈U

f (x + ∆x, p̄ + ∆p). (6.32)

6.3.2.2 Generalized constrained robust local search algorithm

Problem (6.30) is equivalent to the following problem with implementation
errors only,
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min
z

max
∆z∈U

f(z + ∆z)

s.t. max
∆z∈U

hj (z + ∆z) ≤ 0, ∀j,

p = p̄,

(6.33)

where z =
(

x
p

)
. The idea behind generalizing the constrained robust local

search algorithm is analogous to the approach described in Section 6.2 for
the unconstrained problem, discussed in [28]. Consequently, the necessary
modifications to Algorithm 2 are:

(i) Neighborhood search : Given x̂, ẑ =
(

x̂
p̄

)
is the decision vector. There-

fore, the neighborhood can be described as

N := {z | ‖z − ẑ‖2 ≤ Γ} =
{(

x
p

)
|
∥∥∥∥(x − x̂

p − p̄

)∥∥∥∥
2

≤ Γ
}

. (6.34)

(ii) Robust local move : Let d∗ =
(

d∗
x

d∗
p

)
be an update direction in the z

space. Because p is not a decision vector but a given system parameter,
the algorithm has to ensure that p = p̄ is satisfied at every iterate. Thus,
d∗

p = 0.
When finding the update direction, the condition dp = 0 must be in-

cluded in either of SOCP (6.24) and (6.25) along with the feasibility
constraints d′∇xhrob

j (x̂) < β‖∇xhrob
j (x̂)‖2 . As discussed earlier, we seek

a direction d that points away from the worst-case and infeasible neigh-
bors. We achieve this objective by maximizing the angle between d and
all worst-case neighbors as well as the angle between d and the gradi-
ent of all constraints. For example, if a design z is not feasible under
perturbations, the SOCP is given by

min
d=(dx ,dp ),β

β

s.t. ‖d‖2 ≤ 1,

d′ (zi − ẑ) ≤ β‖zi − ẑ‖2 , ∀yi ∈ Y,

d′∇zh
rob
j (ẑ) < β‖∇zh

rob
j (ẑ)‖2 , ∀j ∈ J̄ ,

dp = 0,

β ≤ −ε.

(6.35)

Here, Yk is the set of infeasible designs in the neighborhood. Since the
p-component of d is zero, this problem reduces to the following:
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6.3 Constrained robust optimization

a b

Fig. 6.13. A two-dimensional illustration of the robust local move for problems with
both implementation errors and parameter uncertainties. The neighborhood spans the
z = (x, p) space: (a) the constrained counterpart of Fig. 6.11(a) and (b) the constrained
counterpart of Fig. 6.11(b). Note that the direction found must lie within the
hyper-planes p = p̄.

min
dx ,β

β

s.t. ‖dx‖2 ≤ 1,

d′
x (xi − x̂) ≤ β‖zi − ẑ‖2 , ∀yi ∈ Y,

d′
x∇xhrob

j (ẑ) < β‖∇zh
rob
j (ẑ)‖2 , ∀j ∈ J̄ ,

β ≤ −ε.

(6.36)

A similar approach is carried out for the case of z being robust. Con-
sequently, both d∗

f eas and d∗
cost satisfy p = p̄ at every iteration. This is

illustrated in Fig. 6.13.
Now, we have arrived at the constrained robust local search algorithm for

Problem (6.30) with both implementation errors and parameter uncertain-
ties:

Algorithm 3 [Generalized constrained robust local search]
Step 0. Initialization: Set k := 1. Let x1 be an arbitrary initial decision

vector.
Step 1. Neighborhood search: Same as Step 1 in Algorithm 2, but over the

neighborhood (6.34).
Step 2. Check feasibility under perturbations: zk , and equivalently xk , is
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feasible under perturbations, if Yk and J̄ k are empty.
Step 3. Robust local move:

i. If zk is not feasible under perturbations, find a direction d∗
f eas by solv-

ing SOCP (6.36) with ẑ = zk . Set zk+1 := zk+1 + tkd∗
f eas.

ii. If x is feasible under perturbations, solve the SOCP

min
dx ,β

β

s.t.‖dx‖2 ≤ 1,

d′
x

(
xi − xk

)
≤ β

∥∥∥∥(xi − xk

pi − p̄

)∥∥∥∥
2

, ∀zi ∈ Mk , zi =
(

xi

pi

)
,

d′
x

(
xi − xk

)
≤ β

∥∥∥∥(xi − xk

pi − p̄

)∥∥∥∥
2

, ∀yi ∈ Yk
+ ,yi =

(
xi

pi

)
,

d′
x∇xhrob

j (zk ) < β‖∇zh
rob
j (zk)‖2 , ∀j ∈ J̄+ ,

β ≤ −ε,

(6.37)

to find a direction d∗
cost. Note that Yk

+ is the set of infeasible designs
in the enlarged neighborhood N k

+ as in Eq. (6.26). J̄+ is the set of
constraints which are not violated in the neighborhood of x̂, but are
violated in the slightly enlarged neighborhood N+ . Set zk+1 := zk+1 +
tkd∗

f eas. If no direction d∗
cost exists, reduce the size of M; if the size is

below a threshold, terminate.

We have finished introducing the robust local search method with con-
straints. In the following sections, we will present an application to showcase
the performance of this method.

6.3.3 Example in polynomial optimization

Here, we provide an example application in constrained polynomial opti-
mization. Our primary goal is to develop intuition and illustrate how the
constrained robust local search algorithm from Section 6.3 performs. More-
over, we provide a modified version of the application for which the con-
straints are convex. In this case, we can use an alternative method by re-
placing the constraints by their robust counterparts, allowing for a more
efficient optimization.

6.3.3.1 Problem description

The first problem is sufficiently simple, so as to develop intuition into the
algorithm. Consider the nominal problem
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6.3 Constrained robust optimization

min
x,y

fpoly(x, y),

s.t. h1(x, y) ≤ 0,

h2(x, y) ≤ 0,

(6.38)

where

fpoly(x, y) = 2x6 − 12.2x5 + 21.2x4 + 6.2x − 6.4x3 − 4.7x2 + y6 − 11y5 + 43.3y4

−10y − 74.8y3 + 56.9y2 − 4.1xy − 0.1y2x2 + 0.4y2x + 0.4x2y,

h1(x, y) = (x − 1.5)4 + (y − 1.5)4 − 10.125,

h2(x, y) = −(2.5 − x)3 − (y + 1.5)3 + 15.75.

Given implementation errors ∆ =
(

∆x

∆y

)
such that ‖∆‖2 ≤ 0.5, the robust

problem is

min
x,y

max
‖∆‖2 ≤0.5

fpoly(x + ∆x, y + ∆y),

s.t. max
‖∆‖2 ≤0.5

h1(x + ∆x, y + ∆y) ≤ 0,

max
‖∆‖2 ≤0.5

h2(x + ∆x, y + ∆y) ≤ 0.

(6.39)

To the best of our knowledge, there are no practical ways to solve such a
robust problem, given today’s technology [48]. If the relaxation method for
polynomial optimization problems is used, as in Ref. [49], Problem (6.39)
leads to a large polynomial SDP problem, which cannot be solved in prac-
tice today [50, 48]. In Fig. 6.14, a contour plot of the nominal and the
estimated worst-cost surface along with their local and global extrema are
shown to generate intuition for the performance of the robust optimization
method. The computation takes less than 10 minutes to terminate on an
Intel Xeon processor with 3.4 GHz clock. This is fast enough for a prototype-
problem. Three different initial designs with their respective neighborhoods
are sketched as well.

6.3.3.2 Computation results

For the constrained Problem (6.38), the non-convex cost surface and the
feasible region are shown in Fig. 6.14(a). Note that the feasible region is
not convex, because h2 is not a convex constraint. Let gpoly(x, y) be the
worst-case cost function given as

gpoly(x, y) := max
‖∆‖2 ≤0.5

fpoly (x + ∆x, y + ∆y).

Figure 6.14(b) shows the worst-case cost estimated by using sampling
on the cost surface fpoly . In the robust Problem (6.39), we seek to find a
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(a) Nominal Cost
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Fig. 6.14. Contour plot of (a) the nominal cost function and (b) the estimated
worst-case cost function. The shaded regions denote designs which violate at least one
of the two constraints, h1 and h2 . While point A and point B are feasible, they are not
feasible under perturbations due to their infeasible neighbors. Point C, on the other
hand, remains feasible under perturbations.

design which minimizes gpoly(x, y), such that its neighborhood lies within the
unshaded region. An example of such a design is the point C in Fig. 6.14(b).

Two separate robust local searches were carried out from initial designs A
and B. The initial design A exemplifies initial configurations whose neigh-
borhood contains infeasible designs and is close to a local minimum. The
design B represents only configurations whose neighborhood contains in-
feasible designs. Figure 6.15 shows that, in both instances, the algorithm
terminated at designs that are feasible under perturbations and have signifi-
cantly lower worst-case costs. However, it converged to different robust local
minima in the two instances, as shown in Fig. 6.15(c). The presence of mul-
tiple robust local minima is not surprising because gpoly(x, y) is non-convex.
Figure 6.15(c) also shows that both robust local minima I and II satisfy the
terminating conditions as stated in Section 6.3.1.2:
(i) Feasible under perturbations: Both their neighborhoods do not overlap

with the shaded regions.
(ii) No direction d∗

cost found: Both designs are surrounded by bad neighbors
and infeasible designs lying just outside their respective neighborhoods.
Note that for robust local minimum II, the bad neighbors lie on the same
contour line, even though they are apart, indicating that any further
improvement is restricted by the infeasible neighboring designs.
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6.3 Constrained robust optimization

Fig. 6.15. Performance of the robust local search algorithm from two different starting
points A and B. The circle marker indicates the starting and the diamond marker the
final design. (a) Starting from point A, the algorithm reduces the worst-case cost and
the nominal cost. (b) Starting from point B, the algorithm converges to a different
robust solution, which has a significantly larger worst-case cost and nominal cost. (c)
The broken circles sketch the neighborhood of minima. For each minimum, (i) there is
no overlap between its neighborhood and the shaded infeasible regions, and (ii) there is
no improving direction because it is surrounded by neighbors of high cost (bold circle)
and infeasible designs (bold diamond) residing just beyond the neighborhood. Two bad
neighbors of minimum II (started from B) share the same cost, since they lie on the
same contour line.

6.3.3.3 When constraints are linear

In Section 6.3.1.3, we argued that the robust local search can be more effi-
cient if the constraints are explicitly given as convex functions. To illustrate
this, suppose that the constraints in Problem (6.38) are linear and given by

h1(x, y) = 0.6x − y + 0.17,

h2(x, y) = −16x − y − 3.15. (6.40)
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As shown in the first row of Table 6.1 for linear constraints, the robust
counterparts of the constraints in Eq. (6.40) using a1 = (0.6,−1)′, a2 = (−16,

−1)′, and γ = 0.5 are

hrob
1 (x, y) = 0.6x − y + 0.17 + 0.5831 ≤ 0,

hrob
2 (x, y) = −16x − y − 3.15 + 8.0156 ≤ 0. (6.41)

The benefit of using the explicit counterparts in Eq. (6.41) is that the al-
gorithm terminates in only 96 seconds as opposed to 3,600 seconds, when
using the initial linear constraints in Eq. (6.40).

6.3.4 Summary

In this chapter, we discussed the topic of robust optimization for high-
dimensional problems. In particular, we addressed simulation-based prob-
lems for which an analytically closed form expression is a priori not known.
This method is of direct relevance to many engineering design projects, since
they often rely on numerical simulations to solve problem, e.g. on PDE
solvers. Since in most real-world design problems errors in implementation,
modeling, and design are inevitable, an otherwise nominally optimized solu-
tion can easily be sub-optimal or, even worse, infeasible. Moreover, we might
lose the phenomenon which the design sought to achieve. Therefore, taking
errors into account during the optimization process is a first-order effect.

We illustrated the robust local search algorithm in the context of
simulation-based problems that are subject to errors. The advantage of this
method is that it treats the solver of the actual physical problem as an oracle
and does not exploit any internal structure of the problem. Because of this
black-box approach, the algorithm is generic and can be applied to most
engineering problems.

This algorithm can be summarized as a method which aims to minimize
the worst-case scenario. Possible errors for a particular design define a neigh-
borhood whose extension is determined by the actual application (e.g. man-
ufacturing errors). Within the neighborhood, local searches are conducted
to identify a set of neighbors with highest costs. The solution to a second-
order cone problem determines a direction along which we can update the
design and consequently exclude all neighbors with highest costs. Through
iterations, the algorithm successively reduces the worst-case cost and, thus,
solves the robust problem.

We also illustrated the extension of this robust optimization algorithm to
problems with constraints which may be convex or given through simula-
tions. When constraints are encountered within the neighborhood, infeasible
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neighbors are collected in a separate set. The new descent direction for the
constrained robust problem points to a direction that will exclude both the
neighbors with highest cost and the infeasible neighbors. If the constraints
have certain structure, such as convexity, we showed significant improvement
of the efficiency by using conventional methods, such as robust counterparts.

To demonstrate the performance of this robust optimization method, we
discussed three applications in this chapter. First, we illustrated the applica-
tion of robust optimization to a 100-dimensional electromagnetic scattering
problem and showed that the final design was 90% more robust in com-
parison to the initial configuration. This problem is of direct relevance to
nano-photonic design, because it scales with wavelength.

In the second application, we discussed the 208-dimensional robust design
of double chirped mirrors as they are used in ultrafast mode-locked lasers.
Using additional information about the rare and unphysical events, we were
able to transform the search into an unconstrained optimization problem,
and thus increased the efficiency. Using this adopted method, we provided a
robust solution for the estimated possible errors. Moreover, our final design
was, by far, more robust beyond the assumed errors, when compared to the
nominal solution. Furthermore, using random sampling, we showed that the
robust design has a significantly increased manufacturing yield, which is a
crucial aspect of mirror design.

The third example showcased the robust method in the presence of con-
straints. This application in polynomial optimization was intended to show-
case the performance when constraints are encountered as well as to generate
intuition. We demonstrated that when these constraints have structure, it
can be exploited for a more efficient algorithm.

Overall, we have discussed the robust optimization algorithm that is well
suited for engineering design problems and demonstrated its performance
based on real-world applications. Nevertheless, there is still a vital need for
more advanced robust optimization algorithms. In fact, since engineering de-
sign problems increasingly seek to exploit nonlinear (and quantum) effects,
the impact of possible errors can have severe outcomes. Moreover, since the
spatial extension of objects, whose designs are subject to optimization, will
continually shrink in the future, the size of errors becomes increasingly com-
parable to the actual size of the design. This will cause increased sensitivity
and, thus, a heightened need for robust optimization algorithms.

Furthermore, the deeper understanding of the nature of errors will give
rise to a more tailored definition of uncertainty sets. If possible, avoiding un-
physical and rare events and their parameterization, along with dimension-
reduction and separability, may reduce the size of the search space enabling
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more efficient algorithms as well as an adjusted conservatism for error esti-
mation.

On the other hand, the search for global robust optima is yet another
direction that needs further investigation. Whether known global optimiza-
tion techniques can be extended to address robust problems, or whether new
algorithms have to be developed, will depend on the particular application
and the structure of the search space.
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7 Mathematical framework for optimal
design

I.G. Rosen and C. Wang

7.1 Introduction

Fundamental to most optimal design is the replacement of the actual phys-
ical device by high fidelity mathematical models. Models are also used in
place of sophisticated sensors and performance measuring instrumentation
to avoid the costly and time-consuming process of building a large number
of prototype devices fitted with sensors and monitored by the associated
test equipment. These mathematical models also help to establish an un-
ambiguous relationship between the design parameters and the performance
of the device. This relationship is commonly referred to as the optimal de-
sign problem’s performance index. Mathematical optimization theory can
then be used to characterize local and global optimal designs. Moreover,
by formulating the optimal design problem mathematically, we may employ
sophisticated mathematical programming techniques to provide an efficient
means to search for these local and global optimal designs. This is especially
significant if the design space is high or even infinite dimensional. Thus,
mathematics plays a central and essential role in solving optimal design
problems.

In this chapter we describe how mathematical systems theory can be used
to develop a framework for optimal design problems. In particular, we con-
sider the device which is the basis for the optimal design and the environment
it is interacting with as a system. The internal quantities that uniquely char-
acterize the status of the system are referred to as the system states. For
example, in the electromagnetic waveguide design problem described pre-
viously in Chapter 4, the structure of the waveguide, the dielectric Teflon
cylinders, and the surrounding space form a system. The state variables of
this system include the intensity and directions of the electric and magnetic
fields.

c© Cambridge University Press 2010

189



Mathematical framework for optimal design

There are at least three categories of input to an optimal design sys-
tem: uncontrolled external forces, control inputs, and the design parameters.
Among the uncontrolled external forces are unknown deviations from nom-
inal system configurations due to manufacturing inaccuracies. The control
inputs are excitation signals that the device is subject to during its oper-
ation. The design parameters are static variables that define the physical
configuration of the device. Once again, in the case of the electromagnetic
waveguide design problem, the uncontrolled inputs include deviation from
the nominal refractive index of the Teflon cylinders, inaccuracy in the place-
ment of these cylinders, and disturbances in the input microwave signal. The
control input is the microwave signal that the antenna is transiting into the
waveguide. The design parameters are the locations of the Teflon cylinders.

As in any system theoretical description, the behavior of a system is only
revealed through the measurements or observations that we can make. On
rare occasions, it is possible to observe or measure all of the system states.
More typically, an observation is a finite-dimensional quantity that is a func-
tion of the system state and, in some cases, the control inputs and design pa-
rameters. In most cases, random observation errors must also be considered
in the design process. This is often handled by insisting that an acceptable
optimal design be robust with respect to observation disturbances and un-
modeled dynamics. The ensemble of relationships between the control inputs
and design parameters to the state variables and to the system observations
is referred to as the forward model for the optimal design problem.

In most cases, the system forward model is represented by a set of al-
gebraic and/or differential equations (with associated boundary and initial
conditions) that the internal states of the system must satisfy. These ideas
can be described somewhat more formally if we consider a linear vector space
V as the space in which the values of the state variables are elements. Let L

represent an operator from V into V and let g be a vector in V . An abstract
equation for the system state has the form

L(p, q)u(p, q) = g(p, q), (7.1)

where p represents a vector of model parameters including uncontrolled ex-
ternal forces and control inputs, and q represents the design parameters.
Consider an operator H from V into Rn . The observation of the system can
then be given by

y(p, q) = H(p, q)u(p, q). (7.2)

The system forward model consists of the combination of Eq. (7.1) and
Eq. (7.2). A system forward model is said to be well-posed, if and only if,
for specified control inputs and design parameters, and in the absence of
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any uncontrolled inputs, the values of the state variable are uniquely deter-
mined and depend continuously on the various parameters that appear in
the model equations. Thus the demonstration of the existence, uniqueness,
and continuous dependence of the solution of the set of algebraic and differ-
ential equations which comprise the forward model is an essential aspect of
establishing the well-posedness of the system forward model. In addition, in
the context of optimal design it is often especially important to ensure that
solutions to the forward model equations depend continuously on the control
input and the design parameters. This plays a key role in establishing that
the optimal design problem itself admits a solution.

Once the well-posedness of the forward model is established for a specified
control input, the observations may then be considered to be functions of
the design parameters. In this way, we are able to translate the objective of
our design problem into an unambiguously defined quantity that depends
continuously on the observations, control inputs, and design parameter val-
ues. This quantity is referred to as the performance index of the design. It
is important to emphasize that the performance index is, in general, only a
function of the observations of the system, control inputs, and design vari-
ables. Letting F from Rn to R1 be a given function, a performance index
has the form

J(q; p) = F (y(p, q)). (7.3)

In particular, J is not an explicit function of the internal state variables.
This is due to the fact that typically, in an actual system, the internal states
are not accessible (i.e. observable or measurable) to the designer and the
device application. In many cases the performance index includes terms that
measure the difference between the desired system response and the forward
model predicted response. In these cases, an optimal design is sought that
yields a minimal value for the performance index. A generic form of the
performance index which also includes these cost factors takes the form

J(q; p) = F (y(p, q)) + G(q, q0), (7.4)

where G is a functional that measures deviation of the design parameters,
q, from a nominal value, q0 .

With the performance index simply stated as a function of finitely many
design parameters, it may appear that an optimization problem is well de-
fined. However, the relationship between the values of the design parameters
and the performance index is usually defined implicitly through the forward
model. There are two distinct philosophical approaches that are commonly
taken in dealing with this situation. The first approach considers the prob-
lem as a state-equation-constrained optimization problem. In this view, the
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performance index is a function of the internal state variables and the design
variables. The optimization problem is to minimize the performance index
under the constraint that the forward model equations are satisfied. In the
context of the electromagnetic waveguide design problem described earlier,
in this approach, the performance index is viewed as a function of the electric
and magnetic fields over the entire space inside and outside the waveguide.
This is in addition to it also being viewed as an explicit function of the
design parameters as well. Thus, this optimization problem is defined over
an infinite dimensional vector space whose elements are functions (describ-
ing the electric and magnetic fields). At the same time, the system forward
model represents infinitely many constraints on the optimization problem.
The well-posedness of the forward model equation provides a guarantee that
the admissible set for this constrained minimization problem is not empty.

An alternative approach to dealing with the implicit nature of the per-
formance index is to consider the forward model as an implicit definition
of the relationship between the design parameters and the internal state
variables and, therefore, between the design parameters and the value of
the performance index. In this approach, the only constraints associated
with the optimization problem are those explicitly imposed on the values
of the design parameters. Those constraints are usually finite dimensional,
but the evaluation of the performance index requires the solution of an
infinite-dimensional system of equations. Although at this level, the differ-
ence between these two approaches seems purely academic, the directions
that these two approaches take us in attempting to solve the resulting opti-
mization problem can be dramatically different. For example, to avoid deal-
ing with the constraints explicitly, residuals between the model equations
with candidate design parameter values, evaluated at a proposed value for
the state variable, are added to the performance index as a penalty term. As
a result, an optimal solution to the resulting augmented performance index
may not precisely satisfy the forward model. Thus, in this cases, the state
constraints are said to not have been strictly enforced.

In optimal device design problems, the forward model represents our best
understanding of the relationship that exists between the system behavior
and possible design choices as characterized by the design parameter val-
ues. It is therefore important that the forward model equation be satisfied.
Consequently, in this treatment, we primarily consider the forward equation
as an implicit definition of the relationship between design parameters and
the performance index. Thus, in our approach here, the state constraints
are strictly enforced. However, in either approach, we cannot avoid the fact
that if the model equations are set in an infinite dimensional (e.g. functional)
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vector space, they must be approximated by a system of finite dimensional
equations so as to permit the use of numerical optimization techniques and
high speed computing. As a consequence, numerical sampling must be used
to approximate infinite dimensional state variables via finite dimensional
vectors (once an appropriate basis has been chosen) and, at the same time,
approximate any (ordinary, partial, or functional) differential equations by
finite dimensional algebraic equations. More specifically, we consider a finite
dimensional subspace V N of the state space V and an operator LN from V N

into V N . The finite dimensional approximation of Eq. (7.1) has the form

LN (p, q)uN (p, q) + gN (p, q) = 0, (7.5)

where gN (p, q) is a vector in V N representing an approximation to g(p, q).
Similarly, an approximating observation operator HN is needed to define an
approximating observation

yN (p, q) = HN (p, q)u(p, q). (7.6)

The approximating performance index now takes the form

JN (q; p) = F (yN (p, q)) + G(q, q0). (7.7)

The significance of numerical approximation and its careful analysis in
the context of optimal design problems cannot be over stated. In fact, in
virtually any realistic problem, in determining an optimal design, we solve
an optimization problem for a somewhat modified performance index JN

derived from the original performance index, J , through the introduction
of finite dimensional approximation. Consequently, we must address the is-
sue of convergence of not only the solution to the approximating forward
model equations nN to the solution to the original infinite dimensional for-
ward model equations, for any given values of design variables, but also the
convergence of the optimal solutions qN

optimal to the approximating optimal
design problems to a solution to the original underlying infinite dimensional
optimal design problem as the level of approximation or discretization of the
forward model equation and the performance index is further refined.

Mathematical system theory and results for ordinary, partial, and func-
tional differential equations, and their finite dimensional discrete approx-
imation, provide an underlying abstract theoretical framework for reduc-
ing an optimal design problem involving infinite dimensional constraints to
the computationally tractable problem of minimizing an approximating fi-
nite dimensional performance index over a finite dimensional approximation
of the space of design parameters. However, it is important to recognize
that the optimization of the approximating performance index subject to
finitely many constraints over a finite, but typically high dimensional design
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parameter space, still presents a number of significant challenges. In partic-
ular, the highly implicit nature of the performance index makes it extremely
difficult to determine key properties (e.g. convexity) of the underlying opti-
mization problem.

In general, two classes of mathematical programming technique are used
to search for optimal solutions: local optimization and global optimization.
The local optimization approach assumes that a reasonable sub-optimal so-
lution is available. The goal in this case, is to locate an optimal design in
the neighborhood of a sub-optimal solution. However, the size of the neigh-
borhood that a local optimization technique explores is, in general, not ex-
plicitly specified. Thus, a local scheme is more accurately characterized by
the strategy used in the exploration of the design space. Indeed, in local op-
timization, the search for an optimal solution is guided by local trends and
behavior of the performance index in the neighborhood of a candidate sub-
optimal design. These local trends are typically (if the performance index is
smooth) identified via calculation of the gradient of the performance index,
or, if necessary, via calculation of the gradient of a local approximation of
the performance index by polynomial or other readily differentiated smooth
functions. The adjoint method provides an efficient means of evaluating the
gradient of a performance index.

A global optimization technique, on the other hand, attempts to locate the
absolute extremum of the performance index over the entire design space. In
the case where the performance index is a continuous function of the design
parameters and the design space consists of a compact subset of Rn , the
existence of a global optimum is guaranteed.

In the succeeding sections of this chapter, we provide a detailed description
of how to mathematically formulate optimal design problems, how to impose
finite dimensional approximation when it is required, and how to design and
implement both local and global optimization schemes for locating extrema.
We also discuss theoretical issues related to the numerical implementation
of these techniques, in particular the notions of stability and convergence.

7.2 Constrained local optimal design

We begin by mathematically formulating an abstract, possibly infinite di-
mensional, optimal design problem. Although it may be possible to say
something about the existence and/or uniqueness of either local or global
solutions, the resulting optimization problem, being infinite dimensional,
typically cannot be solved in any practical manner as it is formally stated.
A solution, typically using high speed computing, requires finite dimensional
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approximation. Consequently, we then formulate and present an abstract fi-
nite dimensional approximation framework that yields a sequence of finite
dimensional approximating optimal design problems which are numerically
solvable. We next discuss techniques for efficiently locating local optima for
the approximating design problems and address the issue of convergence of
these approximating optimal designs to a solution to the original infinite di-
mensional optimal design problem. Finally we illustrate how all of this works
in actual practice by considering the optimal design of a layered nanoscale
electronic semiconductor device involving the determination of optimal layer
potentials that produce a desired ballistic electron transmission probability
as a function of applied voltage bias.

Let {X, ‖·‖X }, {U, ‖·‖U }, {Y, ‖·‖Y },
{
X0 , ‖·‖X 0

}
, and {W, ‖·‖W } be

normed linear spaces over the complex numbers that denote respectively,
the state space, the design space, the measurement or observation space,
the space of initial conditions, and the external excitation space for our
optimal design problem. The variables that describe the state of the sys-
tem, for example, displacement, velocity, temperature, concentration, etc.,
will be elements of the state space X. The design parameters, for example,
layer potential or thickness, mass or stiffness, Young’s Modulus, thermal and
other material parameters, etc., will be elements of the design space U . The
quantities that can be measured or observed that will form the basis for the
optimality in the term optimal design will be elements in the measurement or
observation space Y . The space X0 typically contains elements that describe
initial conditions for the state, while the entries in the excitation space, W ,
represent any external influences acting on the system, for example forces,
heat sources or sinks, etc. On occasion, but not often, the quantities that
can be measured coincide with the system states. But this is very rare. In
general, any or all of these spaces can be infinite dimensional. This will de-
pend upon the nature and character of the optimal design problem and the
mathematical elements that it takes to describe them. The elements in these
spaces may be scalars, vectors, functions (of time, or location, for example),
or even random variables if uncertainty represents a significant modeling
issue that must be dealt with in formulating the problem.

We assume that the state of the underlying system may be described or
modeled by a state equation which takes the general form

f(x, u;x0 , w) = 0, (7.8)

where the state function

f : X × U × X0 × W → X, (7.9)

is in general continuous and possibly abstractly differentiable in either a
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Frechet or Gateaux sense, x0 ∈ X and w ∈ W denote some sort of exoge-
nous inputs in the form of initial conditions and external excitation, respec-
tively. The variables x ∈ X and u ∈ U denote respectively the system state
variables and design parameters. In general, the state variables and/or the
design parameters are functional in nature, the function f may involve either
time or space derivatives or integrals of x and u. For example, if the design
problem of interest to us involved the identifying of the mass, stiffness, and
damping of a system that can be modeled as a simple harmonic oscillator,
then in this case we might take the space X to be PC[0, T ] × PC[0, T ],
where PC[0, T ] denotes the piecewise continuous functions on the interval
[0, T ], W to be the space PC[0, T ], U to be R3 and the space X0 to be the
space R2. In this case, the state function f : X × U × X0 × W → X would
be given by

f(x, u;x0 , w) = x(t) − eAtx0 −
∫ t

0
eA(t−s)Bw(s)ds, (7.10)

where A is the 2 × 2 matrix and B is the 2 × 1 matrix respectively given by

A =
[

0 1
−k/m −b/m

]
and B =

[
0

1/m

]
, x0 ∈ R2, and the design parameters,

u ∈ R3, are given by u = [m, k, b]T .
We define a performance index for the optimal design problem, J : U → R,

in terms of an objective functional g : X × U × Y → R as

J(u) = g(x, u; y), (7.11)

where y ∈ Y is a given observation or measurement in terms of which the
desired optimal performance of the system can be described. So to continue
with the simple harmonic oscillator example given above, suppose that y ∈
C[0, T ] is the desired displacement trajectory that you would like the mass
to trace out corresponding to the given external excitation w ∈ C[0, T ] and
initial displacement and velocity x0 ∈ R2. In this case we might take J :
U → R to be given by

J(u) =
ν∑

i=1

|y(ti) − Cx(ti; u)|2 , (7.12)

where {ti}ν

i=1 ⊂ [0, T ], C = [1, 0], and x(·;u) ∈ PC[0, T ] is the solution to

f(x, u;x0 , w) = x(t) − eAtx0 −
∫ t

0
eA(t−s)Bw(s)ds = 0, (7.13)

corresponding to u = [m, k, b]T ∈ R3. If we let Ω ⊂ U denote the feasible pa-
rameter set, our abstract optimal design problem may then be formulated as:
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Given x0 ∈ X0 and w ∈ W ,
find u∗ = arg minu∈Ω J (u) = arg minu∈Ω g (x, u; y),
subject to f (x, u;x0 , w) = 0.

We turn our attention next to finite dimensional approximation. For ease
of exposition we will assume only that it is only the state space, X, that
is infinite dimensional and requires finite dimensional approximation. This
will capture the essence of what is required to make our general approach
clear without adding an excess of technical complexity. Moreover, this is
often the situation in practice. Toward this end for each M = 1, 2, . . ., let
XM denote a kM -dimensional subspace of X. In general it should be clear
how one could readily introduce finite dimensional approximation in the
parameter, initial condition, observation, and external excitation spaces if
it were called for in a particular situation. We assume that the remaining
spaces, U , X0 , and W are all either finite dimensional or do not require finite
dimensional approximation. In addition let fM : XM × U × X0 × W → XM

and gM : XM × U × Y → R, and define the sequence of approximating
finite dimensional optimal design problems by:

Given x0 ∈ X0 and w ∈ W ,
find uM ∗ = arg minu∈Ω JM (u) = arg minu∈Ω gM (xM , u; y),
subject to fM (xM , u; x0 , w) = 0.

It is these latter approximating problems that will actually be solved for
uM ∗. Of course we would hope that uM ∗ will, in some sense, approximate u∗ a
solution to the original optimal design problem; that is that limM →∞ uM ∗ =
u∗. We will address the issue of convergence later. First we consider some of
the ideas involved in actually solving the approximating finite dimensional
optimal design problems.

In this section we are only concerned with identifying local optima. Find-
ing global optima will be discussed elsewhere in this chapter. Assuming that
all functions and variables depend smoothly on the design parameters, lo-
cal optima are typically located via gradient based search. Whether it be
steepest descent, Newton’s method, or conjugate gradient, constrained or
unconstrained, virtually all methods depend upon being able to compute the
gradient of the performance index, JM , with respect to the design parame-
ters u ∈ U . Indeed, the general form of these methods, which are iterative
in nature, is

uk+1 = uk − H (uk)∇JM (uk)
T

, k = 0, 1, 2, . . . (7.14)

where the particular form of H (u) depends on which method is being used.
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For example, in the case of steepest descent, H (u) is simply a scalar and
successive iterates are determined from their predecessor by moving in the
direction of the negative gradient. On the other hand, in the case of Newton’s
method, which is based upon locating a stationary point of JM in the form
of a zero of the gradient, H (u) involves the inverse of the Hessian.

However, in any case, whichever method is used, because these methods
are iterative in nature, the topology of the design landscape can be both
complex and of high (albeit finite) dimension, and evaluating JM and ∇JM

involves effectively numerically solving infinite dimensional operator equa-
tions in order to solve the state equation for xM , so that it is essential
that gradient calculation be both highly accurate and computationally very
efficient.

One approach would be to use a finite-difference-based scheme. But this
has two fundamental drawbacks. First it introduces truncation error into
the gradient calculation which can make convergence slow, especially near
the optimum. It also requires solving the state equation numerous times
in each iteration. This is the most time-consuming step in evaluating JM

and consequently it makes the entire approach computationally very slow.
The adjoint method, on the other hand, which is commonly used in data
assimilation for numerical weather prediction, a problem which shares many
of these same challenges, allows for the efficient computation of gradients of
dynamically constrained performance indices with zero truncation error.

The adjoint method has its roots in the classical theory of constrained
optimization, Lagrange multipliers, and optimal control. Associated with
and coupled to the constraints on the system state variables, is another,
related, system of equations known as the adjoint. The variables in the
adjoint system are known as the co-states, dual variables, or Lagrange
multipliers. At optimality, the co-state variables may be interpreted as
the marginal benefit derived (with respect to the underlying performance
index being optimized) by weakening the constraints on the state variables.
Economists sometimes refer to them as either imputed or shadow prices.
However, at nonstationary points, the adjoint formulation may be used to
facilitate the efficient computation of the gradient of the performance index
with respect to the optimization parameters. It does this by making it
unnecessary to compute the derivatives of the state variables with respect
to the optimization parameters.

To see how it works, we derive the basic equations in terms of our abstract
approximating problems and then see what it actually looks like in the
context of our simple harmonic oscillator example. We begin by formally
differentiating the performance index, JM , to obtain
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∇JM (u) =
∂gM (xM , u; y)

∂xM

∂xM

∂u
+

∂gM (xM , u; y)
∂u

. (7.15)

Similarly, differentiating the state equation we obtain

∂fM (xM , u; x0 , w)
∂xM

∂xM

∂u
= −∂fM (xM , u; x0 , w)

∂u
. (7.16)

We define the adjoint or co-state variables, zM ∈ XM , to be the solution
to the linear system given by(

∂fM (xM , u; x0 , w)
∂xM

)∗

zM =
(

∂gM (xM , u; y)
∂xM

)∗

, (7.17)

where, for a matrix Λ with complex entries, Λ∗ denotes its conjugate trans-
pose. It then follows that

∇JM (u) =
∂gM (xM , u; y)

∂xM

∂xM

∂u
+

∂gM (xM , u; y)
∂u

=
(
zM

)∗ ∂fM (xM , u; x0 , w)
∂xM

∂xM

∂u
+

∂gM (xM , u; y)
∂u

= −
(
zM

)∗ ∂fM (xM , u; x0 , w)
∂u

+
∂gM (xM , u; y)

∂u
. (7.18)

The adjoint method for calculating the gradient may then be stated as
follows:

Given x0 ∈ X0 ,w ∈ W ,y ∈ Y and u ∈ U , Step 1: Solve the state equa-
tion fM (xM , u; x0 , w) = 0 for the state variables xM ∈ XM . Step 2: Solve

the adjoint equation
(

∂f M (xM ,u ;x0 ,w)
∂xM

)∗

z =
(

∂gM (xM ,u ;y)
∂xM

)∗

for the adjoint

variables zM ∈ XM . Step 3: Compute the gradient of the performance index
from

∇JM (u) = −
(
zM

)∗ ∂fM (xM , u; x0 , w)
∂u

+
∂gM (xM , u; y)

∂u
.

We illustrate the application of the adjoint method on the simple har-
monic oscillator example considered above. We begin with the finite dimen-
sional approximation of the state space X = PC [0, T ] × PC [0, T ]. For each
M = 1, 2, . . . let {ϕM

i }M

i=1 ⊂ PC [0, T ] be a linearly independent set. For i =
1, 2, . . . , M , define elements in X, ΦM

i =
[
ϕM

i 0
]T

and ΦM
i+M =

[
0 ϕM

i

]T
and

set XM = span {ΦM
i }2M

i=1. We endow X = PC [0, T ] × PC [0, T ] with the
standard L2 [0, T ] × L2 [0, T ] inner product, 〈·, ·〉X , and let P M : X → XM
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denote the orthogonal projection of X onto XM . We define the approximat-
ing state and objective functions

fM : XM × U × X0 × W → XM , (7.19)

and

gM : XM × U × Y → R, (7.20)

by

fM
(
xM ,u;x0 , w

)
= P M f

(
xM ,u;x0 , w

)
, (7.21)

and

gM
(
xM ,u; y

)
= g

(
xM ,u; y

)
, (7.22)

respectively. An easy calculation based on the normal equations reveals that
the approximating state equation is given by

fM
(
xM ,u;x0 , w

)
= QM αM − bM (u;x0 , w), (7.23)

where QM
i,j =

〈
ΦM

i , ΦM
j

〉
X

, i, j = 1, 2, . . . , 2M , αM =
[
αM

1 αM
2 . . . αM

2M

]T
,

xM =
∑2M

i=1 αM
i ΦM

i and bM (u; x0 , w) =
∫ T

0 ΦM (t)T
eAtx0 −∫ t

0 ΦM (t)T
eA(t−s)Bw (s) dsdt, with ΦM (t) =

[
ΦM

1 (t) ΦM
2 (t) . . . ΦM

2M (t)
]T

.
It also follows that the objective function is given by

gM
(
xM ,u; y

)
=

ν∑
i=1

∣∣y (ti) − CΦM (ti)αM
∣∣2 . (7.24)

Recalling that the 2M × 2M matrix QM is symmetric (and positive def-
inite and therefore invertible since the {ΦM

i }2M

i=1 are linearly independent),
the adjoint system is given by

QM
β

M = −2
ν∑

i=1

(
y (ti) − CΦM (ti)αM

)
ΦM (ti)

T CT . (7.25)

The gradient of JM , ∇JM , can then be computed with no truncation error
from

∇JM (u) = −
(
β

M
)T ∂

∂u

{
QM αM − bM (u;x0 , w)

}
=
(
β

M
)T ∂bM (u;x0 , w)

∂u

=
(
β

M
)T ∂

∂u

{∫ T

0
ΦM (t)T

eAtx0 −
∫ t

0
ΦM (t)T

eA(t−s)Bw (s) dsdt

}
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=
(
β

M
)T

{∫ T

0
ΦM (t)T ∂eAtx0

∂u
−
∫ t

0
ΦM (t)T ∂eA(t−s)Bw (s)

∂u
dsdt

}
(7.26)

where u = [m, k, b]T .
We refer to the method described above for calculating gradients as the

static adjoint. When the state equation is of evolutionary type and the
state of the system is specified recursively, there is a dynamic formulation
of the adjoint method in which the adjoint variables or costate are also
specified recursively. To see how this works, we once again consider our
simple harmonic oscillator example but with the added assumption that the
times specified in the performance index are equally spaced and with the
added restriction that the external excitation is zero-order hold.

Let tk = kT/ν = kτ , k = 0, 1, 2, . . . , ν, and set yk = y (tk) = y (kτ), xk =
x (tk) = x (kτ), wk = w (tk) = w (kτ), k = 0, 1, 2, . . . , ν. We then take the
state space X = ×ν

i=0R
2, the observation space Y = ×ν

i=1R, the external
excitation space W = ×ν−1

i=0 R, and, as before, U to be R3 and the space X0

to be the space R2. The system state equation and objective functions are
then given by

f
(
{xi}ν

i=0 , u;x0 , {wi}ν−1
i=0

)
=

{
xk − Âx0 −

k−1∑
j=0

Â
k−1−j

B̂wj

}ν

k=0

, (7.27)

and

g ({xi}ν

i=0 ,u; {yi}ν

i=1) =
ν∑

k=1

|yk − Cxk |2 , (7.28)

respectively, where Â = eAτ and B̂ =
∫ τ

0 eAtBdt. Note that in this case, no
finite-dimensional approximation is required because all of the spaces are
already finite dimensional. In addition, in this case, it is not difficult to see
that the state variables {xk}ν

k=0 evolve recursively according to the discrete
dynamical system

xk+1 = Âxk + B̂wk , k = 0, 1, 2, . . . , ν. (7.29)

We define the adjoint variables recursively in reverse by

zk−1 = ÂTzk − 2 (yk − Cxk)C
T , (7.30)

with k = ν, ν − 1, . . . , 2, 1, zν = 0. Then noting that ∂xk + 1

∂u = ∂ Â
∂u xk + Â ∂xk

∂u +
∂ B̂
∂u wk , ∂x0

∂u = 0, and zν = 0, it follows that
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∇J (u) = −2
ν∑

k=1

(yk − Cxk)C
∂xk

∂u

=
ν∑

k=1

{
zk−1 − Âzk

}T ∂xk

∂u

=
ν−1∑
k=0

zT
k

∂xk+1

∂u
−

ν∑
k=1

zT
k Â

∂xk

∂u

=
ν−1∑
k=0

zT
k

{
∂xk+1

∂u
− Â

∂xk

∂u

}

=
ν−1∑
k=0

zT
k

{
∂Â
∂u

xk +
∂B̂
∂u

wk

}
. (7.31)

In this case, the adjoint method for computing the gradient dynamically is
given by:

Given x0 ∈ X0 ,{wi}ν−1
i=0 ∈ W , {yi}ν

i=1 ∈ Y and u = [m, k, b]T ∈ U ,
Step 1: Solve the state equation xk+1 = Âxk + B̂wk for the state variables
{xk}ν

k=0 ∈ X.

Step 2: Solve the adjoint equation zk−1 = Â
T
zk − 2 (yk − Cxk)C

T, zν = 0,
for the adjoint variables {zk}0

k=ν ∈ X.
Step 3: Compute the gradient of the performance index from

∇J (u) =
ν−1∑
k=0

zT
k

{
∂Â
∂u

xk +
∂B̂
∂u

wk

}
.

There are a number of theoretical questions that it is natural to ask. In
particular, these might include whether or not it is possible to establish the
existence and/or uniqueness of solutions to the optimal design problems,
and is it possible to demonstrate the convergence of solutions to the ap-
proximating optimal design problem to a solution to the original optimal
design problem. In considering the first question, the arguments typically
used to demonstrate existence and uniqueness of solutions to optimization
problems in general do not apply to the kinds of problems of interest to
us here. These arguments are typically based on convexity. However, the
performance indices that arise in the present context are typically highly
nonlinear functions of the optimization parameters. Establishing convexity,
if in fact it is even present, is often out of the question. Moreover, it is almost
always the case that we are unable to express the performance index as an
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explicit function of the design parameters. More typically the performance
index is a function of the solution to an ordinary or partial differential equa-
tion in which the design variables appear as parameters (coefficients, inputs,
boundary or initial conditions, etc.).

However, if we assume that a (approximating) feasible subset Ω ⊆ U of
the design variable space is compact (if U is finite dimensional, this is equiv-
alent to closed and bounded) and we can establish that the (approximating)
performance index depends continuously on the design variables, then it is
a well-known consequence of elementary analysis that the (approximating)
optimal design problems admit a (possibly non-unique) solution.

Establishing the convergence of solutions of the approximating optimal
design problems to a solution of the original optimal design problem
requires demonstrating that solutions to the approximating state equations
converge to the solution of the original state equation uniformly with
respect to the design parameters. We make this precise by stating it as a
formal proposition.

Proposition 1. Let xM (u) ∈ XM and x (u) ∈ X denote respectively
solutions to the approximating and original state equations corre-
sponding to u ∈ U , and suppose that {uM }∞M =1 ⊂ Ω is a convergent
sequence in U with limM →∞ ‖uM − u0‖U = 0 for some u0 ∈ Ω. Then
limM →∞ ‖xM (uM ) − x (u0)‖X = 0.

Proving Proposition 1 of course depends on the particular problem at
hand. However, if it can be established, then Proposition 2 below follows at
once.

Proposition 2. Suppose that the feasible design parameter set Ω ⊆ U is
a compact subset of U , that the objective function g : X × U × Y → R
is continuous, and that Proposition 1 holds. Let ūM ∈ Ω be a solution to
the approximating optimal design problem corresponding to the index M.
Then there exist a convergent subsequence {ūMk }∞k=1 ⊂ {ūM }∞M =1 ⊂ Ω with
limk→∞ ūMk = ū for some ū ∈ Ω. Moreover, ū is a solution to the original
optimal design problem.

Proof. The existence of the convergent subsequence follows from the
compactness of Ω. Then for every u ∈ Ω

J (ū) = J
(

lim
k→∞

ūMk

)
= g

(
x
(

lim
k→∞

ūMk

)
, lim

k→∞
ūMk , y

)
= g

(
lim

k→∞
xMk

(
ūMk

)
, lim

k→∞
ūMk , y

)
= lim

k→∞
g
(
xMk

(
ūMk

)
, ūMk , y

)
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= lim
k→∞

gMk
(
xMk

(
ūMk

)
, ūMk , y

)
= lim

k→∞
JMk

(
ūMk

)
≤ lim

k→∞
JMk (u) = lim

k→∞
g
(
xMk (u) , u, y

)
= g

(
lim

k→∞
xMk (u) , u, y

)
= g (x (u) , u, y) = J (u), (7.32)

and the desired result follows.
In some instances it may be possible to establish that the sequence itself

converges to a solution of the original optimal design problem. Showing this
typically requires uniqueness.

In the next section we show how the ideas we have presented here can be
applied in the context of a realistic optimal design problem for a nanoscale
layered quantum electronic device.

7.3 Local optimal design of an electronic device

As an example of how we mathematically formulate, and develop efficient
computational techniques to solve, the optimal design problem, we consider
the design of an electronic semiconductor device whose conduction band po-
tential profile, V (x ), can be fabricated with great accuracy in the crystal
growth direction, x. The behavior of electronic devices with layers that are
a few nm thick may often be characterized by ballistic electron transmission
probability as a function of applied voltage bias. The design parameters are
the values of potential at each atomic layer and the design criterion is a
desired functional relationship between an applied voltage bias, Vbias , and
electron transmission, T. (For example, in the case of a resistor, by virtue of
Ohm’s Law, this functional relationship is linear. Here, we are interested in
devices that yield much more general functional relationships.) We formu-
late a design problem in terms of identifying designs for V (x ) that result in
locally optimal electron transmission characteristics T = T (Vbias). The de-
sign criterion is formulated in terms of the squared difference between the
desired and observed performance of the device. We solve the optimal de-
sign problem by seeking local minima via a gradient-based search that makes
use of the adjoint method to facilitate efficient and accurate computation of
gradients. The underlying constraints involve differential equations. Conse-
quently we will rely on some form of finite-difference approximation to make
the optimization problem amenable to numerical solution. We will demon-
strate how mathematical analysis can be used to establish the numerical
stability and, more significantly, the numerical convergence of the scheme.

204



7.3 Local optimal design of an electronic device

7.3.1 The optimal design problem

We consider a layered nanoscale semiconductor electronic device schemati-
cally configured as shown in Fig. 7.1. The device is assumed to be of total
thickness L and to consist of N layers. For i = 1, 2, . . . , N, the ith layer
begins and ends at positions xi−1 and xi , respectively, and is of thickness
Li = xi − xi−1 . It follows therefore that xN − x0 = L. The local potential
energy in the ith barrier-layer is assumed to be Ui , with i = 1, 2, . . . , N . For
x < x0, the local potential energy is assumed to be U0 and for x > xN , it is
assumed to be UN +1. We assume that a single electron propagating in the
right electrode from –∞ is incident upon the left boundary of the device at
x0 and that a voltage bias, Vbias, is applied across the device.

Typically, application of the voltage bias illustrated in Fig. 7.1 has the ef-
fect of creating an accumulation of charge on the left side of the barrier layers
and a depletion region on the far right. Obtaining the precise form of the re-
sulting potential energy profile V (x) requires the solution of an appropriate
Poisson equation [1]. However, we assume that the thickness of the depletion
and accumulation layers is sufficiently small so as to allow for linear approx-
imation. Consequently, the static potential energy profile takes the form

V (x) = V (x;U, Vbias) =


U0∑N

j=1 Ujχj (x) − Vbias
x−x0

L

UN +1 − Vbias

−∞ < x < x0

x0 ≤ x ≤ xN

xN < x < ∞
,

(7.33)

where U = {Ui}N

i=1 describes the local layer potentials, for each j = 1, 2,. . . ,
N , χj is the characteristic function corresponding to the j th subinterval,
[xj−1 , xj ], and we assume unit electron charge. That is
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Fig. 7.1. A layered nanoscale semiconductor device (left) and the device with a bias
voltage Vbias applied across it (right).
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χj (x) =
{

1
0

xj−1 ≤ x < xj

otherwise.
(7.34)

The interaction of the electron with the potential V (x ) is described by
solving for the electron wave function Ψ in the Schrödinger equation

− �
2

2m0

∂2Ψ (x, t)
∂x2

+ V (x) Ψ (x, t) = i�
∂Ψ (x, t)

∂t
(7.35)

where � = 1.05492 × 10−34 J is Planck’s constant, m0 = 9.10938188 ×
10−31 kg is the bare electron mass, and i =

√
−1. In a semiconductor the

bare electron mass is often replaced by an effective electron mass m∗. The
charge density flux, ∂ρe(x, t)/∂t, is then given in terms of the solution, Ψ, to
the Schrödinger equation, by ∂ρe(x, t)/∂t = ∂ |Ψ(x, t)|2 /∂t [2]. If unit elec-
tron charge is assumed and the potential energy function, V (x ), is taken to
be real, a straightforward calculation then yields

∂ρe(x, t)
∂t

+
∂

∂x

�

2m0i

{
Ψ̄

∂Ψ
∂x

− Ψ
∂Ψ̄
∂x

}
= 0. (7.36)

Equation (7.36) is in the form of a continuity equation and by analogy to
fluid flow suggests conservation of charge. Consequently, we define current
density ĵ = ĵ (x, t) by the expression

ĵ (x, t) =
�

2m0i

{
Ψ̄ (x, t)

∂Ψ (x, t)
∂x

− Ψ (t, x)
∂Ψ̄ (x, t)

∂x

}
. (7.37)

The transmission coefficient, T, of the device is then defined to be a ratio
of current densities as

T = T (Vbias,U) =

∣∣∣ĵtrans

∣∣∣∣∣∣ĵinc

∣∣∣ , (7.38)

where ĵtrans is the current density transmitted from the device at x = xN ,
and ĵinc denotes the current density incident upon the device at x = x0.

Since the potential V (x ) is independent of time, Eq. (7.35) admits a so-
lution of the form Ψ (x, t) = ψ (x)ϕ (t) which can be found via separation
of variables. It follows that ϕ (t) = exp (−iEt/�), where E, the separation
constant, is the sum of electron kinetic and potential energy. For the conser-
vative system we consider, energy E is a constant of the electron motion. The
time-independent wave function ψ (x) is then found as the solution to the
second-order ordinary differential equation (time-independent Schrödinger
equation) given by

− �
2

2m0

d2ψ (x)
dx2

+ V (x)ψ (x) = Eψ (x). (7.39)
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With the potential V (x ) as given in Eq. (7.33), on the intervals −∞ < x <

x0 and xN < x < ∞, the general solution to Eq. (7.39) is given by

ψ0 (x) = A0e
ik0 x + B0e

−ik0 x, (7.40)

and

ψN +1 (x) = AN +1e
ikN + 1 (x−xN ) + BN +1e

−ikN + 1 (x−xN ), (7.41)

respectively, where k2
0 = 2m 0 (E−U0 )

�2 , k2
N +1 = 2m 0 (E−UN + 1 +Vb ia s )

�2 , and the in gen-
eral complex coefficients, A0 , B0 , AN +1 , BN +1, are determined by boundary
conditions. We assume that E 	= U0 and E 	= UN +1 − Vbias. The latter two as-
sumptions are made so as to ensure that the time-independent Schrödinger
equation (7.39) admits exponential solutions of the form Eq. (7.40) and
Eq. (7.41) on the intervals −∞ < x < x0 and xN < x < ∞, respectively, as
opposed to polynomial (i.e. linear) solutions. We exclusively treat the ex-
ponential case here; our general approach can be modified to handle the
polynomial case as well. It is clear that for −∞ < x < x0 and xN < x < ∞,
the time-dependent wave function Ψ (x, t) = ψ (x)ϕ (t) is of the form

Ψ (x, t) = A0e
ik0 (x− E

�
t) + B0e

−ik0 (x+ E
�

t), (7.42)

and

Ψ (x, t) = AN +1e
ikN + 1 (x−xN − E

�
t) + BN +1e

−ikN + 1 (x−xN + E
�

t), (7.43)

respectively. In this way, the wave function can be viewed as the sum of
left and right propagating wave amplitudes. Moreover, as a result of the
significant likelihood of reflection at interfaces across which there is a signif-
icant change in the electron’s velocity, it is clear that the second term in Eq.
(7.42) and the first term in Eq. (7.43) respectively represent the cumulative
sum of the interference effects that result from the reflected and transmitted
amplitude at each change in the spatial potential, V (x), of the device.

It is immediately clear that |A0 | is the amplitude of the electron wave
function impinging on the left boundary of the device at x = x0 . Hence,
for an electron incident from the left, |A0 |2 = 1 and since there is neither
transmission nor reflection from x = +∞ we require BN +1 = 0. Furthermore,
from Eq. (7.37), (7.42), and (7.43), the transmitted and incident current
densities are given by

ĵtrans =
�kN +1

m0
|AN +1 |2 ,

and

ĵinc =
�k0

m0
|A0 |2 , (7.44)
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respectively. Combining Eq. (7.38) and Eq. (7.44), we immediately obtain

T = T (Vbias) = T (Vbias,U) =
kn+1 |AN +1 |2

k0 |A0 |2
. (7.45)

We formulate the optimal design problem mathematically as a constrained
least-squares fit to a given desired transmission function T0 = T0 (Vbias) de-
fined on the interval Vmin ≤ Vbias ≤ Vmax. We seek local layer potentials
U = {Ui}N

i=1 with UL ≤ Ui ≤ UH, and i = 1, 2, . . . , N, which minimize the
least-squares performance index

J (U) =
ν∑

j=1

|T0 (Vj ) − T (Vj ,U)|2 , (7.46)

where T = T (Vj ;U) is given by Eq. (7.45) with Vbias = Vj , and Vmin ≤ Vj ≤
Vmax, j = 1, 2, . . . , ν, are given arbitrarily spaced bias voltages in the interval
[Vmin , Vmax].

In order to evaluate J = J (U) given in Eq. (7.46), we seek solutions to
the time-independent Schrödinger equation given in Eq. (7.39) on (−∞,∞)
which are smooth (i.e. C1) across the device boundaries at x = x0 and
x = xN . That is, we seek solutions ψ = ψ (x), −∞ < x < ∞, to Eq. (7.39)
satisfying the boundary conditions

ψ (x0) = ψ0 (x0) , ψ′ (x0) = ψ′
0 (x0), (7.47)

ψ (xN ) = ψN +1 (xN ) , ψ′ (xN ) = ψ′
N +1 (xN ), (7.48)

where the functions ψ0 and ψN +1 are given by Eq. (7.40) and Eq. (7.41),
respectively. Recalling that BN +1 = 0, the two conditions given above at
x = x0 can be combined to eliminate the constant of integration B0 and
the two conditions given above at x = xN can be combined to eliminate
the constant of integration AN +1 to yield the linear second-order two-point
boundary value problem on [x0 , xN ] parameterized by A0 given by

− �
2

2m0

d2ψ (x)
dx2

+ V (x)ψ (x) = Eψ (x) , x0 < x < xN , (7.49)

ik0ψ (x0) + ψ′ (x0) = 2ik0A0e
ik0 x0 , (7.50)

ikN +1ψ (xN ) − ψ′ (xN ) = 0. (7.51)

Then if ψ is the solution to Eq. (7.49)–(7.51) on the interval [x0 , xN ], the de-
sired solution on (−∞,∞) can then be obtained by combining ψ on [x0 , xN ]
with ψ0 on (−∞, x0] and ψN +1 on [xN ,∞) given by Eq. (7.40) and Eq. (7.41),
respectively, with AN +1 = ψ (xN ) and B0 = eik0 x0 ψ (x0) − A0e

2ik0 x0 . It then
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follows that AN +1 = ψ (xN ) = ψ (xN ; A0) = A0ψ (xN ; 1) is linear in A0 , and,
moreover, that the value of T (Vbias,U) is independent of the value of A0 .
Indeed, in light of Eq. (7.45), it follows that

T (Vbias) = T (Vbias,U) =
|AN +1 |2 kN +1

|A0 |2 k0

=
kN +1 |ψ (xN ; A0)|2

k0 |A0 |2

=
kN +1

k0
|ψ (xN ; 1)|2 =

kN +1

k0
|ψ (xN ; Vbias,U)|2 , (7.52)

where ψ (·; Vbias,U) denotes the solution to the two-point boundary-value
problem Eq. (7.49)–(7.51) corresponding to Vbias, A0 = 1, and U = {Ui}N

i=1.
Then, recalling (7.46), solving the optimal design problem requires the min-
imization of the least-squares functional

J (U) =
ν∑

j=1

∣∣∣∣T0 (Vj ) −
kN +1,j

k0
|ψ (xN ; Vj ,U)|2

∣∣∣∣2 , (7.53)

where ψ (·, Vj ,U) is the solution to the two-point boundary-value problem
Eq. (7.49)–(7.51) corresponding to Vbias = Vj , j = 1, 2, . . . ν, A0 = 1, and
U = {Ui}N

i=1 and we have added the subscript j to kN +1 to reflect the fact
that k2

N +1 = 2m 0 (E−UN + 1 +Vb ia s )
�2 depends on the value of the bias voltage Vbias .

That is, for j = 1, 2, . . . , ν, k2
N +1,j = 2m 0 (E−UN + 1 +V j )

�2 .

7.3.2 Approximation

Actually, solving the least-squares minimization problem requires that we
be able to numerically solve Eq. (7.49)–(7.51). Toward this end, for each M
= 1, 2, . . . we partition each of the layers, [xj−1 , xj ], j = 1, 2, . . . , N into
M equal sub-layers, [xM

(j−1)M +m−1 , xM
(j−1)M +m ], with m = 1, 2, . . . , M, xM

0 =
x0, and xM

(j−1)M +m = xj−1 + mLj/M , j = 1, 2, . . . , N , and m = 1, 2, . . . , M .
We then consider the time-independent Schrödinger equation, Eq. (7.39),
with the potential function V given by Eq. (7.33) replaced by the piecewise
constant approximation V M given by

V M (x) = V
(
xM

(j−1)M +m−1

)
, xM

( j −1 )M + m −1
≤ x < xM

( j −1 )M + m
, (7.54)

j = 1, 2, . . . , N, and m = 1, 2, . . . , M. For U = {Ui}N

i=1 and Vbias given, and
j = 1, 2, . . . , N, and m = 1, 2, . . . , M we set

[
kM

(j−1)M +m

]2
=

2m0

�2

(
E − Uj + Vbias

xM
(j−1)M +m−1 − x0

L

)
, (7.55)

kM
0 = k0 and kM

N M +1 = kN +1. Then, for j = 1, 2, . . . , N, and m = 1, 2, . . . ,
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M, on the interval
[
xM

(j−1)M +m−1 , xM
(j−1)M +m

]
, the general solution to the

time-independent Schrödinger equation with V replaced by V M is given by

ψM
(j−1)M +m (x) = AM

(j−1)M +meikM
( j −1 )M + m (x−xM

( j −1 )M + m −1 )

+BM
(j−1)M +me−ikM

( j −1 )M + m (x−xM
( j −1 )M + m −1 ), (7.56)

where AM
(j−1)M +m and BM

(j−1)M +m in the above expressions are arbitrary con-
stants of integration. We also set ψM

0 = ψ0 and ψM
N M +1 = ψN +1, where ψ0

and ψN +1 are given by Eq. (7.40) and Eq. (7.41), respectively. Assuming
that E, the sum of electron kinetic and potential energy, the layer poten-
tials, U = {Ui}N

i=1, and bias voltages, Vbias, of interest are such that the
time-independent Schrödinger equation, Eq. (7.39), with V replaced by V M

admits an exponential solution of the form given above on each sub-interval
[xM

(j−1)M +m−1 , xM
(j−1)M +m ], we seek a smooth (i.e C1) solution on [x0 , xN ].

Consequently, by setting

ψM
(j−1)M +m

(
xM

(j−1)M +m

)
= ψM

(j−1)M +m+1

(
xM

(j−1)M +m

)
, (7.57)

dψM
(j−1)M +m

dx

(
xM

(j−1)M +m

)
=

dψM
(j−1)M +m+1

dx

(
xM

(j−1)M +m

)
, (7.58)

ψM
0

(
xM

0

)
= ψM

1

(
xM

0

)
, (7.59)

dψM
0

/
dx

(
xM

0

)
= dψM

1

/
dx

(
xM

0

)
, (7.60)

LM
(j−1)M +m = xM

(j−1)M +m − xM
(j−1)M +m−1 =

Lj

M
, (7.61)

for j = 1, 2, . . . , N, and m = 1, 2, . . . , M, and LM
0 = xM

0 , we obtain the
system of equations given in matrix form by[

eikM
n LM

n e−ikM
n LM

n

ikM
n eikM

n LM
n −ikM

n e−ikM
n LM

n

] [
AM

n

BM
n

]
=

[
1 1

ikM
n+1 −ikM

n+1

] [
AM

n+1

BM
n+1

]
, (7.62)

with n = 0, 1, 2, . . . , NM or, inverting the two by two matrix on the left-
hand side of (7.62), equivalently by

[
AM

n

BM
n

]
=

1
2

(
1 + kM

n + 1

kM
n

)
e−ikM

n LM
n

(
1 − kM

n + 1

kM
n

)
e−ikM

n LM
n(

1 − kM
n + 1

kM
n

)
eikM

n LM
n

(
1 + kM

n + 1

kM
n

)
eikM

n LM
n

[
AM

n+1

BM
n+1

]

≡ PM
n (U, Vbias)

[
AM

n+1

BM
n+1

]
, (7.63)
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n = 0, 1, 2, . . . , NM . With the incident electron of amplitude |A0 | being
introduced on the left and no reflective wave propagating to the left from
+∞, we also have the two boundary conditions[

1 0
] [AM

0

BM
0

]
= A0 and

[
0 1

] [AM
N M +1

BM
N M +1

]
= 0. (7.64)

The least-squares performance indices for the approximating optimal design
problem then become

JM (U) =
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
∣∣AM

N M +1 (Vj ,U)
∣∣2 kN +1,j

|AM
0 |2 k0

∣∣∣∣∣
2

=
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
∣∣AM

N M +1 (Vj ,U)
∣∣2 kN +1,j

|A0 |2 k0

∣∣∣∣∣
2

, (7.65)

where as before, for j = 1, 2, . . . , ν, kN +1,j is defined by k2
N +1,j =

2m 0 (E−UN + 1 +V j )
�2 . The scheme we have just outlined is sometimes referred to

as the propagation matrix method (see, for example, [3]).

7.3.3 Computing gradients using the static adjoint method

The formulation of the optimal design problem as the minimization of an
approximating least-squares performance index Eq. (7.65) subject to the dis-
crete two-point boundary-value problem, Eq. (7.63) and (7.64), use of the
adjoint method for efficiently and accurately (in fact, no truncation error)
calculating the gradients required by most standard iterative optimization
routines. Recall that the adjoint method has its roots in the classical method
of Lagrange multipliers and the Maximum Principle from optimal control
theory and works its magic by making it unnecessary to directly compute
derivatives of the state variables with respect to the optimization parame-
ters.

We begin by combining the NM + 1 2 × 2 linear systems in 2NM + 4
unknowns given in Eq. (7.63) and the two boundary conditions given in
Eq. (7.64) into a single 2NM + 2 dimensional linear system of equations in
2NM + 2 unknowns. Indeed, by making use of the boundary conditions Eq.
(7.64) to move the two determined quantities AM

0 = A0 and BM
N M +1 = 0 to

the right-hand side, we obtain the 2NM + 2-dimensional linear system

AM (U, Vbias)X
M = bM

0 , (7.66)

where

211



Mathematical framework for optimal design

XM =
[
BM

0 AM
1 BM

1 AM
2 BM

2 · · · AM
N M BM

N M AM
N M +1

]T
, (7.67)

bM
0 =

[
−A0e

ik0 x0 −ik0A0e
ik0 x0 · · · 0

]T
, (7.68)

AM (U, Vbias) =



v0 QM
0 0 · · · 0

0 I −PM
1

I −PM
2

...
...

. . . . . .
I −PM

N M −1 0
0 · · · 0 QM

N vN


, (7.69)

with

PM
n = PM

n (U, Vbias). (7.70)

Note that n = 1, 2, . . . , NM − 1 are as they were de-
fined in Eq. (7.63), I is the 2 × 2 identity matrix, v0 =[
e−ik0 x0 −ik0e

−ik0 x0
]T

, vN =
[
−1 −ikN +1

]T
, QM

0 =
[

−1 −1
−ikM

1 ikM
1

]
, and

QM
N =

[
eikM

N M LM
N M e−ikM

N M LM
N M

ikM
N M eikM

N M LM
N M −ikM

N M e−ikM
N M LM

N M

]
.

Under rather mild assumptions on the layer potentials U and the bias
voltage Vbias, it can be argued (see below) that the matrix given in Eq.
(7.69) is nonsingular and consequently that the linear system given in Eq.
(7.66) admits a unique solution. If for each j = 1, 2, . . . , ν, we define the
2NM + 2 dimensional row vector cj by

cM
j =

[
0 0 · · ·

√
kN +1

/(√
k0A0

)]
, (7.71)

the performance index Eq. (7.65) can now be written as

JM (U) =
ν∑

j=1

∣∣∣T0 (Vj ) −
∣∣cM

j XM (U, Vj )
∣∣2∣∣∣2 , (7.72)

where XM (U, Vbias) is the unique solution to the linear system Eq. (7.66)
corresponding to the layer potentials U and bias voltage Vbias.

We turn our attention next to computing the gradient with respect to
U,∇JM(U), of the performance index JM given in Eq. (7.72) via the appli-
cation of a static form of the adjoint method. For each j = 1, 2, . . . , ν, we
define the adjoint system by

AM (U, Vj)
∗ ZM

j = 4
(
cM

j

)∗
cM

j XM
j

(
T0 (Vj ) −

∣∣cM
j XM

j

∣∣2), (7.73)
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where the entries in the 2NM + 2 dimensional vector ZM
j are known as the

adjoint or co-state variables, XM
j = XM (U, Vj ) is the unique solution to the

linear system Eq. (7.66) corresponding to the layer potentials U and the
bias voltage Vj , and Λ∗ denotes the conjugate transpose of a matrix Λ with
complex entries. Note that nonsingularity of the matrix AM (U, Vj) given
in Eq. (7.69) ensures that the adjoint system admits a unique solution ZM

j .
Then

∇JM (U) = −2
ν∑

j=1

(
T0 (Vj ) −

∣∣cM
j XM

j

∣∣2){2Re
(
XM

j

)∗ (
cM

j

)∗
cM

j ∂XM
j

/
∂U

}
= −

ν∑
j=1

Re
(
ZM

j

)∗
AM (U, Vj) ∂XM

j

/
∂U

=
ν∑

j=1

Re
(
ZM

j

)∗ (
∂AM (U,Vj)

/
∂U

)
XM

j , (7.74)

where in the final expression in Eq. (7.74) we have used the identity

AM (U, Vbias)
(
∂XM

j

/
∂U

)
= −

(
∂AM (U, Vbias)

/
∂U

)
XM

j , (7.75)

which follows immediately by differentiating Eq. (7.66). We note that it is
in fact possible to argue that the matrix AM (U, Vj) and the vector XM

j =
XM (U, Vj ) are both differentiable with respect to U (see [4]).

It now follows that in each step of an iterative optimization scheme, both
the value of the performance index JM and its gradient ∇JM (U) can be
computed efficiently by sequentially solving the two linear systems (with
only a single LU decomposition required because the two system matrices
are the same up to conjugate transpose) Eq. (7.66) and Eq. (7.73)

AM (U, Vj )X
M
j = bM

0 , (7.76)

and

AM (U, Vj)
∗ ZM

j = 4
(
cM

j

)∗
cM

j XM
j

(
T0 (Vj ) −

∣∣cM
j XM

j

∣∣2) , (7.77)

and then computing the sum Eq. (7.72) and inner product in the final ex-
pression in Eq. (7.74) given by

JM (U) =
ν∑

j=1

∣∣∣T0 (Vj ) −
∣∣cM

j XM
j

∣∣2∣∣∣2 , (7.78)

and
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∇JM (U) =
ν∑

j=1

Re
(
ZM

j

)∗ (
∂AM (U,Vj)

/
∂U

)
XM

j . (7.79)

7.3.4 An alternative approach involving the dynamic adjoint

By using the linear relationship that exists between AN +1 and A0 together
with the fact that the transmission function involves the quotient of AN +1

and A0 , we are able to replace the boundary value problem by the much
more easily solved terminal value problem. This in turn permits us to now
compute the gradient of J via a dynamic adjoint. As a result we are able
to take advantage of the specialized structure of the linear systems given in
Eq. (7.63) and develop a highly efficient scheme for calculating the value of
J and its gradient.

Noting that AM
N M +1 depends linearly on A0 and consequently on AM

0 as
well, it follows that the value of the function T M (Vbias) given by T M (Vbias) =
T M (Vbias,U) =

∣∣AM
N M +1

∣∣2 kN +1

/
|AM

0 |2k0 is independent of the value of A0 .

Moreover, it necessarily follows that AM
0 depends linearly on AM

N M +1 and

that the value of T M (Vbias) = T M (Vbias,U) =
∣∣AM

N M +1

∣∣2 kN +1

/
|AM

0 |2k0 is

independent of the value of AM
N M +1 if it is specified instead of AM

0 . Conse-
quently, without affecting the solution to the optimal design problem and
without loss of generality, we may set AM

N M +1 = 1. The boundary conditions
given in Eq. (7.64) can now be replaced with the single terminal condition[

AM
N M +1

BM
N M +1

]
=

[
1
0

]
, (7.80)

and the least-squares performance indices given in Eq. (7.65) can be replaced
by

JM (U) =
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
kN +1,j

|AM
0 (Vj ,U)|2 k0

∣∣∣∣∣
2

. (7.81)

Solving the approximating optimal design problem then consists of finding
local layer potentials U∗ = {U∗

i }
N

i=1 which minimize the least-squares per-
formance index Eq. (7.81) subject to the system of two linear difference Eq.
(7.63) and the terminal condition Eq. (7.80).

To see in this case how the adjoint is derived, we rewrite the underlying
system of difference Eq. (7.63) and the terminal condition Eq. (7.80) as

αi,j = Pi,jαi+1,j and αNM+1,j =
[

1
0

]
, (7.82)
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where for j = 1, 2, . . . , ν and i = 0, 1, 2, . . . , NM , Pi,j = PM
i (U, Vj ) and

αi,j = [AM
i , BM

i ]T = [AM
i (U, Vj ) , BM

i (U, Vj )]
T . The least-squares perfor-

mance index Eq. (7.81) is then given by

JM (U) =
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
kN +1,j

|cα0,j |2 k0

∣∣∣∣∣
2

=
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
kN +1,j

ᾱT
0,jQα0,j k0

∣∣∣∣∣
2

, (7.83)

where c = [1, 0] and Q = cT c =
[

1 0
0 0

]
. We define the adjoint or co-state

system corresponding to Eq. (7.82) and (7.83) as the initial value problem
given by

βi+1,j = PT
i−1,jβi,j + δi04

[
T0 (Vj ) − kN + 1 , j

ᾱT
i , j Qαi , j k0

]
Qᾱi , j kN + 1 , j

(ᾱT
i , j Qαi , j )2

k0
and β0,j = 0,

where δijdenotes the Kroeneker delta function. It then follows that

∇JM (U) =
∂JM

∂U
=

ν∑
j=1

2

[
T0 (Vj ) −

kN +1,j

ᾱT
0,jQα0,j k0

]
2ReᾱT

0,jQ
∂α0 , j

∂U kN+1,j(
ᾱT

0,jQα0,j

)2
k0

= Re
ν∑

j=1

NM∑
i=0

4δi0

[
T0 (Vj) −

kN+1,j

ᾱT
i,jQαi,jk0

]
ᾱT

i,jQkN+1,j(
ᾱT

i,jQαi,j
)2

k0

∂αi,j

∂U

= Re
ν∑

j=1

NM∑
i=0

(
βi+1,j − PT

i−1,jβi,j

)T ∂αi,j

∂U

= Re
ν∑

j=1

{
NM∑
i=0

β
T
i+1,j

∂αi,j

∂U
−

NM∑
i=1

β
T
i,jPi−1,j

∂αi,j

∂U

}

= Re
ν∑

j=1

{
NM∑
i=0

β
T
i+1,j

(
Pi,j

∂αi+1,j

∂U
+

∂Pi,j

∂U
αi+1,j

)
−

NM∑
i=1

β
T
i,jPi−1,j

∂αi,j

∂U

}

= Re
ν∑

j=1

NM∑
i=0

β
T
i+1,j

∂Pi,j

∂U
αi+1,j,

where, in light of the terminal condition given in Eq. (7.80), we have used
the fact that ∂αN M +1,j/∂U = 0. Consequently, the gradient of JM can be
obtained with no truncation error according to the following steps.

1. For each j = 1, 2, . . . , ν, solve the terminal value problem
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[
AM

i

BM
i

]
= PM

i (U, Vj )
[

AM
i+1

BM
i+1

]
,

[
AM

N M +1

BM
N M +1

]
=

[
1
0

]
, (7.84)

with i = NM, NM − 1, . . . , 2, 1, 0.

2. For each j = 1, 2, . . . , ν, solve the initial value problem

βi+1,j = PM
i (U, Vj )

T
βi,jβ1,j = 4

[
T0 (Vj ) −

kN +1,j

|AM
0 |2 k0

]
kN +1,j

|AM
0 |4 k0

[
ĀM

0

0

]
,

(7.85)

with i = 1, 2, . . . , NM.

3. Compute the gradient of JM as

∇JM (U) = Re
ν∑

j=1

N M∑
i=0

β
T
i+1,j

∂PM
i (U, Vj )
∂U

[
AM

i+1,j

BM
i+1,j

]
. (7.86)

Central to the approach we have just outlined is the replacement and
approximation of the two-point boundary problem given by Eq. (7.63) and
(7.64) with the terminal value problem given by Eq. (7.84). The solution of
the optimal design problem then requires the iterative sequential solution
of Eq. (7.84) for the system state and Eq. (7.85) for the system co-state.
However, in doing this we may have sacrificed the inherent stability of solv-
ing a boundary-value problem for the potential instability of integrating a
sequence of successively more highly discretized terminal value problems. It
turns out that it is in fact possible to demonstrate the numerical stability
of the scheme we have just proposed. Indeed, the solutions to the recursions
given in Eq. (7.84) and (7.85) take the form[

AM
k

BM
k

]
=

[
N M∏
i=k

PM
i (U, Vj )

] [
1
0

]
, (7.87)

where k = NM, NM − 1, . . . , 2, 1, 0 and

βk,j =

[
0∏

i=k−2

PM
i (U, Vj )

T

]
β1,j , (7.88)

β1,j = 4

[
T0 (Vj ) −

kN +1,j

|AM
0 |2 k0

]
kN +1,j

|AM
0 |4 k0

[
ĀM

0

0

]
, (7.89)

respectively where i = 1, 2, . . . , NM + 1. These recursions will be numer-
ically stable with respect to the discretization if we can demonstrate the
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boundedness of the matrix product
∏N M

i=0 PM
i (U, Vj ) uniformly in M in some

appropriate matrix norm, where the matrices PM
i (U, Vj ) are given in Eq.

(7.63). Our stability argument requires an assumption on the device param-
eters guaranteeing that the time-independent Schrödinger Eq. (7.39) with V

replaced by V M admits exponential solutions on each of the approximating
sub-intervals and moreover that these solutions remain bounded away from
becoming polynomial on any sub-interval as the discretization level tends to
infinity.
Assumption 1. The total energy E, the layer potentials U = {Ui}N

i=1, the
overall length of the device L, and the bias voltage Vbias are such that there
exists a constant δ > 0 for which 0 < δ ≤

∣∣kM
j

∣∣, j = 0, 1, 2, . . . , NM + 1,
where the kM

j , j = 1, 2, . . . , NM , are given by (7.55), and kM
0 = k0 and

kM
N M +1 = kN +1.

Lemma 1. For j 	= 0, M, 2M, 3M, . . . , NM , there exists a positive con-
stant ρ which depends on E, U = {Ui}N

i=1, and Vbias , for Vmin ≤ Vbias ≤
Vmax, but which is independent of j and M, such that

∥∥PM
j (U, Vbias)

∥∥ ≤
eρ L

M

(
1 + 2m 0 Vb ia s

�2 δ 2 M

) 1
2 , where the constant δ > 0 is as defined in Assumption

1 and where for a complex matrix A, the matrix norm ‖A‖ is the spectral
norm given in terms of the largest (necessarily real and non-negative) eigen-
value of the symmetric non-negative definite matrix A∗A by the expression
‖A‖ =

√
λmax (A∗A).

Proof. We begin by writing

PM
j (U, Vbias) =

1
2

(
1 + kM

j + 1

kM
j

)
e−ikM

j LM
j

(
1 − kM

j + 1

kM
j

)
e−ikM

j LM
j(

1 − kM
j + 1

kM
j

)
eikM

j LM
j

(
1 + kM

j + 1

kM
j

)
eikM

j LM
j


=

[
e−ikM

j LM
j 0

0 eikM
j LM

j

] 1
2

(
1 + kM

j + 1

kM
j

)
1
2

(
1 − kM

j + 1

kM
j

)
1
2

(
1 − kM

j + 1

kM
j

)
1
2

(
1 + kM

j + 1

kM
j

)
=

[
e−ikM

j LM
j 0

0 eikM
j LM

j

][
1+γ M

j

2
1−γ M

j

2
1−γ M

j

2
1+γ M

j

2

]
≡ EM

j ΓM
j , (7.90)

where γM
j = kM

j+1/kM
j . It follows that

∥∥PM
j (U, Vbias)

∥∥ ≤
∥∥EM

j

∥∥∥∥ΓM
j

∥∥. A
straightforward computation immediately reveals that∥∥EM

j

∥∥ ≤ eLM
j |ImkM

j | ≤ eρ L
M , (7.91)

where ρ =
√

2m 0
�2 |E + Vbias − ‖U‖∞|. To estimate

∥∥ΓM
j

∥∥, the spectral norm
of the matrix ΓM

j , a computation yields the characteristic equation
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det
((

ΓM
j

)∗
ΓM

j − λI
)

=

(
1 +

∣∣γM
j

∣∣2
2

− λ

)2

−
(

1 −
∣∣γM

j

∣∣2
2

)2

= 0, (7.92)

from which we find the two eigenvalues of
(
ΓM

j

)∗
ΓM

j to be λM
+ = 1

and λM
− =

∣∣γM
j

∣∣2 . It follows that
∥∥ΓM

j

∥∥ = max
{
1,
∣∣kM

j+1

/
kM

j

∣∣}. Now, from
the definition of kM

j we have that
[
kM

j+1

]2
=

[
kM

j

]2
+ 2m0VbiasLj/�

2LM ,
for j 	= 0, M, 2M, 3M, . . . , NM , from which it follows that

∣∣kM
j+1

/
kM

j

∣∣ ≤√
1 + 2m0Vbias/�2δ2M , and therefore that∥∥ΓM
j

∥∥ ≤
√

1 + 2m0Vbias
/
�2δ2M. (7.93)

The result then immediately follows from Eq. (7.91) and Eq. (7.93).
Lemma 2. For j = 0, M, 2M, 3M, . . . , NM , there exist positive constants
ρ and σ which depend on E, U = {Ui}N

i=1, and Vbias, for Vmin ≤ Vbias ≤ Vmax,
but which are independent of j and M, such that the bounds

∥∥PM
j (U, Vbias)

∥∥ ≤ exp (ρL/M)
√

1 +
(
2m0

/
�2σ2

)
{2 ‖U‖∞ + Vbias},

j 	= 0 and∥∥PM
0 (U, Vbias)

∥∥ ≤ exp (ρx0)
√

1 +
(
2m0

/
�2σ2

)
{2 ‖U‖∞ + Vbias}

obtain, where for a complex matrix A, the matrix norm ‖A‖ is the spectral
norm given by ‖A‖ =

√
λmax (A∗A).

Proof. For j = nM , n = 1, 2, . . . , N , once again from the definition of
kM

j we now have

[
kM

j+1

]2
=
[
kM

j

]2
+

2m0

�2

{
Un − Un+1 + Vbias

(
xM

nM − xM
nM −1

L

)}
=
[
kM

j

]2
+

2m0

�2

{
Un − Un+1 +

VbiasLn

L

}
. (7.94)

In this case it follows from Assumption 1 that
∣∣kM

j+1

/
kM

j

∣∣ ≤√
1 + 2m0/�2δ2 {2 ‖U‖∞ + Vbias}, and therefore that ‖ΓM

nM ‖ ≤√
1 + 2m0/�2δ2 {2 ‖U‖∞ + Vbias}, n = 1, 2, . . . , N . Finally, for j = 0 we ob-

tain |kM
1 /k0 | ≤

√
1 + 4m0 ‖U‖∞ /�2k2

0 and ‖ΓM
0 ‖ ≤

√
1 + 4m0 ‖U‖∞ /�2k2

0 .
It continues to remain true that

∥∥EM
j

∥∥ ≤ eLM
j |ImkM

j | ≤ eρ L
M ,

j = M, 2M, 3M, . . . , NM and
∥∥EM

0

∥∥ ≤ ex0 |Imk0 | ≤ eρx0 , and conse-
quently the desired result follows at once.
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Theorem 1. The linear discrete dynamical systems given in Eq. (7.84) and
(7.85) are stable with respect to the approximation index M.
Proof. Lemmas 1 and 2 yield

∥∥∥∥∥
N M∏
i=0

PM
i (U, Vj )

∥∥∥∥∥ ≤
N M∏
i=0

∥∥PM
i (U, Vj )

∥∥
=

N∏
i=0

∥∥PM
iM (U, Vj )

∥∥ ·
N M −1∏

i = 1, i 	= nM,

n = 1, . . . , N − 1

∥∥PM
i (U, Vj )

∥∥

≤ eρx0

(
1 +

2m0

�2σ2
{2 ‖U‖∞ + Vbias}

) 1
2

·
{

N∏
i=1

e
ρ L
M

(
1 +

2m0

�2σ2
{2 ‖U‖∞ + Vbias}

) 1
2

}

·


N M −1∏

i = 1, i 	= nM,

n = 1, 2, . . . , N − 1

e
ρ L
M

(
1 +

2m0Vbias

�2δ2M

) 1
2


≤
(

1 +
2m0

�2σ2
{2 ‖U‖∞ + Vbias}

)N + 1
2

eρ(x0 +N L)+ N m 0 V b ia s
�2 δ 2 ,

(7.95)

and the result follows.

7.3.5 Convergence

We note that in actuality, we are not locating a local minimum of the origi-
nal performance index Eq. (7.46), but rather we are finding a local minimum
of the approximating performance index Eq. (7.81). It would be useful to
know that the approximating optimal design located by the method we have
described above does in fact approximate a true optimal (in the sense of the
performance index Eq. (7.46)) design. In addition there are also a number
of other theoretical questions whose answers are of great significance when
evaluating the efficacy of our approach. Indeed, there is the question of the
existence of a solution to each of the approximating optimal design prob-
lems, and since we are using a gradient-based search to locate local minima
there is the question of the differentiability of the performance index with
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respect to the optimization parameters, the layer potentials. One might also
ask if the gradients of the approximating performance indices converge to the
gradient of the original performance index as the discretization level grows
without bound. It turns out that all of these questions can be answered
with complete rigor by using functional analytic techniques involving the
reformulation of the time-independent Schrödinger Eq. (7.39) in terms of an
abstract bounded and coercive sesquilinear form. In particular, the coerciv-
ity property, a form of positive definiteness, is at the heart of all of these
arguments. In our treatment here, we illustrate how this works by consider-
ing just two of the questions posed above: the existence of solutions to each of
the approximating optimal design problems and the convergence of solutions
of the approximating optimal design problems to a solution of the original
optimal design problems. The arguments establishing differentiability of the
performance indices and the convergence of the gradients can be found in [4].

We begin by reformulating the boundary value problem Eq. (7.49)–(7.51)
as an abstract elliptic system in weak or variational form. Let H denote
the Hilbert space L2 (x0 , xN ) and let W = H1 (x0 , xN ), each endowed with
its standard inner product. It follows that W is densely and continuously
embedded in H (see, for example, [5]) and then pivoting (see [6–9]) on H
we obtain the well-known dense and continuous embeddings W ⊂ H ⊂ W ∗

where W ∗ denotes the space of continuous conjugate linear functionals on W .
Let Ω be a compact (i.e. closed and bounded) subset of RN , let |·|H , ‖·‖W ,
and ‖·‖W ∗ denote the usual norms on H, W, and W*, respectively, and let κ

denote the embedding constant between H and W ; that is |ϕ|H ≤ κ ‖ϕ‖W ,
for ϕ ∈ W. We let ‖·‖∞ denote the standard max-norm on RN .

For each U = {Ui}N

i=1 ∈ Ω, A0 ∈ C, and Vbias , with Vmin ≤ Vbias ≤ Vmax, we
define the sesquilinear form a (U, Vbias; ·, ·) : W × W → C and the bounded
conjugate linear functional f ∈ W ∗ by

a (U, Vbias; ϕ, χ) =
∫ xN

x0

Dϕ (x)Dχ̄ (x) dx

−ikN +1ϕ (xN ) χ̄ (xN ) − ik0ϕ (x0) χ̄ (x0)

+
2m0

�2

∫ xN

x0

{V (x) − E}ϕ (x) χ̄ (x) dx, (7.96)

for ϕ, χ ∈ W and 〈f, χ〉 = −2ik0A0e
ik0 x0 χ̄ (x0), for χ ∈ W , where D denotes

the differentiation operator with respect to the variable x. The boundary
value problem Eq. (7.49)–(7.51) is then given in abstract form as finding a
ψ ∈ W that satisfies

a (U, Vbias; ψ, ϕ) = 〈f, ϕ〉 , for every ϕ ∈ W. (7.97)
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Straightforward calculations (see, for example, [6]) can be used to establish
the following lemma.

Lemma 3. For U = {Ui}N

i=1 ∈ Ω and Vbias with Vmin ≤ Vbias ≤ Vmax,
there exist constants λ ∈ R and α, β > 0 which are independent of U and
Vbias such that

|a (U, Vbias; ϕ, χ)| ≤ α ‖ϕ‖W ‖χ‖W , (7.98)

for ϕ, χ ∈ W, and

Re a (U, Vbias; ϕ, ϕ) + λ |ϕ|2H ≥ β ‖ϕ‖2
W , (7.99)

for every ϕ ∈ W.

Also, there exists a constant γ > 0 which is independent of Vbias such that
for every U1 = {U 1

i }
N

i=1 ,U2 = {U 2
i }

N

i=1 ∈ Ω we have

|a (U1 , Vbias; ϕ, χ) − a (U2 , Vbias; ϕ, χ)| ≤ γ ‖U1 − U2‖∞ |ϕ|H |χ|H , (7.100)

for ϕ, χ ∈ W.

In a similar manner, the sequence of approximating discrete two-point
boundary-value problems given by Eq. (7.63) and (7.64) can be reformu-
lated as a sequence of abstract elliptic systems of the form given in Eq.
(7.97). Indeed, this is achieved by simply replacing the potential function
V in Eq. (7.96) by the piecewise constant approximation V M given by Eq.
(7.54). Toward this end, for each M = 1, 2,. . . , we define the sequence of
abstract sesquilinear forms {aM (U, Vbias ; ·, ·)}∞M =1 on W, aM (U, Vbias; ·, ·) :
W × W → C, by

aM (U, Vbias; ϕ, χ) =
∫ xN

x0

Dϕ (x)Dχ̄ (x) dx

−ikN +1ϕ (xN ) χ̄ (xN ) − ik0ϕ (x0) χ̄ (x0)

+
2m0

�2

∫ xN

x0

{
V M (x) − E

}
ϕ (x) χ̄ (x) dx, (7.101)

where ϕ, χ ∈ W . The difference between the form defined in Eq. (7.96) and
the forms defined in Eq. (7.101) is that the potential function V given by
Eq. (7.33) in the form a (U, Vbias; ·, ·) : W × W → C has been replaced by
its piecewise constant approximation V M given in Eq. (7.54) by

V M (x) = V
(
xM

(j−1)M +m−1

)
, xM

( j −1 )M )+ m −1
≤ x < xM

( j −1 )M )+ m
, (7.102)

where j = 1, 2, . . . , N, and m = 1, 2, . . . , M. Once again, it is not difficult to
show that the forms aM (U, Vbias; ·, ·) : W × W → C satisfy the inequalities
Eq. (7.98)–(7.100) with the same constants λ ∈ R and α, β > 0 which work
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for the form a (U, Vbias ; ·, ·) : W × W → C given by Eq. (7.96). Condition
Eq. (7.98) implies that the sesquilinear form is bounded and condition Eq.
(7.99) implies that the form is coercive. The condition given in Eq. (7.100)
ensures that the form depends continuously on the optimization parameters.

We consider the sequence of abstract elliptic boundary value problems
given by

aM

(
U, Vbias ; ψM , ϕ

)
= 〈f, ϕ〉, (7.103)

for every ϕ ∈ W. Now if the constants λ ∈ R and β > 0 guaranteed to exist
by Lemma 3 are such that λ < β/κ2 , a routine application of the Lax–
Milgram Theorem (see, for example, [4, 6, 7, 9]) yields the existence of
unique solutions to the abstract boundary-value problems Eq. (7.97) and
(7.103). This of course also implies, by virtue of its equivalence with the
abstract boundary-value problem given in Eq. (7.103), the existence of a
unique solution to the 2NM + 2 dimensional linear system of equations in
2NM + 2 unknowns given in Section 7.3.3 and the nonsingularity of 2NM +
2-dimensional square matrix associated with it. It is also immediately clear
that a sufficient condition for λ ≤ 0 < β/κ2 would be that the design space
Ω, V0 , Vf and the total energy E are such that there exists a constant µ > 0
for which (2m0/�

2) {V M (x) − E} ≥ µ, for x0 ≤ x ≤ xN .

Recalling the approximation framework developed earlier, it follows that
the functions ψM ∈ W given by

ψM (x) = ψM (x; Vbias,U)

= ψM
(j−1)M +m (x)

= AM
(j−1)M +meikM

( j −1 )M + m (x−xM
( j −1 )M + m −1 )

+ BM
(j−1)M +me−ikM

( j −1 )M + m (x−xM
( j −1 )M + m −1 ), (7.104)

for x ∈
[
xM

(j−1)M +m−1 , x
M
(j−1)M +m

]
with the coefficients

{
AM

(j−1)M +m

}
and{

BM
(j−1)M +m

}
, for j = 1, 2, . . . , N, and m = 1, 2, . . . , M, determined via the

propagation matrix method are in fact the unique solutions to the abstract
elliptic boundary value problems Eq. (7.103). Moreover, from Eq. (7.62),
(7.63), and (7.64) it follows that

ψM (xN ; Vbias,U) = ψM
N M

(
xM

N M

)
= AM

N M eikM
N M

L N
M + BM

N M e−ikM
N M

L N
M

= AM
N M +1 + BM

N M +1 = AM
N M +1 . (7.105)
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Consequently, Eq. (7.65) yields

JM (U) =
ν∑

j=1

∣∣∣∣∣T0 (Vj ) −
∣∣AM

N M +1 (Vj ,U)
∣∣2 kN +1,j

|A0 |2 k0

∣∣∣∣∣
2

=
ν∑

j=1

∣∣∣∣T0 (Vj ) −
kN +1,j

|A0 |2 k0

∣∣ψM (xN ; Vj ,U)
∣∣2∣∣∣∣2

=
ν∑

j=1

∣∣∣∣T0 (Vj ) −
kN +1,j

k0

∣∣ψM (xN ; Vj ,U)
∣∣2∣∣∣∣2 , (7.106)

the last expression resulting when A0 has been arbitrarily set to one.

Theorem 2. If λ < β/κ2 , then for each M = 1, 2,. . . , the approx-
imating optimal design problems involving the minimization of the
performance indices JM given in Eq. (7.65) (or equivalently in Eq. (7.106))
over the compact set Ω subject to the boundary value problem given by
Eq. (7.63), (7.64) (or equivalently by Eq. (7.103)) have a solution ÛM ∈ Ω.

Proof. The result will follow immediately if for each M = 1, 2,. . . we
can demonstrate the continuous dependence of ψM (xN ; Vj ,U) on U ∈ Ω.
Since W = H1 (x0 , xN ), the Sobolev Embedding Theorem (see, for example,
[7] or [8]) implies that it is sufficient to demonstrate the continuous
dependence of ψM (·; Vj ,U) ∈ W on U ∈ Ω with respect to the W -norm.
But this result follows immediately from the bounds given in Lemma 3.
Indeed, for M fixed and U,U0 ∈ Ω, we let ψM = ψM (·; Vj ,U) ∈ W and
ψM

0 = ψM (·; Vj ,U0) ∈ W denote respectively the unique solutions to the
abstract elliptic boundary value problem given in Eq. (7.103) corresponding
to U ∈ Ω and U0 ∈ Ω. Then Eq. (7.99), (7.100), and (7.103) yield

β
∥∥ψM

0 − ψM
∥∥2

W

≤ Re aM
(
U, Vbias, ψ

M
0 − ψM , ψM

0 − ψM
)

+λ
∣∣ψM

0 − ψM
∣∣2
H

= Re
{
aM

(
U, Vbias, ψ

M
0 , ψM

0 − ψM
)
− aM

(
U, Vbias, ψ

M , ψM
0 − ψM

)}
+λ

∣∣ψM
0 − ψM

∣∣2
H

= Re
{
aM

(
U, Vbias, ψ

M
0 , ψM

0 − ψM
)
−
〈
f, ψM

0 − ψM
〉}

+λ
∣∣ψM

0 − ψM
∣∣2
H

= Re
{
aM

(
U, Vbias, ψ

M
0 , ψM

0 − ψM
)
− aM

(
U0 , Vbias, ψ

M
0 , ψM

0 − ψM
)}
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+λ
∣∣ψM

0 − ψM
∣∣2
H

≤
∣∣aM

(
U, Vbias, ψ

M
0 , ψM

0 − ψM
)
− aM

(
U0 , Vbias, ψ

M
0 , ψM

0 − ψM
)∣∣

+λ
∣∣ψM

0 − ψM
∣∣2
H

≤ γ ‖U − U0‖∞
∣∣ψM

0

∣∣
H

∣∣ψM
0 − ψM

∣∣
H

+λ
∣∣ψM

0 − ψM
∣∣2
H

≤ γκ ‖U − U0‖∞
∣∣ψM

0

∣∣
H

∥∥ψM
0 − ψM

∥∥
W

+λκ2
∥∥ψM

0 − ψM
∥∥2

W
. (7.107)

It then follows that(
β − λκ2

) ∥∥ψM
0 − ψM

∥∥2

W
≤ γκ ‖U − U0‖∞

∣∣ψM
0

∣∣
H

∥∥ψM
0 − ψM

∥∥
W

, (7.108)

and therefore that∥∥ψM
0 − ψM

∥∥
W

≤ γκ

β̂

∣∣ψM
0

∣∣
H
‖U0 − U‖∞, (7.109)

where β̂ = β − λκ2 > 0, and the result follows.
Our approximation result for the local minima of the approximating

optimal design problems takes the form of sub-sequential convergence of
the solutions of the approximating optimal design problems, Û

M ∈ Ω, to a
solution Û ∈ Ω of the original optimal design problem.

Theorem 3. Let λ < β/κ2 , and for each M = 1, 2,. . . , let Û
M ∈ Ω

be the solution to the M th approximating optimal design problem.
Then the sequence

{
Û

M
}∞

M =1
⊂ Ω admits a convergent sub-sequence,{

Û
Mk

}∞

k=1
⊂

{
Û

M
}∞

M =1
⊂ Ω with lim

k→∞
Û

Mk

= Û ∈ Ω. Moreover, Û ∈ Ω is

a solution to the optimal design problem given by Eq. (7.49)–(7.53) in the
sense that J

(
Û
)

= min
U∈Ω

J (U).

Proof. The existence of the convergent sub-sequence,
{
Û

Mk
}∞

k=1
⊂{

Û
M
}∞

M =1
⊂ Ω with lim

k→∞
Û

Mk

= Û ∈ Ω, follows immediately from the

assumption that Ω is a closed and bounded (and therefore compact) subset
of RN . Now let

{
UM

}∞
M =1

⊂ Ω be any convergent sequence in Ω with
lim

M →∞
UM = U0 ∈ Ω and for each M = 1, 2,. . . let ψM denote the unique

solution to the abstract elliptic boundary-value problem given in Eq.
(7.103) with U = UM and let ψ0 denote the unique solution to the abstract
elliptic boundary value problem given in Eq. (7.97) with U = U0 . Then,
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the bounds given in Lemma 3 imply

β
∥∥ψ0 − ψM

∥∥2

W

≤ Re{aM

(
UM , Vbias, ψ0 − ψM , ψ0 − ψM

)
} + λ

∣∣ψ0 − ψM
∣∣2
H

= Re
{
aM

(
UM , Vbias, ψ0 , ψ0 − ψM

)
− aM

(
UM , Vbias, ψ

M , ψ0 − ψM
)}

+λ
∣∣ψ0 − ψM

∣∣2
H

= Re
{
aM

(
UM , Vbias, ψ0 , ψ0 − ψM

)
−
〈
f, ψ0 − ψM

〉}
+λ

∣∣ψ0 − ψM
∣∣2
H

= Re
{
aM

(
UM , Vbias, ψ0 , ψ0 − ψM

)
− a

(
U0 , Vbias, ψ0 , ψ0 − ψM

)}
+λ

∣∣ψ0 − ψM
∣∣2
H

= Re
{
aM

(
UM , Vbias, ψ0 , ψ0 − ψM

)
− aM

(
U0 , Vbias, ψ0 , ψ0 − ψM

)}
+Re

{
aM

(
U0 , Vbias, ψ0 , ψ0 − ψM

)
− a

(
U0 , Vbias, ψ0 , ψ0 − ψM

)}
+λ

∣∣ψ0 − ψM
∣∣2
H

≤ γκ
∥∥UM − U0

∥∥
∞ |ψ0 |H

∥∥ψ0 − ψM
∥∥

W

+
2m0

�2

∫ xN

x0

{
V M (x) − V (x)

}
ψ0 (x)

(
ψ̄0 (x) − ψ̄M (x)

)
dx

+λκ2
∥∥ψ0 − ψM

∥∥2

W

≤ γκ
∥∥UM − U0

∥∥
∞ |ψ0 |H

∥∥ψ0 − ψM
∥∥

W

+
2m0Vbias

�2

N∑
j=1

∫ xj

xj −1

Lj

ML
|ψ0 (x)|

∣∣ψ̄0 (x) − ψ̄M (x)
∣∣ dx

+λκ2
∥∥ψ0 − ψM

∥∥2

W

≤ γκ
∥∥UM − U0

∥∥
∞ |ψ0 |H

∥∥ψ0 − ψM
∥∥

W

+
2m0κVbias

�2M
|ψ0 |H

∥∥ψ0 − ψM
∥∥

W

+λκ2
∥∥ψ0 − ψM

∥∥2

W
.

It then follows that(
β − λκ2

) ∥∥ψ0 − ψM
∥∥2

W

≤ γκ
∥∥UM − U0

∥∥
∞ |ψ0 |H

∥∥ψ0 − ψM
∥∥

W
+

2m0κVbias

�2M
|ψ0 |H

∥∥ψ0 − ψM
∥∥

W
,

(7.110)

and therefore that∥∥ψ0 − ψM
∥∥

W
≤ γκ

β̂

∥∥UM − U0

∥∥
∞ |ψ0 |H +

2m0κVbias

β̂�2M
|ψ0 |H , (7.111)
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where once again in Eq. (7.111) we have made use of the fact that β̂ =
β − λκ2 > 0. Consequently, we have

lim
M →∞

ψM
(
·; Vbias,U

M
)

= ψ0 (·; Vbias,U0), (7.112)

in W, and, once again by the Sobolev Embedding Theorem [5], in C [x0 , xN ]
as well. Finally, for any U ∈ Ω we find that

J
(
Û
)

= J
(

lim
k→∞

Û
Mk

)
= lim

k→∞
JMk

(
Û

Mk
)
≤ lim

k→∞
JMk (U) = J (U),

(7.113)

and the desired result has been established.
It is interesting to note that it is in fact possible to characterize both

the gradient of J and the gradient of JM and the convergence of ∇JM

to ∇J as M → ∞ through the use of an adjoint and a co-state variable.
Indeed, for each U0 ∈ Ω and j = 1, 2, . . . , ν, a straightforward calculation
yields the adjoint and gradient formula a (U0 , Vj ; ψj , ϕ) = 〈f, ϕ〉, for every
ϕ ∈ W , a (U0 , Vj ; ϕ, ηj ) = 〈gj (ψj ) , ϕ〉, for every ϕ ∈ W

∇J (U) =
2m0

�2
Re

ν∑
J =1

[∫ x1

x0

ψj (x) ηj (x)dx, . . . ,

∫ xN

xN −1

ψj (x) ηj (x)dx

]
,

(7.114)

where for ϕ, ψ ∈ W , gj (ψ) ∈ W ∗ is given by

〈gj (ψ) , ϕ〉 = −4kN +1,j

k0

[
T0 (Vj ) −

kN +1,j

k0
|ψj (xN )|2

]
ψj (xN ) ϕ (xN ).

(7.115)

Similarly, for each j = 1, 2, . . . , ν, each M = 1, 2, . . . , and UM ∈ Ω we
have aM

(
UM , Vj ; ψM

j , ϕ
)

= 〈f, ϕ〉, for every ϕ ∈ W , aM

(
UM , Vj ; ϕ, ηM

j

)
=〈

gj

(
ψM

j

)
, ϕ

〉
, for every ϕ ∈ W ,

∇JM (U)

=
2m0

�2
Re

ν∑
J =1

[∫ x1

x0

ψM
j (x) ηM

j (x)dx, . . . ,

∫ xN

xN −1

ψM
j (x) ηM

j (x)dx

]
.

(7.116)

Then if λ < β/κ2 and lim
M →∞

UM = U0 ∈ Ω, as in the proof of Theorem 2,

for each j = 1, 2, . . . , ν, we have lim
M →∞

ψM
j = ψj in W , from which it is
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straightforward to show lim
M →∞

gj

(
ψM

j

)
= gj (ψ) in W ∗, or equivalently that

lim
M →∞

∥∥gj

(
ψM

j

)
− gj (ψ)

∥∥
W ∗ = 0. Once again using the coercivity condition

(7.99) co-state convergence can be argued. That is that lim
M →∞

ηM
j = ηj in W .

The convergence of the gradients, lim
M →∞

∇JM (UM ) = ∇J (U0) ∈ RN then

follows immediately from Eq. (7.114), (7.116), the continuity of the H inner
product and the continuous embedding of W in H.

7.3.6 A numerical example

We consider the optimal design of a ten-layer device in which all of the
layers have the same thickness of 1 nm. The device is to have a quadratic
transmission function, T0 ,

T0 (V ) = 0.05V 2 + 0.015V + 0.001. (7.117)

We base our design on 26 equally spaced bias voltages from Vmin =
0 V to Vmax = 0.25 V. It follows that we set N = 10, L = 10, xi = i,
i = 0, 1, 2, . . . , N , Li = 1, i = 1, 2, . . . , N , ν = 26, Vmin = 0, Vmax = 0.25,
and Vj = Vmin + j Vm a x −Vm in

ν
, j = 0, 1, 2, . . . , ν.

All computations were carried out on a PC using MATLAB. The result-
ing approximating optimization problems were solved using the MATLAB
constrained optimization routine FMINCON. An initial guess for the layer
potential energies had to be supplied. We took it to be constant across
all the layers of the device at 0.5 eV. The feasible potential energy levels
were constrained to remain between UL = 0 eV and UH = 1 eV. In our cal-
culations we set the incident electron energy to be E = 0.026 eV and the
effective electron mass m∗ = 0.07 × m0 where m0 = 9.10939 × 10−31 kg is
the bare electron mass. This choice of m∗ is appropriate for an electron in
the conduction band of AlxGa1−x As.

We determined optimal designs with discretization levels M =
2, 4, 8, 16, 32, 64, 128. To evaluate the performance of our scheme we sim-
ulated the performance of the optimal designs by evaluating the least-squares
performance index, Eq. (7.53), using the propagation matrix method to solve
the Schrödinger equation discretized at the level of M = 512. To attempt to
observe the convergence of the optimal designs, we computed the relative
error between the optimal design for discretization level M and the opti-
mal design for discretization level M = 128 in both the L2 and L∞ norms.
Finally we also recorded the number of FMINCON iterations that were re-
quired until convergence was achieved and calculated the number of CPU
seconds per iteration. We give our results in Table 7.1.

In Fig. 7.2 and 7.3 the potential energy profiles and the values of the
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Table 7.1. Results for optimal potential energy profiles for different
discretization levels.

JM (ÛM ) J 512 (ÛM ) Relative Relative CPU
(10−8 ) (10−6 ) error in L2 error in L∞ Iter sec/iter

2 1.06 7.11 0.22 0.30 26 1.67
4 1.13 1.50 0.12 0.13 38 3.02
8 0.56 0.35 0.04 0.05 24 5.92
16 1.85 0.11 0.15 0.17 38 10.57
32 1.20 0.03 0.06 0.06 34 21.85
64 0.51 0.01 0.09 0.10 55 44.25
128 1.03 0.01 0.00 0.00 107 99.24
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Fig. 7.2. Optimal potential energy profiles for the device given by Eq. (7.117) for
discretization levels M = 2, 4, 8, 128 (left) and M = 16, 32, 64, 128 (right).

transmission function at the bias voltage levels Vj = Vmin + j Vm a x −Vm in
ν

, j =
0, 1, 2, . . . , ν, are shown. To simulate the actual performance of the op-
timal designs, in calculating the transmission functions we discretized the
Schrödinger equation using the approach we have described here at dis-
cretization level M = 512. Inspection of Table 1 reveals that performance
improves with increasing level of discretization.

7.4 Techniques for global optimization

A local minimization approach is often successful in finding a design with
satisfactory performance when a nearby sub-optimal design in the design
space can be pre-determined using a highly simplified intuitive design ap-
proach. Global optimization, on the other hand, is necessary for at least
two reasons. First, it is always extremely challenging to demonstrate that
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Fig. 7.3. Simulated value of transmission function at bias voltage design values using
optimal potential energy profiles for the device given by Eq. (7.117) for discretization
levels M = 2, 4, 8, 128 (left) and M = 16, 32, 64, 128 (right).

the optimal design obtained through local optimization is close to the “best
that can be achieved,” and secondly, a close to optimal initial design is not
always available. The latter is especially true in the case of design problems
involving a relatively large number of design parameters. In the examples
presented in earlier chapters of this book, we have demonstrated the suc-
cess of the local optimization approach in designing a high-performance EM
waveguide and a nanoscale electronic device with arbitrary functional trans-
mission properties. However, in both of these cases, the local optimization
approach does not provide us with any indication as to whether or not the
final designs yield the best achievable performance. In fact, numerical ex-
periments in the case of the EM waveguide design problem have shown that
substantially different locally optimal designs with similar performance can
be identified when an alternative initial configuration of the Teflon cylinders
is used.

A global minimization (or maximization) problem in a finite-dimension
vector space can generally be stated as follows. Consider a subset K of a
finite-dimensional vector space V and a scale function J defined on K. Find
an element x∗ ∈ K such that

J(x∗) ≤ J(x),∀x ∈ K, (7.118)

for a minimization problem, or, in the case of maximization problem as

J(x∗) ≥ J(x),∀x ∈ K. (7.119)

The global optimization of an arbitrary function J is an extremely chal-
lenging mathematical problem [10–14]. In fact, even the existence of a global
optimum can only be guaranteed in problems where both the function J

and the subset K satisfy special, generally difficult to verify, conditions. For
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example, one set of conditions is convexity of both the objective function
and the design space. A subset K of a vector space is said to be convex if for
any two points x1 and x2 in K, the line segment linking the two points given
by {x, x = tx1 + (1 − t)x2 , t ∈ [0, 1]} belongs to K. A function J is said to
be convex if the following inequality holds for any t ∈ (0, 1) and x1 and x2

in K:

J(yx1 + (1 − t)x2) ≤ tJ(x1) + (1 − t)J(x2). (7.120)

A convex function J can have at most one global minimum and any local
minimum of J must also be a global minimum. As a result, for any convex
function, the search for a local minimum is equivalent to the search for a
global minimum. However, for many practical optimal design problems, the
performance index, or objective function, is not convex. In fact, the exis-
tence of many locally optimal designs in the design space poses a significant
challenge for any global optimization technique.

Alternatively, there is a broad class of optimization problems for which the
existence of a global optimal solution is guaranteed. We consider a compact
subset K of a normed vector space V . A subset K in a finite-dimensional
vector space is said to be compact if and only if K is a closed and bounded
subset of V . A function J has at least one global minimum and one global
maximum in K if J is continuous. In particular, there may be many globally
optimum solutions and some of these solutions may be on the boundary of
the set K. For most of the optimal design problems occurring in practice, it
is not difficult to specify a reasonable bound for the values of the design pa-
rameters. Therefore, limiting the search for the optimal design to a bounded
and closed subset of the space of design parameters is often quite feasible.
On the other hand, the continuity requirement is also readily verified for
most design problems of interest. Consequently, we limit our discussion in
the remainder of this section to the global optimization of a continuous per-
formance index J over a compact subset K of the design space. We refer to
this class of optimization problem as the Continuous Global Optimization
Problem over Compact Subset (CGOP-C). In addition to the continuity of
the performance index, for many optimal design problems the performance
index is in fact smooth or differentiable with respect to the design vari-
ables. In the remainder of this chapter, we present a newly developed global
optimization algorithm that is specifically designed to handle this class of
optimal design problem by combining local optimization techniques with
global random search to achieve high efficiency in identifying globally opti-
mal solutions. We refer to this new algorithm as the Ensemble Global Search
(EGS) algorithm.

As in the case of genetic algorithms (GA) [15–17], the EGS algorithm
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makes explicit use of the ability to efficiently evaluate the performance in-
dex at multiple locations in the design space in parallel by considering an
ensemble of candidate designs at any given step of the algorithm. However,
unlike a GA, the selection of the ensemble in the subsequent iteration of the
algorithm explicitly depends on all the previously evaluated design candi-
dates. The EGS algorithm considers the size of the ensemble as a measure of
available resources for the global search. This is analogous to how modern-
day highly-coordinated explorers for valuable minerals search over a vast
terrain. Indeed, the EGS deploys finite resources strategically by assessing
the potential of each new area of exploration. Two key considerations in
our EGS strategy are coverage and efficiency. As in any well-coordinated
exploration campaign, the entire targeted region must be interrogated or
explored by a survey team. Efficient preliminary assessment of the poten-
tial of an area represented by a sample point helps to determine whether
or not the region should subsequently be explored in higher resolution and
greater detail. The re-evaluation of the region can occur when a finer level
of survey is permitted by available resources at a later time. On the other
hand, local information such as the gradient can be used to quickly lead
the explorer to a potentially highly promising region and thus accelerate the
overall exploration process. In addition to following local leads, EGS is also
careful to monitor how close its parallel exploration neighborhoods come to
each other so as to guard against different local explorations discovering the
same locally optimal design. In this way, the EGS algorithm is able to free-
up scarce resources so that they may be deployed to explore new previously
unexplored regions of the design space.

Another objective in the development of the EGS scheme is that the algo-
rithm not only locate a global optimal solution, but that it also identify as
many “next best” sub-optimal solutions as possible. The EGS is designed to
be used in conjunction with a highly-efficient local optimization technique
so that any potentially promising candidate regions can be refined via the
local optimization algorithm. As a result, the primary objective of EGS is
to successively place resources in reasonably close proximity to a globally
optimal solution so that subsequent refinement via local optimization read-
ily pinpoints the optimal solution. We define the following criterion for a
successful EGS search.

Definition An execution of the EGS is said to be successful in finding
global optima of a performance index J over a compact subset K of a vector
space V if, for any connected subset Ok of global optima and local optima,
a sample point x∗

k is placed within εk > 0 distance to an element xk ∈ Ok .
The radius εk is determined so that whenever the initial guess for a local
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optimization algorithm is within εk to xk , the local optimization iteration
would converge to an element of Ok .

Given a local optimization scheme we define the region of attraction A(xk)
of a local minimum xk as the set of all points that if the local optimization
is started from x ∈ A(xk) the iterative optimization scheme converges to
the local optimum xk . Naturally, the shape of A(xk ) depends on both the
performance index function J and the local optimization scheme. In the
above definition, we implicitly assumed that A(xk) contains a sphere S(xk)
centered at xk with a radius εk .

Unlike clustering algorithms, EGS does not attempt to determine the
shape of the region of attraction A(xk). Instead, EGS simply considers the
subset S(xk) of A(xk) as part of its strategy for eliminating duplication in
the local search effort. The underlying rationale is that the search space is
so large that the exploration of untested regions is of higher priority than
the determination of the shape of any particular region of attraction A(xk ).

In initiating a new local search point, the random sampling of the design
parameter space selects points at a distance ε away from all previously eval-
uated points. This exclusion zone around each previously evaluated point
forces the coverage of the design parameter space to grow in size and scope.
However, it also introduces the risk of missing high-performing designs, espe-
cially when the exclusion radius ε is large as it is early in the EGS iteration.
The EGS relies on the gradual reduction of ε once a survey of the entire
design parameter space at a specified resolution has nearly been completd.
This provides the capability for capturing missed high-performing designs
in earlier, coarser scale exploration. In Fig. 7.4 an example of a selection of
initial points is shown.

In order to balance the computational load of computing nodes of a cluster
during the execution of the EGS, each node is assigned the same number of
candidate designs to evaluate. Recall that evaluating the potential benefit of
a candidate design typically involves solving the forward model equations for
the current values of the design parameters. In each iteration of the EGS,
only a subset of these candidate designs corresponds to the initialization
of a local search from random samples of the design space. The remaining
portion of the candidates is for the continuation of a local search initiated
in a previous iteration. As a result, the population of design candidates
evaluated in each EGS iteration is similar to a GA generation. However,
the motivation and mechanism for creating the subsequent generation are
substantially different from a GA based scheme.

In our initial implementation of the EGS, we employed a gradient de-
scent local search algorithm. This method is simple to implement and it is
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Fig. 7.4. Example of initial point generation for a 2D test-objective function as
described below. Initial as well as additional random points must have a minimum
distance of ri at iteration i from all previously generated sample points.

computationally efficient when the gradient of J is computed using the ad-
joint method. A key element of the EGS algorithm is to forecast the poten-
tial gain that a continued local search can yield in comparison to already
established achievable performance. This forecast is achieved using available
local information in the form of first- and second-order tests described in
subsections below. Only points that pass both tests successfully are used
for continued local search. It is important to note that the points in the
population of candidate designs that are generated from local searches are
identified. In fact, the exclusion radius does not apply to the selection of
these candidate designs. Although points determined by local optimization
are allowed to be placed in areas that are closer to previous function evalua-
tions than the exclusion radius ε when two local optimization branches lead
to points within ε distance from each other in the design space, the weaker
performing branch is terminated while the other one is allowed to continue.
The subsequently freed computational resource is then used for exploring
the search space by random placement of a search point. In this manner
global search is automatically balanced against local search.

In general the exclusion radius ε is reduced once it becomes too difficult to
generate new trial points that have a minimum distance ε to all prior trial
points. In this manner previously explored areas are opened up for more
detailed further exploration.

EGS can be terminated in various ways. These include:
(a) A fixed number of iterations or generations is reached;
(b) A minimum exclusion radius εmin is reached; or
(c) Improvement of highest performing design has stalled.
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Detailed descriptions of various aspects of the EGS implementation are
presented in the following subsections. These include the first- and second-
order tests, considerations for implementation on a parallel computer,
archiving of ensemble information, and the handling of the termination of
the EGS. The results of our evaluation of the EGS using a family of test
problems are also presented.

7.4.1 First-order test

In Section 7.2 we have shown that the performance index for optimal design
problems constrained by differential equations often admits an adjoint sys-
tem that can be used to efficiently evaluate the gradient of the performance
index with respect to the design parameters. Therefore, whenever the objec-
tive function J(xtrial) is evaluated at the coordinate xtexttrial we also compute
the gradient and archive it in the database for previously examined designs.
The first-order test consists of using a first-order approximation of J(x)
in the neighborhood of xmobxtrial as a predictor of achievable performance.
With the limited information given within the sphere Bε(xtexttrial) a good
approximation of the objective function is given by

J(x) ≈ J(xtrial) + (x − xtrial)T · ∇J(xtrial). (7.121)

With this prediction the EGS tries to determine if a point identified by
the local search in the neighborhood of xtrial shows enough promise to start
or continue local optimization. In the evaluation of the potential of a candi-
date design, two types of consideration are involved. The first is the abso-
lute performance relative to all previously evaluated designs. That is, if the
performance of xtrial is already among the best performing designs exam-
ined, any improvement is worthwhile to explore. The second consideration
is relative improvement. Since the gradient information merely provides the
direction and the rate of change in performance, a very slow rate would
require massive modification to achieve meaningful performance enhance-
ment. Since in general the performance index is a highly nonlinear function
of the design parameters, the larger the required change, the less reliable the
performance prediction given by the linear approximation becomes. Conse-
quently, even among the best performing designs, if further improvement
requires an unreasonable magnitude change, the local search can still be
deemed unpromising. Thus, local optimization is pursued if
• J(xtrial) < Jcritical, or,
• J(xtrial) − ‖∇J(xtrial)‖ ε < Jcritical,
where Jcritical is a statistical parameter determined from all previous perfor-
mance index evaluations archived in the database. The cut-off value Jcritical
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Fig. 7.5. The second generation of points is marked with a lighter shade exclusion
radius while the initial generation of trial points is circled in black. The local search
procedure does allow the exploration within the exclusion radius of already evaluated
points. The new generation of points is strictly outside these exclusion radii.

may, for example, be selected as the βth percentile Pβ (J (x1 ),...,J (xi )) of all
previously obtained values of performance index evaluations. If a test point
“fails” the first-order test, the assigned computing node is freed for further
global exploration. If, on the other hand, a test point “passes” the first-order
test, it is subjected to the second-order test (see Fig. 7.5) which we describe
in the next section.

7.4.2 Second-order test

Once the potential promise of a test point xtrial has been established,
a more accurate local search method is applied in the form of a
second-order test. One additional objective function and gradient eval-
uation is made at x2 = xtrial − λ ‖∇J(xtrial)‖−1 ∇J(xtrial), where λ is a
trust region parameter. The quantities J(xtrial), ‖∇J(xtrial)‖, J(x2), and∣∣∣(∇J(x2))T · ‖∇J(xtrial)‖−1 ∇J(xtrial)

∣∣∣ are used to construct a quadratic ap-
proximation to J along the line connecting x2 and xtrial, as shown in Fig.
7.6. By solving for the unique extremum of this quadratic approximation to
the performance index, we obtain the next sample point for the local search.
If the fitted parabola is convex, the next iterate xnew is the minimum of the
quadratic function. If the fitted parabola is concave the maximum allowed
step-length of twice the trust region radius 2λ is taken.

The least-squares approximation of J((1 − θ)xtrial + θx2) = J(xtrial −
θλ ‖∇J(xtrial‖−1 ∇J(xtrial)) along the line linking x2 and xtrial by a quadratic
function of the form p(θ) = aθ2 + bθ + c is obtained by solving the linear
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Fig. 7.6. Example of an inverted parabola fitted locally to a trial point xtria l . The
parabola is fitted along the direction of steepest descent.

system
0 0 1
1 1 1
0 1 0
2 1 0


a

b

c

 =


J(xtrial)
J(x2)

−λ
∥∥∇J(xtrial)

∥∥
−λ ‖∇J(xtrial)‖−1 (∇J(xtrial))T · ∇J(x2)

 , (7.122)

in the least squares sense. When the value b is negative, the function g(θ) =
J(xtrial − θλ ‖∇J(xtrial‖−1 ∇J(xtrail)) and its quadratic approximation are
both decreasing as a function of θ at 0. This is important since we would
like to move in the direction of negative gradient. However, since we solve
the above linear system of equations in the least squares sense, we must
check whether or not b < 0. If a > 0, the local quadratic approximation is an
upright parabola and the optimal step-length is given by θstep = − b

2a
. If b <

0, the minimum value of the function g(θ) is achieved for a value θstep > 0. In
the case that a > 0 but also b ≥ 0 we choose to omit the gradient information
given at xi,2 and set θstep = |∇J (xi )|

2a
. If a < 0, then the fitted approximation

is an inverted parabola and we choose the maximum allowed step-length
θstep = 2ε. Using the computed step-length θstep a new local search point
xnew = xtrial − θstep ‖∇J(xtrial)‖−1 ∇J(xtrial) is generated.

A local search can be terminated if either local optimization is successful
or the process is stranded on a plateau. More precisely, we terminate a local
search and mark the identified local optimum if∣∣∣∣∣J(xtrial) − ε ‖∇J(xtrial)‖−1 ∇J(xtrial)

J(xtrial)

∣∣∣∣∣ < δ, (7.123)

where δ is a parameter selected to control the termination process. If the
local search process is not terminating, the second-order test compares the
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value of p(θstep), which is a proxy for the lowest value achievable at xnew in
the next step to the threshold value Jcritical. If p(θstep) is above the threshold,
the local search is abandoned similarly to the case of the first-order test.
Otherwise, the new candidate design is included in the next step of the EGS
algorithm.

7.4.3 Parallel computation

Both first-order and second-order tests require the one evaluation of the
performance index which includes the solution of the adjoint equation and
the computation of the gradient of the performance index. In this manner
it is easy to distribute the computation on a cluster in either a synchro-
nized or an asynchronized manner. The default computational architecture
for implementation of EGS is an interconnected, nearly homogeneous, com-
puter cluster with Message Passing Interface (MPI) among the nodes. A
master node is in charge of dispatching tasks to the rest of the slave nodes.
The master node collects test points, function values, and function gradi-
ents from the other nodes in a database. From the database the master node
extracts the status of the optimization and distributes the computationally
intensive first- and second-order tests to the subordinate nodes. These nodes
return the function values and gradients evaluated at the designated coordi-
nates to the master node to be inserted into the central database. Since the
most computationally intensive portion of the optimization (the evaluation
of the performance index) is carried out within a single node and multiple
copies of the computation are executed in parallel by different nodes, this
parallelization scheme is simply referred to as “trivially parallel.” The com-
putational efficiency therefore scales linearly as a function of the size of the
cluster. In particular the EGS algorithm tries to keep the assigned nodes at
full computational load, minimizing the idle time when subordinate nodes
await instructions. At the same time the single master node ensures that
all slave nodes work with the most recent information extracted from the
central database.

7.5 Database of search iterations

One key element of the EGS is the idea that all decisions on selection of new
points to explore or continuation of a local search are based on ensemble
information. This is made possible by maintaining a central database of all
previously examined candidate designs. In particular, the database archives
the values of design variables for the previously examined candidate designs,

237



Mathematical framework for optimal design

the values of the performance index and its gradient, as well as status flags
indicating whether or not a point is a part of a chain of local search or a
termination point, and the reason for the termination. In addition to the
database, the EGS algorithm can be custom configured using the following
three parameters:
• the initial exclusion radius r0 , and an optional minimum exclusion radius

rmin;
• the trust region parameter ε (defaults to r0), and
• the so called “greediness” parameter β that is used in the first-order and

second-order tests to compare the performance of a candidate design to
the performance of the top β-percentile of previously examined designs.
The initial value of r0 is selected to force the algorithm to explore the entire

search space with a relatively low number of evaluations of the performance
index. In addition to the above three parameters, we also need to choose
parameters that determine the transitional condition for the reduction of
the exclusion radius. In particular, we must select a fixed number of cost
function evaluations M as well as a proportion of the design space δ that we
consider sufficiently insignificant to leave unexplored. In fact, we typically
choose r0 so that after at most M randomly placed points, a fraction of
1 − δ of the design space is covered by spheres with radius r0 centered at the
already explored points in the design space. The value of M can be chosen
as a certain fraction of the maximum allowed iterations. For an example, if
the volume of the search space is V = Volume(Ω) ⊂ Rn a good choice for the
initial exclusion radius r0 might be r0 = n

√
δV/M . The well known “curse of

dimensionality” may make the above selection of an initial exclusion radius
impractical. In fact, the volume covered by a cube with edge-length equal
to r0 in n-dimensional Euclidian space is rn

0 . Thus, it would require an
extremely large value for M to allow sufficient coverage of the design space.
The exclusion radius ri is reduced once one is unable to generate further trial
points that have a minimum distance of ri from all previously evaluated
sample points. In this case we replace ri with ri+1 = αri and proceed to
sampling the design space using the new exclusion radius. In an enhanced
implementation of EGS the exclusion radii can vary for different regions of
the design space based on prior evaluation of the performance index in that
region. For example, a low-performing region with small gradient may be
assigned a larger exclusion radius than other regions.

The trust region parameter ε is primarily chosen to define a neighbor-
hood around a sample point in which the lower-order approximation of the
performance index is valid. In particular, this parameter should reflect our
estimation of the behavior of the objective function relevant for the local
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search and it signifies the radius over which the quadratic approximation
adequately models the objective function.

The parameter β determines how aggressively global exploration should be
preferred to local optimization. Local optimization is initiated or continued
only for points that achieve or are expected to lead to a top-performing point
quickly. The smaller the value of β the fewer points fall into the β percentile
of all previous function evaluations and the more randomly generated sample
points are subjected to the first-order test. The percentile measure is some
what self-correcting because the cut-off value Jβ is raised with the number of
sample points that lie above the cut-off value and shrinks if too many sample
points fall below the critical performance measure. In fact, an interrupted
local search due to the failure of the first- or the second-order test may
appear more attractive to pursue further as the algorithm encounters more
and more low-performing designs during the global search. To enable the
EGS algorithm to continue an interrupted local search, the gradient of the
performance index is also stored in the database.

Another feature of the database is that it tracks the local minima the al-
gorithm has already discovered. If it turns out that after termination of the
global search the best found solution lacks some other design requirements
such as robustness or sensitivity that may not have been reflected in the ob-
jective function, the database offers alternatives in the form of sub-optimal
solutions. The user has the option of applying a more advanced local search
in the neighborhood of these alternative candidates before making the deci-
sion to terminate the search and accept a final design.

7.5.1 Termination of global search

In general, execution of the EGS terminates after the number of function
evaluations reaches a specified limit. However, the algorithm can also termi-
nate when nearly complete coverage of the design space is achieved with a
sufficiently small exclusion region. For global search in a high-dimensional
design space, a complete search at fine scale is almost always too expensive.

7.5.2 Procession flow of EGS

The implementation of the EGS requires the establishing of communication
between the master and slave nodes. This communication is illustrated in
Fig. 7.7. The slave nodes request a task to be performed from the master
node. This is represented by the path (1) in Fig. 7.7. Upon receiving a task
request, the master node searches the archive for possible local searches that
can be continued by comparing the potential pay-off of the search to the
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β-percentile performance. If a point is found, the master node sends the
design parameters for the next step of the local search to the slave node. If no
local search is worthy of being continued, a randomly generated set of design
parameters is sent to the slave node. This communication is represented by
the path (2). The search of the archive is represented by path (6). Upon
receiving the task instruction, the slave node evaluates the value of the
performance index for the design parameter as well as the gradient vector at
that point, and then sends the results to the master node. This is represented
by path (3). Once the values of the performance index and its gradient vector
are available, the first-order test is performed. If a point passes the first-order
test, evaluation of the performance index at an additional point is required
to enable evaluation of the second-order test. The master node requests
the next available slave node to perform this evaluation. After receiving
the value of the performance index and its gradient at the new point in
the design space, the master node performs the second test. The potential
pay-off as well as the coordinates of the next set of design parameters to
evaluate are archived in the database along with the value of the performance
index and its gradient vector at the current point in the design space. This
is represented by path (5). Even though the management of the archive
and the coordination of searches are all handled by the master node, in
our description we also highlight the interfaces between these two modules.
In fact it is possible to designate a special node in the computer cluster
to handle archival functions. In such an implementation, it is also useful
to identify the interfaces between the search coordination and the archival
modules.

Master Node Slave Node

Receive Work 
Requests/Results

Find Promising 
Local Search Point

Generate Random 
Search Point

Send Work Order

Archive

Perform First or 
Second Order Test

1

2

34

5

6

Evaluate
Performance Index

Evaluate Gradient  

Send Results to 
Master Node

Receive
Candidate Design

Send Work Request 
to Master Node

Fig. 7.7. The processing flow and exchange of information in an implementation of EGS.
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7.5.3 Evaluation of performance of the GO-algorithm

Before using the EGS on actual engineering design problems, assessment of
its performance was conducted on mathematically representative test ex-
amples. In particular, since in the EM-scattering problem the parameter
space can be over 100-dimensional, the efficiency of an algorithm with an
increasing dimensionality of the search space is a crucial criterion for eval-
uating performance. The assessment of EGS performance was made using
a test function that is an explicit function of the design parameters and as
such can be evaluated efficiently. The two main performance measures that
concern us are runtime, which is represented by the number of evaluations
of the performance index, and the performance (i.e the optimality) of the
solution. The assessment of solution quality used in our test was the low-
est value of the performance index since we formulated the optimal design
problem as a minimization problem. In general, in practice the true global
minimum is not known, and so the minimum value of the performance index
is a good proxy for the quality of the solution. Since we are also interested in
finding as many locally optimal solutions as possible we also use the number
of identified locally optimal solutions as a measure of performance.

7.5.4 A randomly generated test problem

We use a family of explicitly defined functions parameterized by randomly
generated values. The advantage of an explicit test function is that it can
be evaluated very quickly and the performance of the EGS can be readily
identified and improved. The random selection of the parameters helps make
the results of our evaluation more robust and valid for a larger range of
design problems. On the other hand, we also required the cost function in
our tests to have analytic properties similar to the engineering examples we
are interested in.

The family of functions we chose for the performance evaluation is a sum
of gaussian functions also considered by Pardalos and Romeijn ([11], p.396).
The test function is given by

f(x) =
N∑

i=1

fiexp
(
−(x − si)T C−1

i (x − si)/2
)
, (7.124)

where si are N seed points randomly distributed in and around the search
domain. For the test function the domain is the unit cube. The parameters
fi are random values at the seed points si and are normally distributed.
The matrices Ci are randomly generated positive definite matrices at the
seed points. The advantage of this test function is that it is smooth and it
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likely has N extrema including maxima and minima separated by saddle
points. It also has possible optima on the boundary if the seed points are
allowed outside the search domain. Because the approximate locations of
the maxima and minima are given by the seed points, the extreme function
values are also practically known. The function can be evaluated quickly
and efficiently and is in general suitable as a CGOP test function because
it easily extends to higher dimensions.

7.5.5 EGS performance on the test function

We first investigate the performance of the EGS on a 2-dimensional test
problem in order to understand the benefits and deficiencies of the algorithm.
As can be seen in Fig. 7.8, the search space is covered nearly uniformly
with trial points. The exclusion radius worked as expected to distribute
the randomly generated points across the entire search domain. We can
see that the sample point concentration is only slightly higher at the local
minima. This is due to the fact that the second-order test generates test
points inside the local minima deterministically. The prevention of clustering
of local searches succeeds in controlling this increased concentration of trial
points near the local optima.

The + signs indicate the local minima that are marked in the database.
Almost all local minima are correctly identified. Even though most local
minima are identified multiple times, clustering algorithms may be used to
reduce the number to a reasonably sized set.

Fig. 7.8. It can be seen that the search space is covered fairly uniformly by the trial
points generated during the EGS. Almost all local minima are identified by a + symbol.
The concentration of sample points in the local minima is only slightly higher than in
the rest of the search domain. The low sampling rate of identified local minima is
intended to free computational resources for global exploration.
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Fig. 7.9. Plot of the test function values J(si ) at the 30 seed points si . The local
minima are located very close to the seed points so that J(si ) is approximately the
function value at the local minimum. The horizontal lines are drawn to indicate the gap
between the global minimum and the local minimum with second smallest function
value. Once the search has found a function value that falls below the upper horizontal
line, the global optimum has been identified.

Next we investigate the performance of the EGS on a 5-dimensional test
problem. There are a total of 30 seed points si placed randomly in the
unit hypercube. The randomly distributed function values J(Si) = fi at seed
points si are shown in Fig. 7.9. We observe a large gap between the global
minimum and the second lowest local minimum, indicated by the two hor-
izontal lines. Once EGS places a test point with function value below the
value of the upper line, the EGS has identified the region of attraction of
the global minimum and quickly locates it using a gradient descent method
as part of the second-order test.

Figure 7.10 shows the performance of 30 separate instances of EGS opti-
mization for the same test function with function values at the seed points
shown in Fig. 7.9. The population size in this case is 20. In all 30 cases
the EGS successfully identifies the region of attraction of the global mini-
mum within 10 iterations, i.e. with less than 100 function evaluations. After
the neighborhood of the global minimum is identified the local optimization
phase of EGS quickly proceeds to find the global minimum and by iteration
30 the EGS has virtually converged to the global minimum in all cases.

The EGS performed extremely well on the given test problem. The per-
formance of EGS for still higher-dimensional problems remains to be inves-
tigated.
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Fig. 7.10. The distribution of 30 instances of EGS minimization procedures is shown.
Each generation has 20 members. The horizontal axis shows the index of the iteration.
The vertical axis shows the distribution of obtained minimum values for generation i as
a box plot. The +s mark outliers and otherwise the upper and lower tails mark the
range and quartiles of obtained minima. The box indicates the range from 1st to 3rd
quartile. We see that after only 10 iterations all EGS instances place a test point below
the second lowest local minimum. This implies that at least one test point is inside the
region of attraction of the global minimum.

7.6 Summary

In this chapter we have shown how mathematical system theory may be
used to provide a framework for solving the optimal design problem. We
emphasized well-posedness of the forward model and convergence of the
numerical approximation of the forward model because they are fundamental
to ensuring the reliability of the optimal design method. For the class of
problems we have presented in this book, the adjoint method is an essential
ingredient that enables an effective local search of the design space. The
combination of this approach with the ensemble global search algorithm
offers a practical way to find globally optimal designs.
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8 Future directions

A.F.J. Levi

8.1 Introduction

The theme of this book is driven by an attempt to exploit system-level com-
plexity that can exist in small devices and quantum systems. The approach
adopted involves development of realistic physical models with enough rich-
ness in the solutions to allow for discovery of nonintuitive designs. The
methodology utilizes a systematic numerical search of solution space to
find unexpected behavior. This might include exponential sensitivity, super
linearity, polynomial response, or some other desired objective. Obviously,
possible future directions of this strategy could be very broad in scope. To
narrow the options and help identify a productive path forward it serves
to consider some examples that help illustrate the concepts. One way this
can be done is by addressing the question of device scaling. That is, what
happens when a device is reduced in size.

When electronic and photonic systems are made very small they behave
differently. Because we now have access to vast amounts of inexpensive com-
puting power it is possible to find out how these small, but fundamentally
complex, systems work, explore differences compared to larger scale systems,
and possibly identify opportunities for innovation in the way small systems
are designed.

Future directions for research can be guided in part by understanding how
small devices and small physical systems differ in their behavior compared
to larger systems. One theme that emerges is the increased role fluctua-
tions play in determining the behavior of small complex systems comprising
multiple interacting elements. The example of complexity in a small laser
diode is discussed in Section 8.2. Another theme is the increased sensitivity
scaled devices have to defects and small changes in configuration. Aspects
of sensitivity to atomic configuration, reproducibility in manufacturing, and

c© Cambridge University Press 2010
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robustness of design are considered in Section 8.3. Realtime optimization
of molecules via high-field chemistry is one approach to atomic control that
may eventually become a practical technique and this is discussed in Section
8.4.

A universal challenge for nanoscience, and a clear future direction, is to
find ways to control and exploit the behavior of these small, yet complex,
systems so that they may contribute to nanotechnology. As described in
Section 8.5, success in this endeavor might lead to a new paradigm in which
design and nanoscale manufacture merge into what might best be called
quantum engineering.

8.2 Example: System complexity in a small laser

As an example of scaling a technologically significant device, consider what
happens when a laser diode is made very small. Lasers are critical to modern
society, they are a key component that enables the internet, they are used in
all optical storage media such as DVDs, and they are the element that makes
high-quality printing widely available. The smaller one can make a laser the
more uses they can have and the potentially cheaper they can become. Some
of the smallest semiconductor lasers include the microdisk device shown in
Fig. 8.1(a) [1].

The active elements of a laser are photons and excited electronic states.
With increasing drive current around a threshold, photon emission under-
goes a nonlinear transition from disordered phase-incoherent thermal light to
ordered phase-coherent lasing light. In a conventional edge-emitting semi-
conductor laser diode with active volume 12 µm3, the number of excited
electronic states n is about 2 × 107 and the number of photons s in the
lasing mode under typical operating conditions is around 105. In this case
continuum mean-field rate equations can be used to describe the average
behavior of n and s. The reason for this is that fluctuations about mean
electron number 〈n〉 and mean photon number 〈s〉 are Poisson distributed
and scale as

√
〈n〉 and

√
〈s〉 respectively, and so the fluctuation is only a

fraction of a percent of the mean value.
The situation changes when lasers are reduced in size like the device shown

in Fig. 8.1(a). The active volume is small, in fact less than 0.12 µm3, so the
number of photons and electrons decreases. For the microdisk laser shown in
Fig. 8.1(a) the average number of excited electronic states is about 2 × 105

and the average number of photons in the lasing mode is around 1,000. Now
fluctuations about the mean value and the fact that photons and electrons
are quantized play an increasingly important role in system performance.
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Fig. 8.1. (a) A microdisk laser of radius 0.8 µm [1]. The active volume of the device is
less than 0.12 µm3 , the fraction of spontaneous emission feeding the whispering gallery
optical mode is β = 0.1, when optically pumped using λ = 0.98 µm wavelength
radiation the lasing threshold is less than 1 mW and lasing wavelength is near
λ0 = 1.5 µm. (b) The probability Pn ,s of a state having n electrons and s photons is
determined by the indicated rate of transitions in and out of the state.

The question we seek to answer is what happens if the laser is made even
smaller than the microdisk shown in Fig. 8.1(a). Simulation through compu-
tation is by far the most efficient way to systematically explore this question.

A master equation model can be used that captures quantization effects
and, at the same time, provides information on the statistics of coupled
photon and electron particles in the system. These equations are a set of
differential equations in continuous functions (probabilities) that can be used
to describe the dynamics of the discrete particle system. Figure 8.1(b) shows
that the probability Pn,s of the system containing n excited electronic states
and s photons in the lasing mode can be calculated if all possible transition
rates in and out of the state are known [2]. The master equation to be solved
is

dPn,s

dt
= − κ(sPn,s − (s + 1)Pn,s+1) − (sGnPn,s − (s − 1)Gn+1Pn+1,s−1)

− (sAPn,s − (s + 1)APn−1,s+1) − βB(n2Pn,s − (n + 1)2Pn+1,s−1)

− (1 − β)B(n2Pn,s − (n + 1)2Pn+1,s) −
I

e
(Pn,s − Pn−1,s), (8.1)

where β is the fraction of spontaneous emission feeding into the lasing mode,
B is the radiative recombination rate, κ is the optical cavity decay rate, Gn

is the stimulated emission coefficient for a system of n excited electronic
states, A is stimulated absorption, and I is the pump current.

In both the steady-state and transient response case, there are, in prin-
ciple, a very large number of coupled equations that must be solved. Even
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Fig. 8.2. (a) Calculated mean photon number 〈s〉 as a function of current showing that
master equations (M.E.) predict suppression of lasing threshold relative to continuum
mean-field rate equation (R.E.) calculations for a very small semiconductor laser with
active volume 10−4 µm3 . Suppression in lasing is due to quantum fluctuations in
particle number n and s. (b) Calculated mean electron number 〈n〉 as a function of
current. For currents above Ith the continuum mean-field R.E. predicts carrier pinning
while the M.E. shows average carrier number depinning due to quantum fluctuations.
Because spontaneous emission is proportional to n2 , the M.E. predicts an enhancement
in spontaneous emission around threshold [3].

with appropriate truncation, the system of equations is large, requiring sig-
nificant compute power to solve and it is only today that such resources
are readily available, making it a viable way to explore the consequences
of scaling these systems. What makes the effort particularly worthwhile is
the fact that these equations are very general and apply to many types of
nonlinear systems so that knowledge gained from such a study may very
well find application in a broad range of subjects.

For the system we are considering, fluctuations in the value of n and s

are correlated such that 〈ns〉 may not be factorized, i.e., 〈ns〉 	= 〈n〉〈s〉, and
normal statistics do not apply. A consequence of this, and the fact that a
lowest energy state of the system exists, is that particle number fluctuations
suppress lasing and enhance spontaneous emission around the threshold [3].
As illustrated in Fig. 8.2, this remarkable observation is contrary to the
predictions of continuum mean-field rate equations in which particle number
is not discretized. It is also contrary to the expectations of conventional
Landau–Ginzburg theory of phase transitions in which fluctuations enhance
lasing below threshold [4].

More insight is gained into the behavior of discrete particle systems by
calculating behavior in the time domain. Computationally, the use of Monte
Carlo techniques reduces the burden on memory at the expense of increased
processor usage making it particularly attractive for large parallel computing
machines. Results shown in Fig. 8.3 for the same device parameters used
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Fig. 8.3. Time evolution of n discrete electrons and s discrete photons calculated by
the Monte Carlo method for the laser system of Fig. 8.2. (a) Current, I = 9.6 nA with
no lasing, (b) I = 48 nA showing very short bursts of lasing light, (c) with I = 72 nA
quantum fluctuations cause the system to switch between lasing and non-lasing states,
and (d) when I = 192 nA lasing is sustained. The inset illustrates discrete quantum step
changes in photon number with time.

in Fig. 8.2 indicate that the system fails to lase continuously and there is
switching between two characteristic system states in the region dominated
by strong fluctuations.

Because the average electron number in the cavity increases with in-
creasing current, more spontaneous photon emission events become possible.
Spontaneous emission in a cavity with no photons initiates the first stim-
ulated processes. So a large number of such events enables the system to
lase continuously. A lesser likelihood of such events in a small active-volume
laser causes suppression of continuous lasing. If the system loses all its pho-
tons, it has to wait for the next spontaneous photon emission event. A direct
consequence is non-Poisson carrier and photon statistics in the device.

This example of a small discrete particle system comprising multiple in-
teracting elements shows how one can learn and gain new insights about
how such systems work. One is able to use computation to gain a deeper
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understanding of a physically small, yet complex, system. From an engi-
neering perspective this presents an opportunity for new system concepts
that make use of unusual, and sometimes unexpected, behavior. A future
challenge is to find ways to control and exploit the inherent complexity of
the system. The potential for unanticipated applications resides in the com-
plexity of the system.

8.3 Sensitivity to atomic configuration

Sometimes solutions that appear obvious for large systems fail to work
when the device is scaled to the nano-regime. For example, consider the
case of electron transport in a bulk semiconductor containing n randomly
distributed substitutional ionized impurities per unit volume. For doping
levels of practical interest one expects ionized impurity scattering to play a
dominant role in determining carrier mobility.

As a first step to understanding ionized impurity scattering one can write
down the potential seen by an electron. For an electron at position r this is

V (r) =
n∑

j=1

v(r − Rj ), (8.2)

where Rj is the location of the ions and

v(r) =
∫

d3q

(2π)3

e2

ε(q)q2
eiq·(r), (8.3)

is the Coulomb potential of an individual ion statically screened by the
dielectric function ε(q), and q is the scattered wave vector.

For elastic scattering one typically considers transitions between a state
ψk = Aei(k·r) = |k〉 of energy E(k) and a final state |k′〉 with the same en-
ergy. Assuming the mean free path lk between scattering events is such that
klk � 1, the elastic scattering rate 1/τel may be calculated using Fermi’s
golden rule. This involves evaluating the matrix element 〈k′|v(r)|k〉. Since
|k〉 and 〈k′| are assumed to be plane-wave states of the form e−ik·r , the
matrix element is

〈k′|v(r)|k〉 =
∫

d3reik′·rv(r)e−ik·r =
∫

d3rv(r)e−i(k−k′)·r

=
∫

d3rv(r)e−iq·r = v(q), (8.4)

where v(q) is just the Fourier transform of the Coulomb potential in real
space. In this expression q = k − k′, since momentum conservation requires
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k = k′ + q. The scattering angle θ is such that k sin(θ/2) = q/2.
Using the first term in the Born series (Fermi’s golden rule) to calculate

the elastic scattering rate in a bulk doped n-type semiconductor gives

1
τel

=
2π

�

∫
d3q

(2π)3
|V (q)|2δ(E(k) − E(k − q)), (8.5)

where the delta function ensures that no energy is exchanged and V (q), the
Fourier transform of V (r), is

V (q) =
n∑

j=1

∫
d3r v(r − Rj )e−iq·(r−R j )eiq·R j . (8.6)

The expression for |V (q)|2 in Eq. (8.5) may be written

|V (q)|2 = |v(q)|2s(q), (8.7)

where v(q) is the Fourier transform of Eq. (8.3) and

s(q) =
n∑

j=1

e−iq·R j

n∑
k=1

eiq·Rk =
n∑

j=1

1 +
n∑

j �=k

e−iq·(R j −Rk ), (8.8)

is a structure factor that contains phase information on the scattered elec-
tron wave from sites Rj . The second term on the right-hand side is a pair
correlation that can be written in terms of sine and cosine functions to give

s(q) = n +
n∑

j �=k

(cos(q · (Rj − Rk )) + i sin(q · (Rj − Rk ))). (8.9)

For n large and random Rj , the sum in Eq. (8.9) is zero. It follows that if
there are n spatially uncorrelated scattering sites corresponding to random
impurity positions, we expect s(q) = n [5] and the magnitude of the matrix
element squared in Eq. (8.7) becomes

|V (q)|2 = n|v(q)|2 . (8.10)

Hence, the total elastic scattering rate from n impurities per unit volume is

1
τel

=
2π

�
n

∫
d3q

(2π)3

∣∣∣∣ e2

ε(q)q2

∣∣∣∣2δ(E(k) − E(k − q)), (8.11)

where the integral over d3q is the final density of plane-wave electron states.
Physically, each impurity is viewed as contributing independently, so that

the scattering rate is n times the scattering rate from a single impurity
atom. This approach to explaining the contribution of elastic ionized impu-
rity scattering to the measured mobility of bulk semiconductors has been
remarkably successful [6].

252



8.3 Sensitivity to atomic configuration

(a) (b)

kk

Fig. 8.4. (a) Showing that an electron of wave vector k can explore many different
paths when elastically scattering from ionized impurities in a bulk semiconductor. (b) In
the presence of a small number of impurities and a constriction such as occurs in a
semiconductor quantum wire, the electron has fewer paths through the system and is
more sensitive to small changes in scattering potential.

Thus far we have assumed that each substitutional dopant atom occupies
a random crystal lattice site. This, however, is not strictly correct because
impurity sites cannot be chosen randomly. The constraint that substitu-
tional impurity atoms in a crystal occupy crystal lattice sites gives rise to
a correlation effect because double occupancy of a site is not allowed. Sup-
pose a fraction f of sites is occupied. In this case, we no longer have a truly
random distribution, and, for small f , the scattering rate will be reduced by

s(q) = n(1 − f). (8.12)

The term (1 − f) reflects the fact that not allowing double occupancy of a
site is a correlation effect [7].

Other spatial correlation effects are possible and can, in principle, dra-
matically alter scattering rates. A periodic array of impurity sites can be
arranged such that elastic ionized impurity scattering becomes insignificant.
This can be true even in the presence of some disorder [7]. The reason why
such a strategy works so well is that one performs an ensemble average over
many scattering sites and Coulomb scattering favors transitions involving
small values of q.

Figure 8.4 illustrates another way of looking at the effect. Figure 8.4(a)
shows schematically that an electron with initial wave vector k in a bulk
doped semiconductor can explore many different paths by elastically scat-
tering. The ensemble average over many scattering sites causes the sum in
Eq. (8.9) to asymptotically approach zero for random ion positions. As a
consequence the overall response, in this case the scattering rate 1/τin , is
robust with respect to small changes in local impurity potential. However,
when the number of impurity sites contributing to the potential seen by an
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electron is small the sum in Eq. (8.9) is almost never zero and so contributes
to s(q). Hence, 1/τin becomes sensitive to even small changes in position of
the ionized impurities. Figure 8.4(b) shows schematically that an electron
with initial wave vector k in the presence of a few scattering sites near a
constriction can explore only a limited number of different paths and so is
sensitive to small changes in local impurity potential.

8.3.1 Reproducibility in manufacturing

There is no doubt that reproducibility in manufacturing is one of the out-
standing challenges facing any future transition of nanoscience to nanotech-
nology. Ideally, one would like to be able to guarantee that each nanostruc-
ture produced is exactly the same. The precision required might be at the
atomic level. In nature, this is readily achieved at the molecular level. The
structures of small molecules in free-space are identical. However, larger,
more complex molecules might have a number of different configurations.

Manmade structures such as semiconductor quantum dots, quantum
wires, and quantum wells can only be fabricated to an accuracy of a few
atomic spacings. The sensitivity to small variations in device dimensions
depends on material parameters and characteristic device size, L.
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Fig. 8.5. (a) Eigenenergy for the first three eigenstates of an electron in the conduction
band of GaAs with effective mass 0.07 × m0 confined in one-dimension by an infinite
potential well of thickness, L. (b) Change in eigenenergy for one monolayer change in
thickness (0.2825 nm) as a function of L.

By way of example, consider an electron in the conduction band of GaAs
confined in one dimension by an infinite potential well of thickness, L. As
is well known and illustrated in Fig. 8.5(a), electron eigenenergy scales as
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E ∝ 1/L2 . The lattice constant of GaAs is approximately 0.565 nm so the
thickness of one monolayer in the (100) direction is 0.2825 nm. Figure 8.5(b)
shows the change in eigenenergy, ∆E, for one monolayer change in thickness
(0.2825 nm) as a function of L. The eigenenergies of the first three eigenstates
have increasing sensitivity to even one monolayer change in characteristic
size, L. This fact becomes especially important if the device requires re-
sponse from many identical nanostructures. The resulting ensemble average
broadens response in the composite system and can limit functionality. As
illustrated in Fig. 8.5(b), if it is possible to control the value of L to one
monolayer, then the eigenenergy, and hence the response of the device, is
inhomogeneously broadened by ∆E.

Fig. 8.6. Area view of InP self-assembled quantum dots grown using low-pressure
MOCVD on an InAlP matrix layer lattice-matched to a GaAs substrate. As measured
from Atomic Force Microscope (AFM) images, areal density of quantum dots is
1.5 × 1010 cm−2 and dominant size is in the range of 15–20 nm for a 15-monolayer
planar-growth-equivalent deposition time at a growth temperature of 650 ◦C. Dominant
sizes are controllable by changing the deposition time. Image courtesy of R. Dupuis.

Even the best experiments [8, 9] using self-assembly techniques to grow
semiconductor layers containing a high density of quantum dots have re-
sulted in structures with inhomogeneously broadened response due to quan-
tum dot size variations. Figure 8.6 is an area view of InP self-assembled
quantum dots grown using low-pressure MOCVD on an InAlP matrix layer
lattice-matched to a GaAs substrate. The areal density of quantum dots
is 1.5 × 1010 cm−2 and dominant size is in the range of 15–20 nm for a
15-monolayer planar-growth-equivalent deposition time at a growth tem-
perature of 650 ◦C. The high density of quantum dots makes this particular
structure suitable for inclusion in the optically active region of a quantum
dot laser or infrared focal plane array photodetector.

For example, vertical cavity surface emitting laser diodes that make use
of the properties of high-density quantum dots have demonstrated optical
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modulation bandwidths in excess of 35 GHz [10]. In another example, by
carefully engineering the electron wave functions of quantum dots in quan-
tum wells, infrared focal plane arrays with voltage bias wavelength tunability
and multi-color operation have been successfully demonstrated [11].

Clearly, the application and nanoscale control of quantum dots has sig-
nificant challenges that are directly related to reproducibility and manufac-
turing. The opportunity for enhanced device performance and function is
increased if the size distribution of quantum dots, each of which contain a
few tens of thousands of atoms, can be controlled with greater precision.

At another extreme, individual atoms can be placed on a crystal surface
with great accuracy using a Scanning Tunneling Microscope (STM). For
example, gold atoms have been arranged on an AlNi surface and a large
number of interesting physics experiments performed that study the behav-
ior of various atomic configurations [12–15]. However, so far, no plausible
way to manufacture the structures while maintaining the atomic precision
has been identified.

8.3.2 Robustness

What this all means is that design at the nanoscale must either rely on
atomically precise manufacturing techniques or be inherently robust against
small variations in configuration. The latter requires consideration of robust
optimization techniques similar to those discussed in Chapter 6 or, at a
minimum, sensitivity analysis of designs.

Robustness in quantum systems can be fundamentally different from clas-
sical systems. In electronics, the wave nature of the electron, the existence
of superposition states, and many-body phenomena can lead to increased
sensitivities to design parameters compared to the corresponding classical
system. Some aspects of this, including a discussion of the classical-quantum
boundary in system response, has been explored in Chapter 5.

Clearly, robustness of device design is a major future direction for any
strategy that employs optimization.

It is worth noting that sometimes quantum systems can have a response
that is naturally robust. For example, the use of broad resonant electron
states in the multi-barrier semiconductor diode structures of Section 1.3.2
resulted in robustness to small manufacturing defects. This occurred as a
consequence of constructing device response from low-lying eigenstates of the
quantum system. Another example is quantized conductance that occurs in
a one-dimensional channel. For a given variation in device configuration over
an otherwise perfect one-dimensional conductance region and over a specific
energy range, resistance to electron transport per independent channel per
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spin is almost exactly 2π�/e2 = 25, 812.8075 Ω. Understanding natural ro-
bustness is both a challenge and an opportunity for optimal device design.

8.4 Realtime optimal design of molecules

As illustrated in previous sections of this chapter, when electronic and pho-
tonic systems are made very small they behave differently. Electronic nano-
structure devices become sensitive to the exact position of defects and the
performance of scaled photonic devices becomes dominated by fluctuations
in particle number. These facts are indicative of the challenges facing those
who wish to find technological applications of nanoscience. Nanotechnology
will require practical solutions to these and other related issues.

For example, either nanoelectronic devices will be fabricated to atomic
precision or device designs and system architectures will be adopted that
are robust against large variations in individual component performance. In-
creased sensitivity to the exact position of impurities or defects in nanoscale
structures appears to be limiting applications of nanoscience. One approach
to fabricating device elements with precise atomic configuration involves the
synthesis of molecules.

It is possible to apply closed-loop control to strong-field photo-chemistry
[16–18]. As illustrated in Fig. 8.7, laser pulse sequences can be generated
to excite specific molecular states and thereby produce particular molecular
products. For example, a large molecule might dissociate into a number of
specific fragments. The laser pulse sequences control the exact number and
type of fragments.

Because optical pulse generation can produce many different very intense
electric field pulse shapes, chemical reaction can be driven by high-field
chemistry. A search algorithm may be used to find the optimal pulse shape
and sequence that most efficiently creates the desired molecular species.
This is a realtime version of optimal design in which the system acts as
an analog computer to solve Schrödinger’s equation and discover a pulse
sequence or chemical reaction pathway to obtain the objective molecule
or molecules. Since the intense high-field optical pulse shape defines the
interaction Hamiltonian of the system, one is, in effect, searching for the
Hamiltonian that best obtains the objective.

Similar ideas may be applied to chemical sensing in which interfering sig-
nals are suppressed relative to the signal sought. In this case, the interaction
Hamiltonian of the high-field chemistry performed is modified to maximize
the sensing signal relative to interfering (noise) signals [19]. This is anal-
ogous to the idea of changing the physical model to discover an optimal
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Fig. 8.7. System designed to find chemical reaction pathways using adaptive high-field
chemistry. An optical pulse generator is capable of creating intense shaped optical pulses
on very short timescales. Intensity can be as high as 1014 W cm−2 , peak electric fields
are in the 30 V nm−1 range, and pulse duration is about 50 fs centered at λ = 800 nm.

device design [20] that was mentioned at the end of Chapter 1.

8.5 The path to quantum engineering

Availability of compute resources, improved realistic physical models, and
the use of optimal design point to a future in which quantum engineering
emerges as a mainstream activity in technology development [20]. However,
the best way to incorporate optimal design of small quantum systems into
a viable technology is unknown. In one vision, the machinery needed for
manufacture and component testing is located in a factory. This might be
called the nanofactory. Of course, nanoscale optimal device design does not
have to be performed at the nanofactory, it could take place at a remote
location.

Figure 8.8 illustrates the concept of an integrated approach to design and
manufacture at the nanoscale. The figure shows information flow starting
with device and system needs being specified by engineers. These specifica-
tions are translated into physical constraints followed by search for optimal
configuration. Because it is likely that many nano-devices will have unusual
functionality, it is essential that they be modeled correctly using physically
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Fig. 8.8. The nanofactory concept in which system needs are specified by engineers.
These specifications are translated into physical constraints followed by search for
optimal configuration. Optimized nonintuitive design fabricated in nanofactory and
shipped for use in systems.

realistic models and appropriate choice of physical variables. This important
point has been emphasized by Chua [21].

Optimized, and often nonintuitive, device designs with nanoscale and pos-
sibly atomic-scale tolerance are then fabricated in a centralized nanofactory.
Tested functional system components and subsystems are subsequently de-
livered to the system user. In addition to device manufacture, the nanofac-
tory accumulates knowledge and expertise, including process development,
that can be fed back in the form of constraints in the design process. In a
foundry model of operation, the nanofactory could manufacture components
submitted by a large number of different design groups each offering their
own variant of specialized system function made to order.

8.6 Summary

The transition of nanoscience to nanotechnology could benefit from the use
of optimal device design techniques that are the subject of this book. How-
ever, the challenges seem to be significant at every level.

Physical models capable of capturing the richness and complexity of nano-
scale device response are a prerequisite. Often it will be necessary to describe
the transition from classical to quantum behavior and, of course, making
these models computationally efficient is essential. Methods to explore non-
convex solution space for globally optimal device designs is another major
challenge. A further difficult requirement is that often these designs will
have to guarantee robustness. If it were possible to manufacture nanoscale
devices with atomic precision, some aspects of optimal design would become
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easier to implement.
Despite these challenges, there are important positive aspects to pursuing

an optimal device design strategy. For example, the merging of discovery
and design in small complex quantum systems could be a more efficient way
to drive technology forward. The inevitable technological surprises, with
potentially enormous value to the owner of the technology, might also be
significant.
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Appendix A

Global optimization algorithms

A.1 Introduction

There are many approaches to global optimization (for a review, see [1]). The
popular genetic algorithm is discussed in Chapter 1 and a novel ensemble
stochastic method is described in Chapter 7. This appendix summarizes
some other global search algorithms.

A.2 Tabu search
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Tabu regions around
previous iterations

Fig. A.1. Tabu search is an iterative algorithm that maintains a short-term memory of
previous iterations. Trial points in short-term memory are not revisited during the next
iteration of the optimization search. For continuous search space an exclusion region
around trial points can be used.

Tabu search is a method for global optimization that was originally
proposed by Glover for combinatorial optimization problems [2, 3]. The
two main concepts of a tabu search are adaptive memory and responsive

c© Cambridge University Press 2010
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exploration. Tabu search uses adaptive memory in contrast to memoryless al-
gorithms like GA and simulated annealing (described in Section A.4), which
have no explicit memory of previously evaluated design parameter settings.
Rigid memory algorithms like branch and bound (not discussed here) retain
all information about prior function evaluations and treat all points in mem-
ory equally. In contrast to rigid memory, adaptive memory actively manages
the information it saves in memory. Usually only the most recent function
evaluations are retained.

The memory serves two purposes. First, and as illustrated in Fig. A.1,
already explored regions are not revisited. Second, previously unexplored
areas that should be explored are determined in response to already good
solutions as well as regions that were determined as less promising. Re-
sponsive exploration can be implemented in a stochastic or a deterministic
manner but it uses the best as well as the worst memories to dynamically
explore the most promising regions where the greatest improvement of the
objective function is expected or the maximum information can be gained.

Not all combinatorial aspects of tabu search translate directly to con-
tinuous global optimization problems but, in conjunction with for instance
clustering methods, it is reasonable to avoid generating candidates near so-
lutions that are known to perform significantly worse than the best solutions
found up to that point. For continuous design parameters the search domain
can be discretized and combinatorial methods applied directly, or a tabu re-
gion around a trial point is used instead of excluding a single point on a
discrete map. The tabu search algorithm is a heuristic search framework
and, depending on the particular implementation, it is at best asymptoti-
cally complete. It is designed to prevent entrapment in a local minimum and
oscillation between multiple solutions.

A.3 Particle swarm algorithm

An asymptotically incomplete but successfully implemented search algo-
rithm is the particle swarm search. The particle swarm algorithm resem-
bles particles in a hyperspace and is a strictly heuristic global optimization
method. A particle represents a parameter setting and the path of a particle
represents a sequence of test points in the parameter space. Each particle
i has a location xi and a velocity vector vi. The particle’s initial location
might be completely random but the evolution in space of a particle is de-
termined by its velocity vector. Each particle moves in the direction of its
velocity. The manner in which the velocity vector of each particle is up-
dated reflects the swarm characteristic of the algorithm. Initially a random
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Fig. A.2. Particle swarm search is an algorithm designed for cluster computation. A
family of trial points creates new trial points in a coordinated manner, with all samples
approximately following the best performing trial point.

set of particles with random velocities are generated on Ω. The objective
function is evaluated at each point and the best test point with lowest ob-
jective function value is determined. In the next iteration both the location
as well as the velocity must be updated. The position is simply updated in
the direction of the velocity xi+1 = xi + λivi with some scaled step-length
λi. Let ĝ be the best parameter setting found up to iteration i and x̂j be
the best parameter setting encountered by particle j at iteration i. To add
a random component let r1 and r2 be randomly generated numbers, usu-
ally distributed uniformly on [0, 1]. The velocity update is then some vari-
ation of vi+1 = ωvi + c1r1(x̂i − xi) + c2r2(ĝ − xi). The velocity is influenced
by the velocity in the previous iteration, and moves in general towards the
minimum value encountered by the particle itself as well as the minimum
value found up to that point by any particle. Let x̂i be the test point in
sequence i that has the lowest cost function value J(x̂i). Note that ĝ and x̂i

must be updated after the objective function has been evaluated at iteration
i + 1 and the next iteration is constructed. Because gradient information is
available in many cases, including the gradient information into the velocity
vector makes sense. There are suggested choices of ω, c1 , and c2 which can
be fixed as well as adaptive. The particle swarm algorithm has been ana-
lyzed using dynamical system techniques as its iteration scheme resembles
the discretized solution of a dynamical system in time.

The intuition of the particle swarm method is that the sample points
move through the sample space in a coordinated manner following the best
sample point of the collection of points, see Fig. A.2. In this manner a certain
minimum distance between sample points is maintained while allowing some
degree of individual movement.
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A.4 Simulated annealing

A popular stochastic search algorithm is simulated annealing (SA). The
algorithm was originally motivated by the process of annealing in material
science, a technique that is used to allow a system with many degrees of
freedom (e.g. a liquid) to reach a low-energy state (e.g. a crystal). The
theory of statistical mechanics is used for analysis of the process [4]. Unlike
GA, SA is not per se an evolutionary algorithm because it does not rely
on a population of trial points that evolves from generation to generation.
Rather it is aptly described as a filtered random walk [5].

The SA algorithm computes the cost function J(xi) at a sequence of
stochastic trial points {xi}. At each point xi in the sequence a new ran-
dom trial point xtrial is generated and J(xtrial) is evaluated. Under cer-
tain conditions xtrial is accepted as the next point in the search sequence
xi+1 or it is discarded and a different xtrial is generated. The decision on
whether to accept a new trial point in the sequence of points is based on
an acceptancefunction. We begin the detailed discussion of SA with the
acceptance function. The acceptance function depends on the comparison
J(xtrial) with J(xi) as well as an abstract temperature T . The temperature
T controls the rate at which trial points are accepted. The temperature
changes with the number of iterations that have been performed in the op-
timization algorithm and this behavior is called the cooling schedule. The
cooling schedule is directly related to the efficiency of the algorithm.

The decision of accepting a candidate parameter setting xtrial as the next
point in the search sequence depends on a certain probability given by the
acceptance function. The standard acceptance function is based on the orig-
inal Metropolis et al. algorithm [6] and is given by

paccept(xi, xtrial, T ) = min
(

1, exp
(

J(xi) − J(xtrial)
T

))
. (A.1)

If J(xtrial) ≤ J(xi) the trial point is accepted and xi+1 = xtrial. If
J(xtrial) > J(xi) the candidate xtrial can still be accepted with a probability
paccept. This feature makes it possible that the sequence of cost function val-
ues {J(xi)} is not monotonically decreasing and therefore, as illustrated in
Fig. A.3, can escape local minima and continue to search for a global mini-
mum. The probability of accepting xtrial when J(xtrial) > J(xi) is controlled
by the temperature T at step i. The probability of accepting an xtrial infe-
rior to xi is given by exp(J(xtrial) − J(xi))/T . For large T the probability of
accepting an increase in J is close to one, but as T is cooled with iteration i

this probability diminishes. The rule governing the behavior of T (i) is called
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Fig. A.3. Showing how simulated annealing can be used to escape a local minimum.

the cooling schedule. Alternative acceptance functions have been suggested
but most alternatives can be achieved by using the acceptance function Eq.
(A.1) and transforming the cooling schedule, see [1], p. 183.

A cooling schedule works in combination with the generation of the next
candidate xtrial. Given a certain probability distribution of candidates, suf-
ficiently slow cooling guarantees finding the location of the global optimum.
The cooling schedule de facto balances local against global exploration. Low-
ering T too quickly with the iteration count results in simulated quenching
and can result in terminating the search in a local minimum prematurely.
Simple, iteration-based cooling schedules as well as more complicated ones
have been proposed and implemented. An adaptive cooling schedule for ex-
ample controls T depending on the progress of the optimization which is
reflected in the change of the objective function. Originally SA was imple-
mented for problems with a discrete set of states and most theoretical results
are for combinatorial optimization problems. Nevertheless, SA was quickly
adapted to continuous global optimization. It is significant that for continu-
ous search spaces the perturbations that generate the candidate parameters
are assumed to be of global reach. A generated trial point can be located
anywhere in the feasible set Ω with a certain probability independent of the
current state xi . The probability density controlling the candidate genera-
tion only depends on the temperature T . For large T global perturbations
are more likely than for small T .

An example of random point generation with corresponding cooling sched-
ule was developed by Ingber for the Adaptive Simulated Annealing algorithm
(ASA) [7]. The trial point is given by

xtrial = xi + ∆xi, (A.2)
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where ∆xi is a random variable. The probability distribution gi(∆x) of the
perturbation ∆xi is given by

gi(∆xi) = (2πT (i))−
n
2 exp

(
−||∆xi||2

2T (i)

)
, (A.3)

where ∆xi is the deviation from the current point xi and n is the dimension
of Ω [1], p. 193. Again convergence to the global optimum for this algo-
rithm is guaranteed for a sufficiently slow cooling schedule. If T (i) does not
decrease faster than

T (i) ≥ T0

log(i)
, (A.4)

for sufficiently large and constant T0 , the algorithm will find the global
optimum, i.e. ASA is rigorous. This very slow criterion is derived from the
probability that the sampled points visit every set of positive Lebesgue-
measure infinitely many times. Of course this logarithmic cooling schedule
is useless for practical purposes and speed-ups were suggested. By sampling
the perturbation from a Cauchy distribution given by

gi(∆xi) =
T (i)

(||∆xi ||2 + T (i)2)
n + 1

2

, (A.5)

the convergence to a global optimum is now guaranteed if

T (i) ≥ T0

i
, (A.6)

for sufficiently large T0 . This is called fast annealing and the speed-up stems
from the fact that global exploration is improved because the Cauchy distri-
bution has fatter tails than the distribution given in Eq. (A.3). Many more
re-annealing and cooling schedules have been developed but are beyond the
scope of the discussion here. The self-adaptation dynamically adjusts T (i)
depending on the progress of the optimization. If the optimization progress
stagnates, for instance an increase in temperature or so called re-annealing
can improve the chances of escaping from a local minimum or plateau. For
more details on re-annealing and alternative perturbation methods see [1],
p. 195. After considering the convergence properties of a few basic varieties
of SA we have seen that in practice the convergence is guaranteed for unreal-
istically long times only. This is especially true when the objective function
evaluations introduced in our design examples take in excess of one minute.
Alternative termination conditions must be considered and can be replaced
by standard heuristic stopping rules. See Section A.9.

Besides ease of implementation there are two main attractive features of
SA. First, SA does not require or use the derivative information at a point
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xi in the search sequence. This is useful when the function to be optimized
is not differentiable or the derivative is not accessible. Also, the sequence
of values that is produced by an SA search is not necessarily decreasing.
This climbing feature is necessary to avoid terminating the search prema-
turely in a local minimum. Parallel implementations of for instance ASA are
available and might enjoy a revival with the increased availability of large
cluster computers. The details of parallel ASA are omitted here. There are
a few disadvantages that make SA not the best choice for the type of prob-
lems we consider. First of all, standard SA as discussed above does not use
all the available information, i.e. the gradient ∇J(xi). In this form random
perturbations can result in spending too many cost function evaluations on
local optimization. The choice of cooling schedule is critical. In order to
have theoretical results that guarantee convergence to a global minimum a
very slow logarithmic cooling schedule is required [8]. Rapid cooling without
intermittent increases in T is called simulated quenching and will result in
local optimization only, without necessarily climbing out of local minima.
Sluggish cooling on the other hand will result in extensive global exploration
but lack of local convergence. Note that SA does not utilize the sequence
of previous function evaluations effectively to generate search points. High
cost function values actually do contain useful information which remains
unused in SA. Also, redundant function evaluations are not explicitly sup-
pressed. The result is a waste of computational resources that makes SA less
fitting for the type of optimization we are using. Next, a class of two-phase
algorithms that combine global and local search techniques is presented.

A.5 Two-phased algorithms

This subsection suggests a classification of sampling methods that is dif-
ferent from the categories of rigor described above. Such classification does
not focus on convergence properties but presents search heuristics that have
been shown to work in practice but belong to the incomplete category. Many
algorithms have two distinct phases. A global phase that ensures the explo-
ration of the entire search domain and a local phase that takes advantage
of fast and efficient local optimization techniques.

A.5.1 Multiple starting points

The simplest global optimization heuristic based on local search is the multi-
ple start point search. Initial search points are generated in some stochastic
manner in Ω and efficient local searches are started from each. If the initial
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points are generated uniformly in Ω the global component of this algorithm
guarantees the convergence to a global optimum, albeit on an unrealistic
time scale. The local optimization component is supposed to provide signif-
icant speed-up.

A.6 Clustering algorithms
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Fig. A.4. Clusters of sample points (◦) are formed and a single cluster representative (•)
of each cluster is determined. A computationally intensive local search procedure is
started from all cluster representatives.

Clustering, a version of a two-phased algorithm, can be traced back to a
paper by Becker and Lago [9] as well as Törn [10]. All cluster algorithms
are based on principles of efficient local search as well as elimination of re-
dundant cost function evaluations within a single cluster. First, clusters are
formed from an initial set of sample points. From each cluster a single repre-
sentative is determined as the initial point of a local search procedure. Figure
A.4 is an illustration of the basic idea. A local search L is started for only the
best performer in each cluster in order to avoid duplicating local searches
within the region of attraction of the same local minimum. Here the region
of attraction of a local minimizer x̂i is defined to be the subset Si ⊂ Ω such
that if L is applied to x ∈ Si it will converge to x̂i. The efficiency of the al-
gorithm largely depends on how well the cluster formation approximates the
region of attraction of a local minimum. The variations of cluster formation
for a sample of trial points include density clustering, single-linkage clus-
tering, multi-level single-linkage clustering, simple-linkage clustering, and
topographical linkage ([5], p. 833). Once the local optimization procedures
are completed a new set of sample points is generated, clusters are formed
again and the next set of local optimizations is started.

At iteration k the global phase consists of generating Nk sample points
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x1 , . . . , xNk
usually uniformly in Ω. Note that J is evaluated at each point

and a sample concentration method is applied to increase the concentration
of sample points into clusters around local minima. The resulting concen-
trated set of points is Zc , which is combined with the sequence of all previous
objective function evaluations Z = Z ∪ Zc . At this point a clustering algo-
rithm is used to sort Z into a finite number of clusters Z1 , . . . , Zh . From
each cluster 1, . . . , h a single representative p1 , . . . , ph is determined, usually
the best performing point, and handed to the local phase of the algorithm.
For cluster algorithms without recall local searches are started strictly at
points from the set of new sample points. Cluster algorithms with recall on
the other hand use the entire history of cost function evaluations to form all
clusters anew and as possible starting points for the local search L. From
each cluster representative in X a local search is started unless it previously
served as the initial point for a local search. Most algorithms only store
the starting point pi and the endpoint qi of the local optimization phase to
conserve memory. After the local optimization phase is complete the global
termination conditions are checked and either the algorithm terminates or
a new global phase begins for further exploration. In the following the sam-
ple concentration and clustering methods are presented in more detail. For
the local optimization phase any efficient local optimization technique is
acceptable.

The purpose of the sample concentration phase is to make it easier to
identify clusters. Clusters can be thought of as a collection of points in the
basins of convergence near local minima. As the superior method to achieve
this, Schoen suggests sample reduction ([1], p. 160). This is used to separate
neighboring clusters more clearly and consists of reducing the entire set
of samples Z by a fixed proportion γ, |Zc | = γ|Z| where | · | denotes the
number of elements in a set. To ensure sample concentration we require
J(y) ≥ J(x),∀y ∈ Z \ Zc, x ∈ Zc , [5]. For greater γ the separation between
clusters increases. Following Boender and Romeijns ([in, 5] p. 832), several
methods that sort the sample points into clusters can be used.

Density clustering (with recall) is based on approximating the basin of
convergence around local minima by ellipsoids. In the global phase random
points are generated uniformly over Ω. Sample reduction with recall is used
to create a reduced set Zc . Let Y be the set of local minima {q1 , . . . , qh}
found so far. If Y = ∅, start L from the point with lowest cost function
value in Zc and insert the resulting local minimum as the first point into Y ,
the set of local minima. If Y 	= ∅ we assign the point xi ∈ Zc to the cluster
with seed point qj ∈ Y if ||xi − qj ||2 ≤ ri(qj ) unless it is already assigned to
another cluster. The radius ri is given by Kan and Timmer [11] as
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ri(x) =
1√
π

(
iΓ(1 + n/2) ·

√
−detH(x) · m(S) · ζln(kN)

kN

)1/n

. (A.7)

Here H(x) denotes the Hessian at x and ζ is a positive constant. Also,
n is the dimension of Ω, N is the population size, and S is the level set
{x ∈ Ω : J(x) ≤ fγ}. Note that fγ is chosen in a manner such that S has
measure m(S) = γ. For all points in Zc that are still not assigned to a cluster,
L is applied and the local minimum qj is determined. If the endpoint qj of
L is a cluster representative in Y , then the starting point is also assigned
to cluster j. If qj is not yet in the set of cluster representatives Y , the
local minimum qj is new and it is added to Ynew = Yold ∪ qh+1. This method
works in particular for level sets that are approximated well by an ellipsoid
and the clustering process based on ri is faster than clustering based on
local minimization. Multi-level single linkage clustering does not rely on any
particular shape of the level sets.

We give a brief pseudo algorithm for multi-level single linkage clustering
(MLSL) as described by Pardalos and Romeijn ([1], p. 163). During the
initialization let X = ∅, Y = ∅, Z = ∅, k = 0 and choose ν ∈ (0, 1) as well as
σ > 0. As before Nk points are generated in Ω during the kth generation
and the objective function is evaluated Ji = J(xi), i = 1, . . . , Nk . As this
algorithm is performed with recall, a sample concentration method is applied
to the entire search history Z to create the concentrated set Zc . To form the
cluster each point x ∈ Zc is marked as belonging to a cluster if and only if
there exists another point y ∈ Zc such that

||x − y|| ≤ 1√
2π

(
log(

∑
k Nk)

(
∑

k Nk)
σΓ

(
1 +

n

2

))1/n

, (A.8)

and

J(y) ≤ J(x), (A.9)

where n is the dimension of Ω and Γ(·) is the factorial function. The clus-
tering radius in multi-level single linkage clustering is based on probabilistic
considerations of covering the entire search space with sample points. After
the clustering phase the local search procedure L is applied to all points in
Sc that are not marked clustered and that have not been the initial point
for a local search before. Complications might arise with the boundary of Ω
so the local search L should be able to handle these constraints if they are
present. The set of local optima Y is augmented by the results of the local
search phase

Ynew = Yold ∪ {(x, y, J(y))}, (A.10)
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where x is the initial point of the local search and y is the local minimizer
found. After the local search phase the global termination conditions are
checked and the global search either terminates or another global phase is
initiated. The recall feature is crucial for the convergence of this algorithm.
As the size of the search history grows, condition Eq. (A.8) is tightened and
points that are assigned to clusters early on might be pursued at later iter-
ations. Under some analytical assumptions MLSL has attractive analytical
properties and it is asymptotically complete. If σ > 2 the probability of local
searches being started from a sample point decreases to 0. If σ > 4 the num-
ber of local searches is finite with probability 1 even if the algorithm is not
explicitly stopped. This is true only if no local searches are started too close
to the boundary. Unfortunately, experience shows that the performance of
this algorithm fails for dimensions larger than around twelve [1].

Topological clustering is another simple clustering method, independent
of the shape of the region of attraction around local minima. In this type
of algorithm the clustering phase is performed on a fixed number of closest
neighbors of a sample point. If any of the g closest neighbors has a lower
cost function value the point is marked clustered. Local searches are started
from those points whose g nearest neighbors have larger cost function values
and have not been the seed of L before.

In addition to the global optimization schemes presented so far there are
heuristics, essentially a bag of tricks, that help to cope with some of the
challenges of global optimization stemming from local characteristics. These
often address the difficulty of terminating in local minima prematurely and
incorporating constraints.

A.7 Global optimization based on local techniques

Various global heuristics have been developed based on local optimization
techniques. Some of these fit into the framework of two-phased algorithms
more than others. Cluster algorithms for instance can be considered both
two-phased and based on local techniques. In the following a collection of
tricks is listed that may be useful in practice ([1], p. 87).

A.7.1 Direct elimination of local minimizers

The direct elimination of local minima is based purely on local optimiza-
tion routines ([1], p. 95). After a local minimum x∗

k is reached, the objective
function J is modified in order to remove the local minimum from J and the
local minimization is continued. A positive function is added to the original
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J in order to create a local maximum at x∗
k . The modification is simple and

it should not add significantly to the computational burden of the objec-
tive function evaluation or its gradient. The modification only has a local
impact in a neighborhood of x∗

k so that the other local minimizers of J are
preserved. The modification should be removed once an xl is found such
that J(xl) < J(xk ). The size of the local perturbation is difficult to deter-
mine but should be based on the scale of the search domain Ω and the cost
function J . If the neighborhood that is significantly impacted by the per-
turbation is too small new local minima may be created. If the perturbation
is too large, neighboring minima might be eliminated because the original
J is modified too heavily. Another difficulty is the first step after adding a
local elimination function to J . Because x∗

k is a local minimizer its gradient
is zero and computationally costly second-order information would have to
be considered.

A similar method to escape local minima is tunneling. To tunnel out of a
local minimum a tunneling function must be minimized, starting from the
last known local minimum. An example of a tunneling function T is given
by

T (x, λ, x∗
k , J(x∗

k)) =
J(x) − J(x∗

k)
||x − x∗

k ||2λ
2

, (A.11)

and it depends on λ, a control parameter for the strength of the singularity
as well as the last found minimum x∗

k and J(∗k). Initially a small λ is chosen.
If x can be found such that T (x, λ, x∗

k , J(x∗
k)) < 0 the local minimization can

continue at x. If no such x can be found, λ is increased and the search for
an x such that T (x, λ, x∗

k , J(x∗
k)) < 0 is continued. The disadvantage here is,

as before, that it is not clear how to search for x. If no improvement can be
made this algorithm offers no alternative course of action.

A.8 Global smoothing

Global smoothing can be used to eliminate secondary or shallow local min-
ima. In global smoothing techniques the objective function J is modified
with an additional convex, global term to yield

J̃(x, λ) = J(x) + λΦ(x). (A.12)

The function Φ should be at least as smooth as J and for a given λ the
modified objective function J̃ should be more readily optimized using local
optimization algorithms. The obtained minimum is then used as a starting
point for a local optimization with a smaller λ. The algorithm consists of
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a sequence of local optimization problems that converge to the unmodified
problem not unlike interior point methods. Because Φ is known, so is usually
its minimizer x∗

Φ and therefore the solution for sufficiently large λ is basically
known and independent of the initial starting point. According to Murray
and Ng the key to successfully using global smoothing is to pick Φ such that
x∗

Φ does not coincide with any of the minima of J ([1], p. 97). Depending
on the given problem this may be possible or not. Engineering intuition can
sometimes be used to focus the search on different regions in the search space
but this is contrary to the notion of automating the entire design process.

A.9 Stopping rules

Stopping rules are necessary for terminating a global search. In [5], p. 853,
Horst states that unfortunately for

a broad class of global optimization problems, it can never be
verified in finite time that the global optimum is identified with
certainty. Therefore a need emerges for stopping rules which de-
cide if the expected benefit of further searching outweighs the
required computational effort.

In the case of a purely random search with uniform sample placement over
the feasible set Ω the probability of placing a random point in a neighbor-
hood Bε(x∗) of the global optimum x∗ is given by pε = |Bε |/|Ω|, the ratio
of the Lebesgue measures of Bε(x∗) to that of the entire search space. After
generating n points the probability of placing a point in the neighborhood
Bε(x∗) increases as 1 − (1 − pε)n with the number of sample points, n. To
be 1 − δ certain of having explored the space, the simplest and most con-
servative of all stopping criteria is then given by termination for sufficiently
many function evaluations n ≥ log(δ)

log(1−pε ) . Of course this stopping rule is usu-
ally too expensive, and independent of achieved function value or necessary
or sufficient conditions for global or local optimality. The challenge for high
dimensional problems is of course pε which shrinks exponentially with the
dimension of the search space m, also called the curse of dimensionality. All
algorithms face this challenge and it becomes crucial to exploit all possi-
ble speed-ups and accelerations available. This includes analytic as well as
computational tools. For practical purposes a realistic stopping rule must
be chosen. Possible criteria are listed in [5], p. 853, such as sample depen-
dent, problem dependent, method dependent, loss dependent, and resource
dependent.
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Sample dependent stopping rules take into account the distribution of
evaluated cost function values and their location in the feasible set. This can
be a purely statistical analysis and if a probabilistic model of the distribution
of cost function values is formulated, optimal stopping rules can be applied.

Problem dependent stopping rules make use of prior information, for in-
stance if the number of local minima is known a priori the algorithm can
be terminated once all of them have been located. This type of information
is usually unknown in the engineering tasks we consider. Another aspect
may be the minimum size of the region of attraction. If an estimate of for
instance the minimum manufacturing accuracy is known, Ω only needs to
be searched to a certain minimum scale.

Method dependent stopping rules incorporate known sufficient or necessary
conditions if the applied method is rigorous. This is in particular true for
the well-known first- and second-order conditions for local optima or the
duality gap conditions for convex problems.

More esoteric termination conditions are given by loss dependent stopping
rules. The cost of continuing the search is weighed against the benefit of
doing so versus the cost involved with stopping prematurely. This type of
analysis can be of benefit if possible cost savings can be weighed against the
cost of waiting before implementing an improved design.

Resource dependent stopping rules take into account the computational
cost and what is realistically possible. For example using the given com-
putational resources only a finite number of cost function evaluations are
possible in the allotted time.

Many stopping rules combine the different varieties of stopping rules men-
tioned here. If a minimal degree of functionality is required for a device
design to operate in an acceptable manner there may be no option to con-
tinue the search. When this minimal requirement can be quantified as a
numerical value of the objective function it can be used as a termination
condition for global optimization. For the engineering problems considered
here a complete search of the parameter space is most desirable but unre-
alistic. A simple and practical stopping rule is a fixed number of function
evaluations, with the option of continuing the search if the best solution
found does not meet the engineering requirements.
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